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The objective of the present paper is to determine the generalized Hyers-Ulam stability of the
mixed additive-cubic functional equation in n-Banach spaces by the direct method. In addition,
we show under some suitable conditions that an approximately mixed additive-cubic function can
be approximated by a mixed additive and cubic mapping.

1. Introduction and Preliminaries

A basic question in the theory of functional equations is as follows: when is it true that
a function, which approximately satisfies a functional equation, must be close to an exact
solution of the equation?

If the problem accepts a unique solution, we say the equation is stable (see [1]). The
study of stability problems for functional equations is related to a question of Ulam [2]
concerning the stability of group homomorphisms and affirmatively answered for Banach
spaces by Hyers [3]. The result of Hyers was generalized by Aoki [4] for approximate
additive mappings and by Rassias [5] for approximate linear mappings by allowing the
Cauchy difference operator CDf(x,y) = f(x + y) — [f(x) + f(y)] to be controlled by
e(llx|P” + lly|IP). In 1994, a generalization of Rassias’ theorem was obtained by Gavruta [6],
who replaced e(||x||” + ||y||”) by a general control function ¢(x, y). On the other hand, several
further interesting discussions, modifications, extensions, and generalizations of the original
problem of Ulam have been proposed (see, e.g. [7-12] and the references therein).

Recently, Park [9] investigated the approximate additive mappings, approximate
Jensen mappings, and approximate quadratic mappings in 2-Banach spaces and proved the
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generalized Hyers-Ulam stability of the Cauchy functional equation, the Jensen functional
equation, and the quadratic functional equation in 2-Banach spaces. This is the first result for
the stability problem of functional equations in 2-Banach spaces.

In [11, 12], we introduced the following mixed additive-cubic functional equation for
fixed integers k with k#0, £1:

f(kx+y) + f(kx—y) =kf(x +y) + kf (x = y) +2f (kx) - 2kf (x), (1.1)

with f(0) = 0, and investigated the generalized Hyers-Ulam stability of (1.1) in quasi-Banach
spaces and non-Archimedean fuzzy normed spaces, respectively.

In this paper, we investigate, approximate mixed additive-cubic mappings in n-Banach
spaces. That is, we prove the generalized Hyers-Ulam stability of a general mixed additive-
cubic equation (1.1) in n-Banach spaces by the direct method.

The concept of 2-normed spaces was initially developed by Géahler [13, 14] in the
middle of 1960s, while that of n-normed spaces can be found in [15, 16]. Since then, many
others have studied this concept and obtained various results; see for instance [15, 17-19].

We recall some basic facts concerning n-normed spaces and some preliminary results.

Definition 1.1. Let n € N, and let X be a real linear space with dim X >nand ||-,..., || : X" —
R a function satisfying the following properties:

(N1) [|x1,x2, ..., x,|| = 0if and only if x1, x2, ..., x, are linearly dependent,

(N2) ||x1, x2, ..., x,|| is invariant under permutation,

(N3) [lax1, x2,..., xall = lalllx1, x2, ..., x4,

(N4) [x+y,x0,..., x5 < 2, 22, ..., x|l + |y, x2, - .., Xn|
forall « € R and x,y, x1,x2,...,x, € X. Then the function ||-,..., | is called an #-norm on X
and the pair (X, ||-,...,||) is called an n-normed space.

Example 1.2. For x1,xy,...,x, € R", the Euclidean n-norm ||x1, x2, ..., X, || is defined by

X11 - Xin
llx1, x2, ..., xullp = |det(x;;)| = abs Do , (1.2)

Xn1 " Xnn

where x; = (xi1,...,Xin) € R" foreachi=1,2,...,n.
Example 1.3. The standard n-norm on X, a real inner product space of dimension dim X > n,
is as follows:

ey, o ()|
|1, x2,. .., xnllg = : : , (1.3)
(xn,x1) -+ (Xn, Xn)
where (-, -) denotes the inner product on X. If X = R”, then this n-norm is exactly the same as

the Euclidean n-norm ||x1, x2, ..., x,||p mentioned earlier. For n = 1, this n-norm is the usual

1/2
norm ||xi]| = (x1,x1)"/%.
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Definition 1.4. A sequence {xi} in an n-normed space X is said to converge to some x € X in
the n-norm if

kli_)oo”xk_x/yZ/"'/yn” :0/ (14)

forevery vs,...,yn € X.

Definition 1.5. A sequence {xi} in an n-normed space X is said to be a Cauchy sequence with
respect to the n-norm if

lim ||xk = X1, Y2,- ~-/]/n|| =0, (1-5)

kl—

for every vy, ...,y € X. If every Cauchy sequence in X converges to some x € X, then X is
said to be complete with respect to the n-norm. Any complete n-normed space is said to be
an n-Banach space.

Now we state the following results as lemma (see [9] for the details).

Lemma 1.6. Let X be an n-normed space. Then,

(1) Forx; € X(i=1,...,n) and y, a real number,

21, -y X x| = |20 X+, x| (1.6)

forall1<i#j<mn,

@) Mo,y yall =l v yalll Sl =y, 92, oyl forall x,y, 2, ..., yn € X,
B) ifllx, y2, ..., ynll =0 forall yy,...,y, € X, then x = 0,

(4) for a convergent sequence {x;} in X,

(1.7)

lim ||xj, y2, .., Yal| =
— o0

lim x;j,y2,...,Yn
j jo

forally,,...,y, € X.

2. Approximate Mixed Additive-Cubic Mappings

In this section, we investigate the generalized Hyers-Ulam stability of the generalized mixed
additive-cubic functional equation in n-Banach spaces. Let X be a linear space and Y an n-
Banach space. For convenience, we use the following abbreviation for a given mapping f :
X =Y

Df(x,y) = f(kx+y) + f(kx—y) —kf(x+y) —kf(x—y) -2f(kx) +2kf(x) ~ (2.1)

forall x,y € X.



4 Abstract and Applied Analysis

Theorem 2.1. Let X be a linear space and Y an n-Banach space. Let f : X — Y be a mapping with
£(0) = 0 for which there is a function ¢ : X' — [0, o) such that

© 1 o
ZOE(P@]JC’Z]%W'”"”") < oo, (2.2)
j=

|IDf(x,v),uz,...,un|ly < @(x,y,uz,...,u,) (2.3)

forall x,y,uy, ..., u, € X. Then, there is a unique additive mapping A : X — Y such that

|f(2x) = 8f(x) = A(x),uz, ..., unl|y, < 22].17(;6<fo, U, . ..,un> (2.4)
720

forall x,uy, ..., u, € X, where

Q(x,up, ..., uy)

= ﬁ{(ﬂd + 1) [p(x, Rk +1)x,uz, ..., un) + 9(x, 2k = 1)x,ua, . .., Uy)]

+93x,x, Uy, ..., Uy) + <8k2 + 1>(p(x, X, Uy, ..., Up) + @(x,3kx, Uy, ..., uy)
+(x, kx,up, ..., u,) + k2(p(2x, 2x,Up, ..., Uy) + (2%, 2kx, U, ..., Uy)

+20(x, (k+1)x,up, ..., uy) +20(x, (k = 1)x,u2,...,uy) +20(2x,x, U2, ..., Uy)

k
+20(2x, kx, uy, ..., u,) + 8(p<§, Tx,uz,...,un>

x (2k-1)x x 2k +1)x
+ 8|k|<p<§, %,uz,...,un) +8|k|¢<5,%,u2,...,un>

x 3kx |kl +1
+8¢<E,T,u2,...,un> + |k—1|('0(0'(k+Dx'uz"”'u")

+ 8|kk2%1|1(p(0, (k—Dx,up,...,u,) + ﬁ(p(o, X, Uz, ..., Up)

+ |k|1f|1|¢(0, (Bk = 1)x,un, ..., up) + |kk—_21|(p(0,2(k -Dx,up, ..., uy,)
%({)(O,ka,ub...,un)

. |]§Y(|1|(P<O’ (3k;1)x,u2,...,un> + |I§Y<|1|(P<O’ (k +21)x/u2/-..,un>
%(p(o, kx,uz,...,un)}.

(2.5)
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Proof. Letting x = 0in (2.3), we get
1
”f(]/) +f(_y)/u2/- : "un”Y S |k _ 1|(P<0/]//u2/- . '/un) (26)

forall y,u,...,u, € X. Putting y = x in (2.3), we have

|f((k+1)x) + f((k—1)x) = kf(2x) = 2f (kx) + 2k f(x),u, ..., un ||y, < @(x, X, 12,..., 1)
2.7)

forall x,uy,...,u, € X. Thus

£ 2%k +1)x) + F2(k = 1)x) — kf (4x) = 2 (2kx) + 2k f(2x), 14z, .. ., 1 ||

< o(2x,2x, Uz, . .., Uy)

(2.8)

forall x,uy,...,u, € X. Letting y = kx in (2.3), we get

I|f (2kx) = Kk f ((k +1)x) = kf (~(k = 1)x) = 2f (kx) + 2k £ (x), 12, .., ttu||yy < (2, KX, 4, ..., 1)

(2.9)
forall x,uy,...,u, € X. Letting y = (k + 1)x in (2.3), we have
| f(2k +1)x) + f(=x) = kf((k +2)x) - kf (—kx) = 2f (kx) + 2k f (x), u2, ..., un]|y 210)
<o(x, (k+1D)x,uy,..., uy,) .
forall x,uy,...,u, € X. Letting y = (k — 1)x in (2.3), we have
| f(2k = 1)x) = (k +2) f(kx) — kf(=(k = 2)x) + 2k + 1) f (x), u2, ..., un]|y 211)
<o(x, (k= 1)x, 1, . ) |
forall x,uy, ..., u, € X. Replacing x and y by 2x and x in (2.3), respectively, we get
||f(2k +1)x) + f((2k — 1)x) = 2f (2kx) — kf (Bx) + 2k f (2x) = kf (x), U2, ..., un]|y 212)
<p2x,x,uy, ..., Up) '
forall x,uy,...,u, € X. Replacing x and y by 3x and x in (2.3), respectively, we get
| f(Bk +1)x) + f((3k — 1)x) = 2f (3kx) — k f (4x) — kf (2x) + 2k f (3x), uz, ..., un]|y 213)

<pBx,x,uy, ..., Uy)
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forall x,uy,...,u, € X. Replacing x and y by 2x and kx in (2.3), respectively, we have

1@k k) = kF(k + 2)2) = KF (5 =2)2) =2 @kr) + 2RF @il
<p2x, kx,uy, ..., uy,) |

forall x,uy,...,u, € X. Setting y = (2k + 1)x in (2.3), we have

[1£ (B +1)x) + f(=(k + 1)x) = kf (2(k + 1)x) = kf (-2kx) = 2f (kx) + 2k f (x), 12, .., un |,
<o(x, Rk +1)x,uy, ..., uy)
(2.15)

forall x,uy,...,u, € X. Letting y = (2k — 1)x in (2.3), we have

lf(Bk = 1)x) + f(—(k —1)x) — kf(-2(k = 1)x) — k f (2kx) = 2f (kx) + 2k f(x), Uz, ..., un||y

<o(x, 2k -1)x,uy, ..., uy)
(2.16)

forall x,uy,...,u, € X. Letting y = 3kx in (2.3), we have

|| f (4kx) + f(=2kx) =k f((Bk +1)x) — kf (~=(Bk = 1)x) = 2f (kx) + 2k f (x), 1z, ..., ]|y (2.17)
<(x,3kx, Uy, ..., up) |

forall x,uy,...,u, € X. By (2.6), (2.7), (2.13), (2.15), and (2.16), we get

[k f 20k + 1)x) +k f(=2(k — 1)x) +6 f (kx) — 2f (3kx) — k f (4x) +2k f (3x) — 6k £ (x), 13, . . ., ttn|

<o(x, Rk +D)x,up, ..., uy) +(x, 2k = 1)x,uy, ..., uy) + (3x, X, Uy, ..., Uy)

1
+(x,x, Uy, ..., Uy) + mtp(o, (k+1Dx,up, ..., uy,)

|k

m(p(O, 2kx, up, ..., Uy)

1
+ k- 1|‘P(0/ (k=1)x,uy,...,u,) +
(2.18)

forall x,uy, ..., u, € X. By (2.6), (2.10), and (2.11), we have
||f((2k +1)x) + f(2k - 1)x) —kf((k+2)x) —kf(—(k -2)x) —4f (kx) + 4kf(x),u2,...,u,,||Y
<o(x, (k+1)x,uy, ..., u,) +@(x, (k=1)x,up,...,u,) + ;w(o, X, U, .., Uy)

k=1

k
k-1

+

‘(p(O, kx,uy,...,uy)
(2.19)
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for all x,uy,...,u, € X. It follows from (2.12) and (2.19) that

[l f ((k +2)x) + kf(~(k = 2)x) = 2f (2kx) + 4f (kx) — kf (3x) + 2k f (2x) = 5k f (%), s, - ., ttn|

So(x, (k+1)x,up, ..., u,) +@(x, (k=1)x,up,...,u,) +@(2x,X,Up, ..., Uy)

|(p(O X, U, e, Uy) F 1|(p(0,kx,u2,...,un)

1
k-1
(2.20)

forall x,uy,...,u, € X. By (2.14) and (2.20), we have

||f (Bkx) — 4f (2kx) + 5 £ (kx) — k f(3x) + 4k £ (2x) — 5k f(x), 142, - .., tn |

<olx, (k+1D)x,up, ... uy) +@(x, (k=1)x,uy,...,u,) +(2x,x,Up, ..., Uy,) (2.21)

+(2x, kx,uy, ..., u,) + |(p(0 kx,uy, ..., uy)

k
k-1

1
|k 1|(P(O xluZI . /un)+

forall x,uy,...,u, € X. By (2.6), (2.15), (2.16), and (2.17), we have

[Fef (e + 1)) = kf (= = 1)) = K2f (K + 1)) + K2 f (~2(k ~ 1))

+K2f (2kx) — (k2 - 1) F(=2kx) + f(4kx) — 2f (kx) + 2k f (x), ua, - . ., tn

(2.22)
< klo(x, Rk + 1)x,uy, ..., up) + |klp(x, 2k = 1)x,uz, ..., uy) + (x,3kx, Uy, ..., uy,)

+

|00, Gk~ D)

for all x,uy,...,u, € X. It follows from (2.6), (2.8), (2.9), and (2.22) that

| (akx) - 2 (2hex) - K f (4x) + 20 £ (22), w2, . §

<klp(x, 2k + 1)x,uy, ..., u,) + |klo(x, 2k = 1)x, uy, ..., un) + @(x,3kx, uy, ..., uy)

+(x, kx, s, ... uy) + K2p(2X,2x, U, . . Uy) +

&

—— (0, Bk — D)x,uy, ..., uy,)

k-1/? ? (2.23)

+ L 0,(k+1) )+k—2 (0,2(k-1) )
k-1 p\Y, X, Up,..., Uy |k—1|(P ’ X, U, ..., Uy

k —

|k 1l(p(O 2kx,uy, ..., Uy)
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for all x,u,,...,u, € X. Hence,

||f(2kx) —2f (kx) - K3 f 2x) + 2K3 f (x), ua, . .., tin

Y
x (2k+1)x x (2k-1)x ) <£ 3k_x >
< |kl ( T,u u,,>+|k| (2 5 JUp, .. Uy ) F 55 S U, ., Uy
x kx ) k Bk -1)x >
+(p<2 > . un>+k o(x,x,Up, ..., Uy) + k—l‘(p<0'T'u2""'u"

k (k+1)x k2
+ k—1‘q)<0' 5 ,UD, .., u) = 1|(,0(0 (k-1Dx,up, ..., uy)
k2
|k 1|()0(0 eruZI lun)
(2.24)
forall x,uy,...,u, € X. By (2.9), we have
||f(4kx) —-kfQ2(k+1)x) - kf(-2(k-1)x) = 2f (2kx) + 2k f (2x),u2, ... ,un||Y 225
<p(2x,2kx,uy, ..., Uy) '
for all x,uy,...,u, € X. From (2.23) and (2.25), we have
ka(z(k +1)x) + kf(-2(k - 1)x) — K> f (4x) + (zk3 - 2k>f(2x) ||Y
<klp(x, 2k + 1)x,uy, ..., u,) + |klo(x, 2k = 1)x, uy, ..., un) + @(x,3kx, uy, ..., uy)
+ Jkx,un, . Uy + K20(2x,2X, Uy, . . . Uy) + (2%, 2kX, Uy, . .., Uy
o(x, kx,uy Uy) p(2x,2x,up Uy) + ¢( 5 ) (2.26)

—1‘(,0(0, Bk -1)x,up, ..., u,) +

k

m‘(ﬂ(o, (k + l)x,uz,. . .,un)
k? K2 —

|k 1|(P(0 2(k 1)x1u2/ . /un) + |k 1|(P(0 2kx,u2, . run)

forall x,uy, ..., u, € X. Also, from (2.18) and (2.26), we get

||2f(3kx) —6f(kx) + (k - k3>f(4x) — 2k f(3x) + <2k3 - 2k>f(2x) ITCORTINT §

< (k| + 1) [op(x, Rk + D)x, uz, ..., 1) + p(x, 2k = 1)x,up, ..., un)] + 9B, x, s, . ..., Uy)

+(x,x,Up, ..., Uy) +@(x,3kx, Uy, ..., uy) + (X, kx, U, ..., Uy)

|k|+1

+ K2 (2x,2x,uy, ..., uy) + (2x,2kx, uy, ..., uy,) +
¢ ¢ |k 1|

00, (k+1)x,uy,...,uy,)
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1 K2+ k| -1

+ =1 1|‘P(0, (k=1)x,up, ..., uy) + W(p(OIka, Uy, ..., Up)

+ % }‘P(Or (3k - 1).7(, Uuz,... /u‘ﬂ) + (0’2(k - 1)x’ U, - -,un)

k2
k11"
(2.27)

forall x,up,...,u, € X.
On the other hand, it follows from (2.21) and (2.27) that

8f(2kx) —16f(kx) + (k — k%) f(4x) + (2k® — 10k ) f (2x) + 16k f (x), U2, . .., un
| (k-#°)fa+ ( ) .

< (k[ + 1) [p(x, Rk + 1)x, un, ..., uy) + p(x, 2k = 1)x,ua, ..., upn)| + 9(Bx, x, s, . . ., Uy)
+(x,x, Uy, ..., Uy) + (X, 3kx, U, ..., up) + (X, kx,u2,. .., Uy)
+ kzq)(2x, 2X, Uy, ..., Up) + (2%, 2kx, up, ..., uy) + 20(x, (k + 1)x,ua, ..., Uy)
+20(x, (k=1)x,uz,...,uy) +20(2x,x,uUs,. .., Uy) + 20(2x, kx, uy, ..., uy,)

2 2/k| k| +1
+|k_1|<P(0,x,u2,...,un)+lk_1|(p(0,kx,uz,...,un)+lk_ll(p(O,(k+1)x,u2,...,un)
K2+ k| -1
+ |k_1|(P(0/ (k—l)x/u2/-../un) + ﬁ(p(O,ka,uz,...,un)
[0, Bk = 1, ) + 0,20k~ V. )
k—l ‘P ’ sy U2, , Uy |k 1|(P Dyeeey

(2.28)
forall x,uy, ..., u, € X. Therefore by (2.24) and (2.28), we get

|| f(4x) —10f (2x) +16f (x),ua, ..., unl|,

1
= K]

x {(|k| +1)[p(x, 2k +1)x, Uy, ..., un) + @(x, Rk = 1)x, s, . .., Uy)]

+¢0Gx,x,uy,...,Uuy) + <8k2 + 1>tp(x,x,u2,...,un) +(x,3kx, uy, ..., uy)

+o(x, kx,uy,...,u,) + kz(p(Zx, 2X, Uy, ..., Up) + (2%, 2kx, up, . .., Uuy)

+20(x, (k+1)x,uz,...,uy) +20(x, (k = 1)x, 12, ..., upn) +20(2x,x, U2, ..., Uy)

+20(2x, kx,uy, .. ,un)+8<p<2 kz,uz,... )+8|k| (x M,m,...,u,,)

2
2k +1 k
+ 8|kl (x %,1@...,%)+8<p<§,37x,u2,...,un>
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kl+1 8kZ+1
+ :klf”q)(O, (k+1D)x,up,...,u,) + W(p(o, (k-1Dx,uy,...,uy,)
+L © )+ (0, Bk - 1)x,u Up)
|k—1|‘P X, U, ..., Uy 1|20 U, ..., Uy
k2 K2+ k| -1
+ |k_1|<p(0,2(k—1)x,u2,...,un) + W(p(O,ka,uz,...,un)
81k| Bk - 1)x )
+ |k_1|(P<O/ 2 /u2/---/un

2 _
,_8lK <O,(k+1)x,u2,m,un>+8k +2/k| -8

K-\ 2 k1] so(o,kx,uz,...,un)}

=X, U, ..., Uy)
(2.29)

forall x,up,...,u, € X.
Now, let ¢ : X — Y be the mapping defined by g(x) := f(2x) — 8f(x) for all
X,Uy,...,u, € X. Then, (2.29) means that

||f(4x) = 10f (2x) + 16f (x),uz, ..., tnl|y < P(x, 1z, ..., 1p) (2.30)
forall x,uy,...,u, € X. Also, we get
lg(2x) —2g(x), uz, ..., un||ly < Plx,uz, ..., un) (2.31)

for all x € X. Replacing x by 2/x in (2.31) and dividing both sides of (2.31) by 2/*!, we get

1
2j+1

< L(;;(zfx, iy ) (2.32)

j+1
g2 x),uy, ..., uy LS

1 .
_ ] —
2,»8(2 x)

forall x,uy,...,u, € X and all integers j > 0. For all integers [, m with 0 <1 < m, we have

1 1 1 m m-1 ] I
HES<2x> _Z_mg(z X), Uy, ..., Uy YS . Eg( )- 2]+1g<2 X>,u2, o
1 (2.33)
(o
< 2]+1(p<2]x,u2, ,un>
j=1
forall x,uy,...,u, € X. So, we get
lim || X (2'x) - 1 (2"x), u u,|| =0 (2.34)
Im— oo ZIg ng SU2,..., Uy Y_ .




Abstract and Applied Analysis 11
for all x, uy, ..., u, € X. This shows that the sequence {(1/2/)g(2/x)} is a Cauchy sequence in

Y. Since Y is an n-Banach space, the sequence {(1/2/)g(2/x)} converges. So, we can define a
mapping A: X — Y by

1 .
— 1 j
A(x) = jhm 2}.g<2 x> (2.35)

for all x € X. Putting [ = 0, then passing the limit m — oo in (2.33), and using Lemma 1.6(4),
we get

¢<2j XU, ..., un) (2.36)

= 1
5 =A@l < 3
]:

forall x,u,...,u, € X.
Now we show that A is additive. By Lemma 1.6, (2.2), (2.32), and (2.35), we have

1 . 1 .
_ - T — JH, ) j
JA(2x) —2A(x), uy, ..., Ua|ly jlgrc}onzjg@ x) 2].71g<2 x>,u2,...,un

Y

=2lim

]

(2.37)

%g@fﬂx) - %g(ﬂx),uz,...,un

Y

< lim %¢<2jx,u2,...,un> =0

J—

for all x,uy,...,u, € X. By Lemma 1.6(3), A(2x) = 2A(x) for all x € X. Also, by
Lemma 1.6(4), (2.2), (2.3), and (2.35), we get

IDAGx, ), ua, -l

= lim%||Dg<2jx,27y>,u2,...,un

j— oo Y
= jllr&%||Df<2j+1x, 2f+1y) - 8Df<2jx, 2jy>,u2, st (2.38)
5jlilg%[”Df<27'+1x,27”y>,u2,...,un Y+8||Df<27x,2fy),u2,...,un Y]

< lim 21—] [(p(27+1x,2j+1y,u2,. . .,un> + 8<p<2fx,2fy, u, . ..,un>] =0

] ®

for all x,y,up,...,u, € X. By Lemma 1.6(3), DA(x,y) = 0 for all x,y € X. Hence, the
mapping A satisfies (1.1). By [11, Lemma 2.3], the mapping x — A(2x) — 8A(x) is additive.
Therefore, A(2x) = 2A(x) implies that the mapping A is additive.
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To prove the uniqueness of A, let B : X — Y be another additive mapping satisfying
(2.4). Fix x € X. Clearly, A(2'x) = 2! A(x) and B(2'x) = 2'B(x) for all I € N. It follows from
(2.4) that

|A(x) = B(x),uz, ..., unlly = n

"A(zlx) B(2’x)
Zl 2707

Y

< 2{7(1) - 87(2) - A(2),
+||B<21x> _f(21+1x> +8f<21x>,u2,...,un
- 21221 <2]+x Uz, - /un>

S Zozi‘ii(zj”x/ up,... ,un> =
) j

y] (2.39)

8

1
2]

[\/]8

¢'<2fx,u2,...,un>

for all x,uy,...,u, € X, and I € N. By (2.2), we see that the right-hand side of the above
inequality tends to 0 as I — oo. Therefore, || A(x) —B(x),uy, ..., u,lly = 0forall uy, ..., u, € X.
By Lemma 1.6, we can conclude that A(x) = B(x) for all x € X. So, A = B. This proves the
uniqueness of A. O

Theorem 2.2. Let X be a linear space and Y an n-Banach space. Let f : X — Y be a mapping with
£(0) = 0 for which there is a function ¢ : X' — [0, o) such that

2,...,1/[71) < oo,
52955

(2.40)
”Df(xly)ruZI‘ . 'lun”Y < (P(xlyruZ/' . -/un)
forall x,y,uy,...,u, € X. Then, there is a unique additive mapping A : X — Y such that
[ee] o x
@0 ~87(6) = AGE), il < 32715( 5510 10 (2.41)
=1
forall x,uy, ..., u, € X, where p(x,uy, ..., uy) is defined as in Theorem 2.1.
Proof. The proof is similar to the proof of Theorem 2.1. O

Corollary 2.3. Let X be a normed space and Y an n-Banach space. Let 6 € [0,00),p,12,...,1n €
(0, 00) such that p#1, and let f : X — Y be a mapping with f(0) = 0 such that

IDF Gyt unlly < Ol + [y 1% ) allE -l (242)
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forall x,y,uy,...,u, € X. Then, there exists a unique additive mapping A : X — Y such that

p
Oellx|x |zl - - - lunlly

||f(2x) -8f(x) — A(x),uz, . ~-/un||y hS 1(2=2P)(K3 = k)|

(2.43)

forall x,uy, ..., u, € X, where

€= (1 + k| + 23-P|k|) [(2K +1)7 + 2k — 1)P] +2|k| + 13 + 37 + 3|k|” + 16k + 3P |k[V + 2P*1 k2

P
+2P(5+|Kk[P) + 2k + 1P + 2|k = 1P +237P (2 + k| + [k|? + 3P|K[) + (k| +|k1)_|’;|+ 1
27 |k| P 2 opj2 p-1 2°|k|P (K* + |k| - 1)
gl + (148K + 2°K2) [k = 17" + T
2 k(@7 +1) ,  8k2+2k| -8
T TR T A [ e e
(2.44)

Proof. Define ¢(x,y) = 9(||x||§ + ||y||§)||u2||;§~-||un||§§ for all x,y,uy, ..., u, € X, and apply
Theorems 2.1 and 2.2. O

The following example shows that the assumption p#1 cannot be omitted in
Corollary 2.3.

Example 2.4. Let X = C be a linear space over R. Define ||-,-]| : X x X — R by |[x1, x2]| =
|aiby — azxby|, where x; = a; +bji€ C,a;,b; €R,j=1,2(i = v—1is the imaginary unit). Then,
(X, II-,1) is @ 2-normed linear space.

Let ¢ : C — C defined by

x, for|x| <1,
P(x) = { (245)

1, for|x|> 1.

Consider the function f : C — C defined by
flx) =D aPp(amx) (2.46)
m=0

for all x € C, where a > |k|. Then, f satisfies the functional inequality

422 (|k| + 1

IDf (x,y), u] < ) (121 + |y ) (2.47)

a-1

for all x, y, u € C, but there do not exist an additive mapping A : C — C and a constant d > 0
such that || f (x) — A(x), u|| < d |x||u| for all x,u € C.
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It is clear that |f(x)| < a/(a—1) for all x € C. If |x| + |y| = 0 or |x| + |y| > 1/a for all
x,y € C, then the inequality (2.47) holds. Now suppose that 0 < |x| + |y| < 1/a. Then, there
exists an integer n > 1 such that

1

an+1

1
<lxl+|y| < — (2.48)

Hence, a”|kx+y| <1,a™|x+y| <1,a”|x| <1forallm =0,1,...,n—-1. From the definition of
f and (2.48), we obtain that

105 (x, ),
S (kx ) + S kx -y)) - kS (e )

0 o0 0 (2.49)
-k Z ap(a"(x-y)) - ZZ a "P(a"kx) + 2k Z a"P(a"x), u

_w(l |+ [y [)lul.

Therefore, f satisfies (2.47). Now, we claim that the functional equation (1.1) is not stable
for p = 1 in Corollary 2.3. Suppose on the contrary that there exist an additive mapping
A :C — Cand a constant d > 0 such that || f(x) — A(x),u|| < d |x||u| for all x,u € C. Then,
there exists a constant ¢ € C such that A(x) = cx for all rational numbers x. So, we obtain that

[l f (), | < (d+lel) xlful (2.50)

for all rational numbers x and all u € C. Let s € Nwith s+1 > d +|c|. If x is a rational number
in (0,a™®) and u = bi (b € R), then a”x € (0,1) forallm =0,1,...,s, and we get

(11 x)

2 Z Pla Ibl (s + 1)x[b| > (d + [e])x|b] = (d + |c])|x][ul,

(2.51)

which contradicts (2.50).

Theorem 2.5. Let X be a linear space and Y an n-Banach space. Let f : X — Y be a mapping with
£(0) = 0 for which there is a function ¢ : X! — [0, c0) such that

© 1 .
28—]<,o<2]x, 2y, uy,. .-,un> < oo, (2.52)
j=0

IDf (e, y) ua, . ttaly < 9%y, 142, Un) (2.53)
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forall x,y,uy,...,u, € X. Then, there is a unique cubic mapping C : X — Y such that

| f(2x) = 2f(x) = C(x),ua, ..., un||y < is}ﬂ(ﬁ(?x,uz,...,un) (2.54)
720

forall x,uy, ..., u, € X, where p(x,uy, ..., uy) is defined as in Theorem 2.1.

Proof. As in the proof of Theorem 2.1, we have
|| f(4x) = 10f (2x) + 16 f(x), 1z, ..., tnl|y < P(x,uz, ..., 1p) (2.55)

for all x € X, where @(x,u2,...,u,) is defined as in Theorem 2.1.
Now, let h : X — Y be the mapping defined by h(x) := f(2x) — 2f(x). By (2.55), we
have

|h(2x) — 8h(x), uz, ... un|ly < P(x, Uz, ..., Uy) (2.56)

for all x € X. Replacing x by 2/x in (2.56) and dividing both sides of (2.56) by 8/*!, we get

(2 ) (2.57)

1 . 1 )
—h(ix) — —K(2I+L
th(Z x) Y h(2™x),uy,...,u, S g

+1

forall x,uy,...,u, € X and all integers j > 0. For all integers [, m with 0 <1 < m, we have

lh(27x) - .Lﬂh(Zj*lx),uz,...,un

1,1
”gh(zx)_g_mh(z x)/uZI"'lun 8] 8]

m-1
<
.

Y
) (2.58)
m— 1 - .
< - 8].+1(p<27x, u2,...,un>
forall x,uy,...,u, € X. So, we get
li Lo Ly om =0 2
l,m{noo 3 ( x)—8—m 2"x),uz, ..., Uy T (2.59)

for all x,uy, ..., u, € X. This shows that the sequence {(1/ 8)h(2/x)}is a Cauchy sequence in
Y. Since Y is an n-Banach space, the sequence {(1/8/)h(2/x)} converges. So, we can define a
mapping C : X — Y by

C(x) = lim éh(%) (2.60)

J—®
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for all x € X. Putting [ = 0, then passing the limit m — oo in (2.58), and using Lemma 1.6(4),
we get

[e'e) 1 ~ )
() = CCe) oo il < 3, S CEATIATY (2.61)
£

forall x,uy,...,u, € X.

Now we show that C is cubic. By Lemma 1.6, (2.52), (2.58), and (2.60), we have

1. 1 .
1C@) ~8CCx) -ty = i | Sh(2I712) = (@i,
j— oo 8/ 8]’1

Y

1
8j+1

. 1. .
= 8lim H h(2 ) = —h(2ix),uz, ..., U,
j— o 8/ Y

(2.62)

< lim é(ﬁ(ij,uz,...,u,J =0

jooe

forall x,uy,...,u, € X. By Lemma 1.6(3), C(2x) = 8C(x) forall x € X. Also, by Lemma 1.6(4),
(2.52), (2.53), and (2.60), we get

IDCCx, )z,

1 o
= limgnDh(fo,ny),uz,...,un

j—oe

Y

1 . . o
= lim ||Df(21+1x, 21*y) ~2Df (2, 21y) |

jooo

(2.63)

1

<t [l

Y +2||Df(2jx,2jy),uz,...,u,1

J

< hm%[(p<2j+1x,27+1y,u2,...,un> +2(p<2jx,2jy,u2,...,un>] =0

forall x,y,uy, ..., u, € X. By Lemma 1.6(3), DC(x, y) = 0 for all x, y € X. Hence the mapping
C satisfies (1.1). By [11, Lemma 2.3], the mapping x — C(2x) — 2C(x) is cubic. Therefore,
C(2x) = 8C(x) implies that the mapping C is cubic.
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To prove the uniqueness of C, let S : X — Y be another cubic mapping satisfying
(2.54). Fix x € X. Clearly, C(2'x) = 8'A(x) and S(2'x) = 8!S(x) for all I € N. It follows from
(2.54) that

IC(x) = S(x), uz, ..., unly =

n

g e

H CONECO

Y

[||f 2"x) - 2f(2'x) - C(2'x), ua, ..., uy

<g
+||5(21x) — F@"x) + 2 (2'x), ua, .

Y

Y] (2.64)

81(ﬁ<2j+lx, uz,...,un>

IA
oo|H
AgMS

1
8/

Ms

83+lg5<2j+lx, Uy, .. .,un> =

-
I]
o

¢<2jx,u2,...,un>

]
—

j

for all x,uy,...,u, € X, and I € N. By (2.52), we see that the right-hand side of the above
inequality tends to O as | — oo. Therefore, ||C(x) — S(x),uz, ..., uylly =0foralluy, ..., u, € X.
By Lemma 1.6, we can conclude that C(x) = S(x) for all x € X. So C = S. This proves the
uniqueness of C. O

Theorem 2.6. Let X be a linear space and Y an n-Banach space. Let f : X — Y be a mapping with
£(0) = 0 for which there is a function ¢ : X' — [0, o) such that

y
8/
]E (p<2] 2],u2, ..,un> < oo,

(2.65)
IDf(x,y), 1z, .. un||ly < @(x,y,u2,. .., 1)
forall x,y,uy, ..., u, € X. Then, there is a unique cubic mapping C : X — Y such that
”f(ZX) —Zf(.X') _C(x)/u2r /unlly < 28]7 ( =, U, . -~/un> (266)
forall x,uy, ..., u, € X, where p(x,uy, ..., uy) is defined as in Theorem 2.1.
Proof. The proof is similar to the proof of Theorem 2.5. O

Corollary 2.7. Let X be a normed space and Y an n-Banach space. Let 6 € [0,00),p,12,...,1n €
(0,00) such that p#3, and let f : X — Y be a mapping with f(0) = 0 such that

IDf Ce, )z, tlly < Ol + [yl ) lall - el (267)



18 Abstract and Applied Analysis

forall x,y,uy,...,u, € X. Then, there exists a unique cubic mapping C : X — Y such that

P
Ocllxx w2l - -~ llunlly

(2.68)
|(8 —27P) (K3 - k)|

1 25) = 2£ (x) = Cx) .y <

forall x,u,, ..., u, € X, where € is defined as in Corollary 2.3.

Proof. Define ¢(x,y) = 6(||x||§( + ||y||;)||u2||§§---||un||;§ for all x,y,uy,...,u, € X, and apply
Theorems 2.5 and 2.6. O

The following example shows that the the generalized Hyers-Ulam stability problem
for the case of p = 3 was excluded in Corollary 2.7.

Example 2.8. Let X = C be a linear space over R, and let ||-,-|| : X x X — R be defined as in
Example 2.4. Then, (X, |-, +]|) is a 2-normed linear space.
Let ¢ : C — C be defined by

x3, for|x| <1,
px) = { (269)

1, for|x|> 1.

Consider the function f : C — C defined by
f(x) = Dla"Pp(a"x) (2.70)
m=0

for all x € C, where a > |k|. Then, f satisfies the functional inequality

6
IDf (x,y),ul| < % (P + 1y1° ) .71

for all x,y,u € C, but there do not exist a cubic mapping C : C — C and a constant d > 0
such that || f(x) — C(x),u| < d |x[*|u| for all x,u € C.

It is clear that |f(x)| < a®/(a® - 1) forall x € C.If [x|* + [y* = 0 or [x|> + |[y|* > 1/a® for
all x,y € C, then inequality (2.71) holds. Now suppose that 0 < |x[* + |y|*> < 1/a®. Then, there
exists an integer n > 1 such that

1 3 3 1
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Hence, a”|kx+y| <1,a"|x+ty| <1,a™|x| <1forallm =0,1,...,n—1. From the definition of
f and (2.72), we obtain that

IDf (xy) ull =

S (e (k) + 3w bl (kx=y) kS P (x4 )

-k i am(am(x-y)) - 2§: aMmp(amkx) + 2k i amp(amx),u

m=n

Sk +1) (5
S e G DLk
(2.73)

Therefore, f satisfies (2.71). Now, we claim that the functional equation (1.1) is not stable for
p = 3 in Corollary 2.7. Suppose on the contrary that there exist a cubic mapping C : C — C
and a constant d > 0 such that || f (x) — C(x), u|| < d |x|*|u| for all x,u € C. Then, there exists a
constant § € C such that C(x) = x> for all rational numbers x. So, we obtain that

£ ), ul| < (d+]B]) 1l (2.74)

for all rational numbers x and all u € C. Let s € Nwith s+1 > d +|f|. If x is a rational number
in (0,a™®) and u = bi (b € R), then a™x € (0,1) forallm =0,1,...,s, and we get

£ ), ull =

JU

i ¢(a™x)

adm

= p(a™x)
> |b|
mZ:O adm (2.75)
= (s +1)x°[b| > (d + |B])x°|b| = (d + | B])lx [ul,

m=0

which contradicts (2.74).

Theorem 2.9. Let X be a linear space and Y an n-Banach space. Let f : X — Y be a mapping with
£(0) = 0 for which there is a function ¢ : X' — [0, o) such that

qu)(fo,ny, uz,...,un> < oo, (2.76)
=0
IDf(x,y), uz, ... unly <@(x,y,uz, ..., 1) (2.77)

forall x,y,uy,...,u, € X. Then, there exist a unique additive mapping A : X — Y and a unique
cubic mapping C : X — Y such that

1&/7 1 1 \ ./
”f(x) _A(x) - C(x)/uZI' "/un”y < EF%(F + 8]~+1>(P<2]x/u2/~ 'run> (278)

forall x,uy, ..., u, € X, where p(x,uy, ..., uy) is defined as in Theorem 2.1.
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Proof. By Theorems 2.1 and 2.5, there exist an additive mapping A’ : X — Y and a cubic
mapping C' : X — Y such that

| f(2x) —8f(x) = A'(x),uz, ..., un||y < Z (p<2jx, Up, . ..,un>,

(2.79)

| f(2x) = 2f(x) = C'(x),us, ..., un||y < i 1 ¢<2jx,u2,...,un>

for all x,u,,...,u, € X. Hence,

7o+ g - o0,

1&/7 1 1 \~/,i

for all x € X. So, we obtain (2.78) by letting A(x) = —(1/6)A’(x) and C(x) = (1/6)C'(x) for
all x € X.

To prove the uniqueness of A and C,let A”,C” : X — Y be another additive and cubic
mapping satisfying (2.78). Fix x € X. Let Ay = A- A"and C; = C-C". So,

||A1(x) + C1(x), U, .. .,un||y

< | f(x) = A(x) = C(x), 1z, ... n||y + || f(x) = A"(x) = C"(x), 12, . .., ||,

(2.81)
1& 1 1 .
- e~ \o(2
< 3]2::‘0(2]'“ + 8j+1>(p<2 x,uz,...,un>
forall x,uy, ..., u, € X. Then (2.76) implies that
H 1 n n
nlgrgog—n||A1(2 x)+C1(2"x),uz, ..., uully =0 (2.82)
for all x,uy,...,u, € X. Thus, C; = 0. So, it follows from (2.81) that
1&/ 1 1 \ o~/
||A1 (x)ruZI ceey un”Y < 520 <2]'+1 + 8]~+1 >(P<2]xl Uz, ... /un> (283)
]:
for all u,...,u, € X. Therefore, A; = 0. O

Similarly to Theorem 2.9, one can prove the following result.
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Theorem 2.10. Let X be a linear space and Y an n-Banach space. Let f : X — Y be a mapping with
£(0) = 0 for which there is a function ¢ : X' — [0, o) such that

ZSj(P(%,%,uz,...,un) < oo,

J=0 (2.84)
||Df(x/y)ru2/~ . -/unlly < (p(X,y,uz,. . -/un)

forall x,y,uy,...,u, € X. Then, there exist a unique additive mapping A : X — Y and a unique
cubic mapping C : X — Y such that

0

||lf(x) = A(x) - C(x),uz, ..., un||y < %Z(zf'—l + 8j—1>¢<%,u2,...,un> (2.85)

j=1

forall x,uy, ..., u, € X, where p(x,uy, ..., uy) is defined as in Theorem 2.1.

Proof. The proof is similar to the proof of Theorem 2.9 and the result follows from Theorems
2.2 and 2.6. [

Theorem 2.11. Let X be a linear space and Y an n-Banach space. Let f : X — Y be a mapping with
£(0) = 0 for which there is a function ¢ : X! — [0, c0) such that

O . X 1 . .
ZZI(P<Z’ %,uz, .. .,un> < oo, Z§¢<2JX,2]:V,M2/ s /un> < oo,
= =0 (2.86)

IDf(x,y), 2, unlly < @(x,y, 12, .., 1n)

forall x,y,uy,..., u, € X. Then, there exist a unique additive mapping A : X — Y and a unique
cubic mapping C : X — Y such that

||f(x) = A(x) - C(x),uz, ..., un|y

11&.; x © q _ (2.87)
_ -l 2 ~(nj
S6L§12 (p<2j,uz,...,un>+j208].+1(p<2 x,uz,...,un)

forall x,uy, ..., u, € X, where p(x,uy, ..., uy) is defined as in Theorem 2.1.

Proof. The proof is similar to the proof of Theorem 2.9 and the result follows from Theorems
2.2and 2.5. O

Corollary 2.12. Let X be a normed space and Y an n-Banach space. Let 0 € [0,00),12,...,1, €
(0,00),p€(0,1)U(1,3)U(3,0),and let f: X — Y be a mapping with f(0) = 0 such that

IDf Gy, unlly < O (Ul + Nyl )l - el (2.89)
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forall x,y,uy,..., u, € X. Then, there exist a unique additive mapping A : X — Y and a unique
cubic mapping C : X — Y such that

1 1 1 .
1766 = AG) = C0 1 il < gz (g * =g ) Oelelilal
(2.89)

forall x,uy, ..., u, € X, where ¢ is defined as in Corollary 2.3.

Proof. Define ¢(x,y) = 6(||x||§7( + ||y||§()||u2||;§ - |lunlly for all x,y,uy,...,u, € X, and apply
Theorems 2.9-2.11. O

Remark 2.13. The generalized Hyers-Ulam stability problem for the casesof p = 1and p = 3
was excluded in Corollary 2.12 (see Examples 2.4 and 2.8).
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