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We independently propose a new kind of the definition of fractional difference, fractional sum, and
fractional difference equation, give some basic properties of fractional difference and fractional
sum, and give some examples to demonstrate several methods of how to solve certain fractional
difference equations.

1. Introduction

Fractional calculus is an emerging field recently drawing attention from both theoretical and
applied disciplines. During the last two decades, it has been successfully applied to several
fields [1-6], and it is well known that there is a large quantity of research on what is usually
called integer-order difference equations [7, 8]. However, discrete fractional calculus and
fractional difference equations represent a very new area for scientists. A pioneering work
has been done by Atici et al. [9-12], Anastassiou [13, 14], Bastos et al. [15], Abdeljawad
et al. [16-20], and Cheng [21-23], and so forth. In this paper, limited to the length of the
paper, we will introduce some of our basic works about discrete fractional calculus and
fractional difference equations. Some proofs and results of the theorems and examples in
Sections 3-5 are well proved by a more concise method. We refer to the monographer [23]
for more further results. In [23] we also aim at presenting some basic properties about
discrete fractional calculus and, in a systematic manner, results including the existence and
uniqueness of solutions for the Cauchy Type and Cauchy problems, involving nonlinear
fractional difference equations, explicit solutions of linear difference equations and linear
difference system by their deduction to Volterra sum equation and by using operational
methods, applications of Z-transform, R-transform, N-transform, Adomian decomposition
method, method of undetermined coefficients, Jordan matrix theory method, and by discrete
Mittag-Leffler function and discrete Green’ function, and a theory of so-called sequential
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linear fractional difference equations, as well as some introduction for discrete fractional

difference variational problem, and so forth.

2. Integer-Order Difference and Sum with Real Variable

Let us start from sum and difference of the integer order. Define

hix(s) £ [x(a) + x(a+h) +x(a+2h) +---+x(t)],

wheret =a+jh, je€ No=1{0,1,2,...}.

Definition 2.1. Let a, t be real numbers, and let k be a positive number, we call

t
Vi x(t) = 4 D> x(s)h

one-order backward sum of x(t), wheret = a+ jh, j € No = {0,1,2,...}. We call

ViEx(t) = V7! (av,;"“”x(t))

k-order backward sum of x(t), where k is a positive integer number.

Definition 2.2. Let a, t be real numbers, and let k be a positive number, we call
t—h
oDy x(t) = 5 D x(s)h

one-order forward sum of x(t), where t = a + jh, j € Ny = {1,2,...}. We call

AFx(t) = 87 (a8, V2 (0)

k-order forward difference of x(t), where k is a positive integer number.

Definition 2.3. Let t be a real number, and let h be a positive number, we call

x(t) —x(t-h)

Vix(t) = i

one-order backward difference of x(t), where h is step. We call

VEx(t) = Vh(Vflx(t)>

k-order backward difference of x(t), where k is a positive integer number.

Similarly, we can define forward difference as follows.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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Definition 2.4. Let t be a real number, and let k be a positive number, we call

x(t+h) —x(t)

_ 2.8
Apx(t) Y (2.8)
one-order forward difference of x(t), where h is step. We call
k _ k-1
Akx(t) = Ah(Ah x(t)) (2.9)
k-order forward difference of x(t), where k is a positive integer number.
Theorem 2.5. The following two equalities hold:
(1) Vi(,V;,'x(1) = x(8),
(2) An(a8,'x(1) = x(t).
Definition 2.6. If k, t are real numbers, and let k be a positive number, define
I'(t/h+k)
=ht—"— -  (keR 2.1
ta s (KeR 210)
rising factorial function, and set tg = 1. If k is a positive integer number, then we have
£ = t(t+ h)(t+2h) - (t+ (k= 1)h). (2.11)
Definition 2.7. Let k, t be real numbers, and let h be a positive number, define
(%) « T({t/h+1)
g =g R 2.12
Wromiion KER (2.12)
down factorial function, and set t§10) = 1. If k is an positive integer number, then
£ = t(t—h)(t=2h) - (t - (k = 1)h). (2.13)
In Definitions 2.6 and 2.7, if h = 1, we can simply denote tE, t;lk) as tk, t0)
Definition 2.8. For any k,y € R, h > 0, we define
y
[Y] _Tlk+y) [Y] || (2.14)
F(y)l"(k +1)’ k
h
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If k € N, h =1, then it is easy to see that

m _r+D)- k‘(Y+k N (2.15)

If welett/h =t, or t = th, then we clearly have the following.
Theorem 2.9. Assume thatk € R, h >0, t/h = t; then

£ B 0 - e, (2.16)

Theorem 2.10. Let k € R, h > 0, then, following equality holds:

%nr})tk = %m})t(k) . (2.17)

3. Fractional Sum and Difference with Real Variable

Before giving the definitions of fractional sum aV;Yx(t), y > 0, let us revisit the calculation of
the sum of the integer order. By Definition 2.1, we have

aV,;lx(t) = hix(s)h, t=a+jh, j € Ny, (3.1)
then
VX = oV [ v; x(t)] = hZ V;'x(s)h = h[hz Zx(r ]
o o —t-r+h d il
LADIPRIGIEEN —x(r)| = n Y, (E=1+h)x(r)h,
r=a Ss=r r=a r=a (3.2)
Bx(t) = .V [uv x(t)] - hZ V:2x(s)h = hz[hz Z ”hx( )h]
3[ b /4 _
_ %[hz<t ;+ h><t rh+2h)x(r)] = 2l[;12(1,‘—r+h)hx(r)h:|
By recursive, it is not hard to obtain
m _ h" L /t—s+h\ /t-s+2h t-s+(m-1)h
VX = <m—1>![h§< ) () (5 >x(s)]
(3.3)

1 d §
_W[hé(t_s-i_h) X(S)h] T(m )I:hZ(t ph(s))h X(S)h]

where pp(s) =s - h.
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Obviously, the right side of formula (3.3) is also meaningful for all real m > 0, so we
define fractional sum as follows.

Definition 3.1. Lety>0,a€ R, h>0,t=a+kh, k € Ny, we call

V) x(t) = r()[hzu pu(s))) " x(s) ] (34)

y order fractional sum of x(t).
For any positive number order fractional difference, we take the following.

Definition 3.2. Let pu > 0, and assume that m — 1 < y < m, where m denotes a positive integer.
Define

Vix () = Vi (7, x(0)) (35)
as p order R-L type backward fractional difference. Meantime, define
CVix(t) = (av;('"‘”)) VI (t) (3.6)

as p order Caputo type backward fractional difference.

If we start from Definition 2.2,
t-h
oD x(t) = 4 D x(s)h, t=a+jh, jE€N, (3.7)

completely in a similar way, we get positive integer m-order forward sum
t-mh

By x(t) = F(l)[ 2 —oh<s>>,i"”>x<s>h], (38)

where o0y,(s) = s + h.
The right side of (3.8) is meaningful for all real m > 0, so we can define forward
fractional sum as follows.

Definition 3.3. Lety >0,a€ R, h>0,t=a+yh+kh, k € Ny, define
- 1 & r-1
al, x(t) = ) hZ (t=on(s)), "x(s)h (3.9)

as y order fractional sum of x(t), where o, (s) = s + h.
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Definition 3.4. Let y > 0, and assume that m — 1 < y < m, where m denotes a positive integer.
Define

Alx(t) = AT (aA;('"”‘)x(t» (3.10)
as p order R-L type forward fractional difference. Meantime, define
CAFx(t) = (uA;(’"‘”)) A" x(t) (3.11)

as p order Caputo type forward fractional difference.

In Definitions 3.1-3.4, if step h = 1, it is a kind of important situation. At this time, we
simply denote aV;Y, aA;Y; VZ, AZ as ;V7, ,A7; V¥, A¥. When h = 1, backward fractional
sum is defined as follows.

Definition 3.5. Let y > 0, and define
1

I(y)

VTx(t) = i(t — p(5)) ' x(s) (3.12)

as y order fractional sum of x(t), where t = a mod (1), p(s) =s—-1.
For any positive number order fractional difference, we can take the following way.

Definition 3.6. Let p > 0 and assume that m — 1 < p < m, where m denotes a positive integer.
Define

Vi (t) = V™ (uV_(m_")x(t)> (3.13)
as p order R-L type backward fractional difference. Meantime, define

Cykx(t) = (aV_(m_")>me(t) (3.14)

as p order Caputo type backward fractional difference.
We can define forward fractional sum as follows.

Definition 3.7. Let y > 0, and define

t—
JATx(t) = ﬁi(t —0(s)) " Vx(s) (3.15)

as y order forward fractional sum of x(t), where t -y = a mod (1), o(s) =s+ 1.
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Definition 3.8. Let y > 0, and assume that m — 1 < y < m, where m denotes a positive integer.
Define

JAFX(f) = AT (aA*m*Wx(t)) (3.16)
as p order R-L type forward fractional difference. Meantime, define
CAFx(t) = <aA’(""”)> A x(t) (3.17)

as p order Caputo type forward fractional difference.

By Definition 2.8, it is easy to calculate

[Y] L (t-ps),

(3.18)
[ RS
AR Rt O
By Theorem 2.9 we have
(t_S+h)F=hy—l ((t_s)/h-'-l))/fl:hy—l i
I (y) r(y) ==
(3.19)
t-s-my " s/ T
() () t—TS _

Therefore, if we adopt Definition 2.8, then Definitions 3.1, 3.3, 3.5, and 3.7 can be
rewritten as follows.

Definition 3.9. Assume thaty >0,leta€ R, h >0, t=a+ kh, k € Ny, and define
-Y 3 Y
AAUEDRNED (320)

as y order backward fractional sum of x(t).

Definition 3.10. Assume thaty >0,leta€ R, h>0,t=a+yh+ kh, k € Ny, and define

—yh
ATX() = hti v x(s) (3.21)
h & |t-s-yh],

as y order forward fractional sum of x(t).
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Definition 3.11. Assume thaty >0, t,a € R, and t = a mod (1), and define
t Y
Y =
2V Tx(t) Sgu [t . s] x(s) (3.22)

as y order backward fractional sum of x(t).

Deﬁnition 3.12. Assume that Y > 0, t, aec R, and t - y=a mod (1), and define
t-y
a (t) s§=a| [t ] s (S) ( )

as y order forward fractional sum of x(t).

Seta/h=a,t/h=t ora=aht=rth and set x(t) = x(th) = y(?); then by Theorem 2.9
and Definitions 3.1-3.4, one obtains the following.

Theorem 3.13. For any y, u > 0, the following equalities hold:

1) oV, x(t) = [V Iy D] oA, x(t) = W [; ATy (D],

(2) oVhx(t) = hF[;Vry(D)]; JAhx(t) = HF[zAMy (B)],

(3) SVhx(t) = K[ Vry(D]; SARx() = hH[SAry (B)].

From Theorem 3.13 we can see, by stretching t = th, the functions aV;Yx(t) and
aV’;x(t), with common step h, can be convert into the functions aV‘Yy(?) and aV/‘y(?) with
step h = 1, respectively. In essence, nothing arises much different, but the latter is more
convenient in research.

In view of Definitions 3.1-3.4 and Theorem 2.10, if we let h — 0, then we can obtain
the following.

Corollary 3.14. Assume that x(t) is integrable, then:
(1) limp —o(,V, x () = limy0(,V, x(8)) = (1/T(y)) [, (t - 5) " x(t)ds £ D, x(t),
(2) Timp—o(, Vix(t)) = limy—o(,Vix(£) = D™(,D; " x()) £, D} x(t),
(3) limy,— o (SVix (1) = limy—o(SVhx(H) = D™(,D; " x(t)) 25 Dl'x ().

4. Some Basic Properties

We sometimes only list some basic results here, for more detailed results and their proofs can
been seen in monographer [23].

Theorem 4.1. Assume that the following function is well defined; then

¥ y-1 -1
(1) Vit =yt~ At =y,

@) (t+ym)tl =7, ¢ —ym)t” =Yy e R,
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(3) If0 <y <1, then tfr <(#, t;“” > (t;l”‘))Y,

@ 7 = (t+ Pty 77 = (- )Y,

(5) LetO<t<r, ify >0, thent] <7}, t <rl;Ify <0, then t] > 7, £\ > 1],

Theorem 4.2. Let 0 <m—1 <y <m,m e N, where x(t) is defined in Ny, = {a,a+h,a+2h,...},
then
(1) oV, x(t) = oA, x(t +yh), t € Nja,
(2) aVx(t) = sAYx(t = yh), t € Nimia-
Theorem 4.3. Let 0 <m—-1<y<m, me N, x(t) is defined in Ny, = {a,a+h,a+2h,...}, then
1) aA;Yx(t) = aV,;Yx(t —Yh),t € Ni,a+y,
(2) aAle(t) = avrlx(t + Yh)/t € Nh,a—y+m-
Theorem 4.4. For any real y, the following equality holds:
(1) oV, Vix(t) = ViV, )x(t) - (= a= 1)} /T(y)x(a - h),
(2) o, Apx(t) = AnoA,))x(®) = (¢ - @), /T(y))x(a).
Theorem 4.5. For any real y and p > 0, the following equality holds:
- - - “p+k
(1) oV, Vhx(t) =V (,V, x(t) - Zzzé((t —a+ 1) 7/ Ty +k-p+1)VEx(a-h),
(2) A, Ahx(t) = A} (A, x(8) = S (= @) "™ /Ty + k= p+ 1) Akx(a).

Theorem 4.6. Let p,y > 0, then

(1) V5(V,"x0) = 27,7 x(0),

(2) Ah(Ax (1) = 28,0 (D),

In the previous theorems, we only need to consider the simplest case h = 1, but actually
the methods of proof and conclusions can also be extended for general step h > 0. In fact, we
only need do a stretching transformation and then make use of Theorem 2.9.

Next, we discusses fractional sum transform such as: Z transform, N transform, R
transform, and some properties of these transforms.

Definition 4.7. Let f(t) be defined in Ny = {0,1,2,...}, we call

f0 =S F(h= 1)
pary

is a Z transform of f(t), denote it by Z[f(t)].

Definition 4.8. Let f(t) be defined in Ny, = {to,to+1,t0+2,...}, to € R, and define N transform
as follows:

N (FB)(s) = (1= 8) L £ ). 42)

t=tq

If the domain of the function f () is N7, then we use the notation N (f(t)).
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If wesett—ty=n € Ny, define

it = fot) = f@), SN = fe=Trt) = £ 1),

o = F0+ 1) = fto).
Then, f(ty), f(to+1),..., f(t),... can be regarded as a sequence

{to}  ¢lto} {to}
flloh glol gl

Under this definition, N transform can be simply rewritten as

No(F()(s) = 31— )" £ (s)
t=ty

= > (1-s)""7 f(n+ o)
n=0
=1-9)"" Y a-s)"f
n=0
Set z=1/(1 - s), then we have

No(FH)(5) = 203 il 2 = 2100 (z),
n=0

where F(z) is Z transform of sequence fntO}.
If tg = 1, then

NG®) =P, (21 ).

S

Theorem 4.9. Foranyy € R\ {...,-2,-1,0}, then

(1) N(t"7)(s) =T(y)/s", |1 -s] <1,
@) Nt at)(s) =a ' T(y)/(s+a-1), |1-s| < a.

Proof. (1) Making use of (4.7), we get

N<1fzy1)> = F(2),

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)
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where F(z) is Z transform of sequence f,{ll} =f(n+1),

(n+1)7 " _
I'(y)

F([L]) - (Z;l)_yzsl—y, (|21 > 1,115 < 1),

p1 1
N<r(y)> =5 (1-s/<D).

Y
al

il = fn+1) =

Since (see [21-23])

hence

(2) It is only to use

= — 1& s+a-1\""!
A Vo G <1 _ ) Pt
S-0 it - 15 (121

t=1

then the proof of (2) follows from the proof of (1).

11

(4.9)

(4.10)

(4.11)

(4.12)

O

Theorem 4.10. Let f(t) and g(t) be defined in N,, and define convolution of f(t), g(t) as follows:

t
(hx8),(B) = 2h(t=p(s)g(s)-

For h(t) = th/l"(y), then

1
I(y)&

(hxg), (1) =
Theorem 4.11. Let f, g be defined in N,, then
Na(f*8) = Ni(f)Na(g)-
Theorem 4.12. For any real y, one has
Na(aV7Tf(B) = s TNG(F(1)).
Theorem 4.13. For 0 <y <1, one has
Naa(aV7Tf(5) = ' Na(f(D)(5) = (1= )" f(a),

where f is defined in N,.

t _
Si(t-p(s) " g(s) = VT g(1).

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Theorem 4.14. Let y € R\ {...,-2,-1,0}, y >0, then

th I
1V = .
T(pu+1) T(u+y+1)

Theorem 4.15. Let f be a real function, p,y > 0, then

NTVHFD] = oV EN ) = VHLVTF()].

Definition 4.16. Let f(t) be defined in N;,, and define R transform as follows:

R, (f(1) = 2($)mﬂt).

In Definition 4.16, if we set t — t) = n € Ny, and define:

i = flst) = fO,  fN = f-1xh) = fE=1),
ol = £(0+1to) = f(k),

then, f(to), f(to +1),..., f(t),... can be regarded as a sequence

lto} ¢(to)} [to}
fo o

Under this definition, R transform can be simply rewritten as

RGO = 3 (o )Hlf(t)

Prs s+1

i(sj__1>n+to+1f(n+to)

n=0

Set z=1+s, then

Ry (F(H)(s) = 20 S filol 2 = 210 (z),
n=0

where F(z) is a Z transform of sequence f,ito}.

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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Theorem 4.17. Foranyy € R\ {...,-2,-1,0}, then

(1) Ry ((7"D)(s) =T(y)/s",
(2) Ry (t0 Vat)(s) = 'T(y) /(s + 1 - a)".

R, 1 ﬂ =z TF(z)
AT '

where F(z) is a Z transform of sequence f,iy_”. Since

Proof. (1) letty =y -1, then

D= fnry-1) =

4

(n+Y_1)(Y—1) _ [Y
I(r) n

and (see [22, 23])

hence

Ry ﬂ =(z-1)"=57, (1+s]<1),
L(y)

or

to-1) 1
RY_l W = S_Y, (|1+S| <1)

(2) The proof of (2) follows from the proof of (1).

Definition 4.18. Define convolution of h(t) and g(t) as follows:
-y
(h*g)(t) = D h(t - 0(s))g(s).

If h(t) = t0=D /T(y), then

1

(42,0 = oy >

-y
Si(t-p()" Vg(s) = A g(H).

13

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)



14 Abstract and Applied Analysis

Theorem 4.19. Foranyy € R\ {...,-2,-1,0}, then
Rya(h*g) = R-1(h)Ra(g). (4.32)

Theorem 4.20. Let u >0, m~1<yu <m € Ny, and let f(t) be defined in N, = {p—m,p—m+
1,...}, then

m-1
Ro(A*£(1))(s) = "Ry (F (D) () = D ™A™ f(t)| . (4.33)
k=0

t=0

Theorem 4.21. Let p € R\ {...,-2,-1,0}, y > 0, then

() ()
AT = . (4.34)
T(p+1) /) T(p+y+1)

Theorem 4.22. Let f be a real function, u,y > O, then for all t = y +y mod (1), one has

AT[AHFFB)] = ATV F() = AF[ATF(1)]. (4.35)

5. The Solution of the Fractional Difference Equations with
Real Variable

In this section, we give examples to demonstrate the solving method of fractional difference
equations and reveal the inner relationship between fractional differential equations and
fractional differential equations.

Theorem 5.1. Let y € R, y € R, then
(1) VY = My, AT = ),
(2) AYH = O (t + Y)ﬁ, VIHE) = 0 (¢ - Y)(#—Y)_

Proof. (1) The proof of (1) directly follows from Theorem 4.1 and Theorem 4.2.
(2) By Theorem 4.2 and (1), we have

ATH =V (t+ ) =y (t+)7,
(5.1)
v = AY(t-7) W _ u (t- Y)(/‘*Y)‘

Example 5.2. Consider Euler type fractional difference equations

A2 X () + at A®x(t) + bx(t) =0, (0<a<1). (5.2)
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Set x(t) = #, and take it into previous equation, we get
tﬂy(z"‘) (t+ Za)m +at™y @ (t + a) ™ + b7 = 0.
By Theorem 4.1 (4), we obtain
YO 4 ay @ 4 b7 =0,
and get indicator equation

Y@ +ay@ +b=0.

15

(5.3)

(5.4)

(5.5)

Therefore, we can transform Euler type fractional difference equations into its indicator equa-

tion.

Example 5.3. Consider initial value problem of homogeneous linear y order (0 < y < 1)

fractional difference equation with constant coefficient

Viy(t) +aVy(t) =0, te Ny,

V]Fl (i’) 1 = ap.

Note that V'~1y(t) is defined in N_; = {-1,0,1,2,...}, since

_1vr—1f(t)|t: r(l S_Z_l(t—p(s)) Ty (s)
= oy (1) = YD)
r-n” e

Therefore, initial problem of (5.6) is equivalent to initial problem

V'y(t) +aVy(t) =0, teN,

y(-1) = ap.

The solution of initial problem of (5.6) is equivalent to the solution of sum equations

1
(t+ )7 ———ap+ az (t-p(s))" ]y(s)

y(t) = ) 2

(5.6)

(5.7)

(5.8)

(5.9)
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We use approximation method to solve these sum equations. Set

(t+1)"
Yo(t) = ———ao,
I'(y)
5.10
() = o) + o5 )Z<t— p()) Yo (s (5.10)
=yot) +aV T ly,a(t), m=12,....
Applying power law (Theorem 4.22), we get
) t+1) 1)
yi(t) =yo(t) +aV Tye(t) = ao< +a . (5.11)
I(y) T(2y)
Applying power law repeatedly, and by recursion, we obtain
11 1t1y+y iy+y-1
() = m=0,1,2,.... (5.12)
nll) = 802 Ty
Letm — oo, then
ai(t+1)"r- i1 & 1y+y
t) = (5.13)
Y Z T(G+1y) Zo
Example 5.4. Lety =1/q, g € N, we call
Viy(t) —aVy(t) =0, te Ny, (5.14)
the fractional difference equation of order (1, q).
In order to solve this equation, we need to introduce some special functions.
Definition 5.5. Define function
A(ty,A) = VTN, yeER, (5.15)

where t = a mod (1). Sometimes denote it A(y, A) or A(t,y,\; a).
In view of Theorems 4.2 and 4.3, we can establish the following theorem.

Theorem 5.6. Assume the following function is well defined; then
(1) Alt,y,\) = (1 =1/VAty +1,0) + (t—a+1)7/T(y+1),
(2) VA(t,y +1,1) = At,y, A),
(3) VPA(t,y +t,1) = A(t,y,A), wherep =0,1,2,...,
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(4) VEA(t Y, A) = Aty —p, L), wherep—1<u<p,
(5) VFA(t,y, L) = Aty + pu, )).

Now we will use the method of undetermined coefficients to solve Example 5.4. By
Theorem 5.6, we notice that

VYA(t,0,4) = A(t, -y, L),
VYA(t,—y,A) = A(t,-2y, 1),

(5.16)
VIA(L=(a-2)1,4) = Al =(9 - 1)1, ),
VAL —(q-1)y, 1) = At -1,1) = <1 . %)A(t, 0,4).
The significance of these applications is that if we apply the operator V? to
A(0,0),Alt,=y,\), ..., A(t=(q-1)y,1), (5.17)

then we get a cyclic permutation of the same functions. That is, no new functions are
introduced. Therefore, we will choose a linear combination of these functions as a candidate
for a solution of (5.14). Say

y() = boA(t,0,1) + biA(t, -y, A)

(5.18)
+...+bg o A(t—(q-2)y,A) + b A(t, - (g - 1)y, 4).
Then
VYy(t) = boA(t, -y, L) + biA(t, -2y, X)
1 (5.19)
fort by oAb —(G-1)7,0) + by (1 - 1)A(t,o, L.
Taking y(t), VYy(t) into the left side of (5.14), we obtain
1
Viy(t) —ay(t) = [bq_l <1 - —) - abo] A(t,0,1)
A (5.20)

+ (bg — ab))A(t,—y,X) + -+ + (bga — abg_1) A(t,—(qg - 1)y, ).
In order to make the right side equate zero, set

by=ca®, (k=1,2,...,q-1). (5.21)
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Then

br_1 — aby = c(a_k+1 - aa‘k> =ca X(a - a).
If we let a be a root of the indicial equation
P(x)=x-a=0,
or a = a, then we have
be_1 — abx = ca *P(a) =0 (k=1,2,...,9-1).
Since we also need

1 1\ _
O=bq_1<1—x>—ab0=ac[<1—1>a ”’—1],

so let us set

1 1
_ Y= -
<1 ) al, A T

ince c is an arbitrary number, set ¢ = a9, then
S bitrary ber, set 71, th,

by = al 1k,

Therefore, we obtain a solution of fractional difference of order (1, q) as

gq-1

y(t) = D beA(t,—ky, X)
k=0

q-1 1
= q-1-k —ky, —— ) 2
géa A(t, ky, = aq> a(b).

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

The fractional difference equation of order (1, q) in Example 5.4 can be solved by the

method of Ny transform. Make N transform to the following equation:

VVy(t) — aVly(t) = 0.

(5.29)
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We have
S'No(f(B) = (1 =)' f(0) +aN: (f () =0,

Nu(F(8) = ST -9 F )
t=1

= S -9 - (1-9)7L£(0).

=0

-

Taking them into previos equation, we get

sS"No(f(1) = (1-a)(1-5)"" f(0) —aNo(f(t)) =0,

and we have

1
No(f() = A-ayO g —5m—a

q-1 _g-1-k cky
D04 s

(1-9)(s - a) Xf, arikshr

= (1-a)y(0)

9-1 _g-1-k cky
D@ S

=(1- a)y(o)m~

In [23], we have the following
Theorem 5.7. The following equality holds:
(1) No(A(t,0,1)) = No(A') =1/(1-5) - 1/(1 = (1 = 5)A),
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(5.30)

(5.31)

(5.32)

(2) No(A(t,—ky, L)) = No(VFIA) =1/(1-s) -85 /(1-(1-s))- (k=1,2,...,q-1).

Set A =1/(1 - af), then

1 1 1-a1
A = .
No <t'0'1—a‘1> 1-s5 s—ad’

1 skr 1 - g4
N0A<t,—ky,1_aq>:1_S-S_aq. (k=1,2,...,9-1).

By Theorem 5.7 and (5.33), we know that

T 1
y(t)=(1- a)y(O)kz:;)aq A(t, —ky, 1= a‘i>

(5.33)

(5.34)

is a solution of (5.14). Except a constant, the solution y(t) is the same as the solution (5.28), where

y(t) = Aa(h),

which is solved by the method of undetermined coefficients before.

(5.35)
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6. Relationship between the Fractional Difference Equations and

the Fractional Differential Equations

In this section, we only give an example to demonstrate the relationship between integers

order difference equations and integral order differential equation.
Let us recall the definition of fractional sum when step h =1

V0= )Z( -p(s) f(s),

wheret € N, ={a,a+1,a+2,...}. If we set
t—a=mnée€ N, s—a=r¢€ Ny,
A =frray=f(s),  fi"=fn+a)=f@),

then

n+a

I(y >Z<t—p<s>>Y ) = z<n+a p(s)" ' f(9)
=F( )Z(n+a (r+a+1))71f(r+a)
SR T

And it is easy to prove that
VEFO=00f", (> 0).

Therefore, we have the following.

Theorem 6.1. Lett € Ny, andsett—a=n¢€ No,f,i‘” = f(n+a)=f(t), then

V) = oV A GVEF() = oVER, (> 0).

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

Example 6.2. (1) Sety = 1/q, q € N,n € N, and solve the fractional difference equation of

order (1,9),
Vix(n) —ax(n) =0
(2) Let t € R, and solve the equation

Vix(t) — ax(t) =

(6.6)

6.7)



Abstract and Applied Analysis 21

(3) Let h € R*,t € R, and solve the equation

VZx(t) —ax(t) =0. (6.8)

(4) If we let h — 0, we ask whether the limit solution of (6.8) is equivalent to that of
the following fractional differential equation? Consider

D'x(t) —ax(t) =0, (t€R). (6.9)

Solution 1. (1) By a result in Chapter 7 of book [23], the solution of (6.6) is

q-1 1 n
— _ q-k-1 _
x(n) = Ay(n) = k%a An[ ky, <—1 _aq> ] (6.10)
(2) Sett —ty = n € Ny, and define

= xmato) =x(t), 2 =x(n-1+t) =x(t-1),...,

(6.11)
0 = x(0 + t) = x(to).

Hence, we can regard the following x(ty), x(ty + 1),...,x(t),... as a sequence

x({)t"],x{t(‘},...x,{f“},.... (6.12)

Under this definition, (6.7) is actually equivalent to the following integer variable difference
equation:

Vol — axllol = . (6.13)

By (1), we know that its solution is

(6.14)

That is

-1
x(t) = quﬂ"“lA[t, —ky, <ﬁ>t] £ Ao (). (6.15)

k=0
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(3) Sett = sh, x(t) = x(sh) = y(s), then (6.8) is equivalent to

WIVTy(s) —ay(s) =

By (2), we obtain that the solution of (6.16) is

x(£) = y(s) = Aan (s)

Q

=~
Il

0

Since

et () =i ()|

hence we have

=0

q-1 el g 1 t/h
t) = > (ahT*hYAL|t, —ky, | ————— .
x(t) kz: ah") h[, Y <1—(th¥)‘7> ]

(4) Let h — 0, and since

. 1 t/h ) Ky 1 t/h L .
h YAh[t,—ky, <m> ] _ vt <1 _aqh> L DM e = E(—ky, a).

We then obtain
q-1
x(t) = eq(t) = Y aT*E(-ky,a?),
k=0

and this is exactly the solution of (6.9). (See Chapter 5 in monographer [2]).

Remark 6.3. 1If we take y = 1/2, q = 2, then the followong occurs.
(1) The solution of (6.19) reduces to

1 t 12 1 t
x(t)=rx<1_a2> +V <—1—a2>
1 1 1
=aF|(t,0, F -, —),
. ( 1-a? >+ < 2 1—zx2>

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

and this result is consistent with the solution (5.28) or (5.34) in Example 5.4 in Section 5.
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(2) The solution (6.21) reduces to

ahl/? 1 t/h+h1/2V1/2 1 i
1-aih h\1-aih

hl/z a( 1 >t/h+v1/2< 1 >t/l’l
1-ath h \1-aih '

x(t)
(6.23)

Leth — 0, then

1 t/h 12 1 t/h
() ()] -

tend to

ae®t + DV2e% = e, (1). (6.25)

The results perfectly coincide with the monographer [2].

From Theorem 6.1, we see that if we take t as a,a+1,a+2,. .., itis only a sequence with
step 1, but the initial time is not zero but a. If we make a translation variable transformation,
sett = n+a,n € Ny, then we can change the definition of fractional sum and fractional
difference with real variable into the definition of fractional sum and difference with integer
variable. But, no doubt, it will be more convenient for us to study fractional sum and
difference with integer variable.

7. Conclusion

This work reveals some results in discrete fractional calculus and fractional h-difference
equations. This study also provides a reference for researchers in this area. First, this
paper gives the definition of the fractional h-difference from the difference of integer order.
Then some integral transforms are proposed, that is, Z transform, N transform, and R
transform. These integral transforms are applied to linear fractional h-difference equations,
and approximate solutions are obtained. At last, the study explains the relationship between
the fractional difference equations and the fractional differential equations.
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