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Analytical properties like existence, uniqueness, and asymptotic behavior of solutions are studied

for the following singular initial value problem: g,(t)yl(t) = aiyi H@+ fit,y(t), J’0+ Ki(t,s,y(t),
y(s))ds)), yi(0") =0, t € (0,to], wherey = (y1,...,¥n), @i >0,i=1,...,n are constants and to > 0.
An approach which combmes topological method of T. Wazewsk1 and Schauder’s fixed point
theorem is used. Particular attention is paid to construction of asymptotic expansions of solutions
for certain classes of systems of integrodifferential equations in a right-hand neighbourhood of a
singular point.

1. Introduction and Preliminaries

Singular initial value problem for ordinary differential and integro-differential equations is
fairly well studied (see, e.g., [1-16]), but the asymptotic properties of the solutions of such
equations are only partially understood. Although the singular initial value problems were
widely considered using various methods (see, e.g., [1-13, 16]), our approach to this problem
is essentially different from others known in the literature. In particular, we use a combination
of the topological method of T. Wazewski [8] and Schauder’s fixed point theorem [11]. Our
technique leads to the existence and uniqueness of solutions with asymptotic estimates in
the right-hand neighbourhood of a singular point. Asymptotic expansions of solutions are
constructed for certain classes of systems of integrodifferential equations as well.
Consider the following problem:

t
Si(hy;(t) = aiyi(t) <1 + fi <t,y(f), . Ki(t, SIY(t),Y(S))dS>>, (L.1)
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yi(0") =0, te(0,t], (1.2)

wherey = (y1,...,¥n), ai > 0 are constants, f; € CO(JxR"xR,R), K; € CO(J x J x R" x R", R),
J=(,t], to>0,i=1,...,n
Denote

(i) f(t) = O(g(t)) ast — 07 if there is a right-hand neighbourhood %(0) and a constant
K > 0such that (f(t)/g(t)) < K for t € #(0).
(ii) f(t) = o(g(t)) as t — 0% if there is valid lim;_, - f(¢)/g(t) = 0.
(iii) f(t) ~ g(t) ast — 0" if there is valid lim;_ o f(t)/g(t) = 1.

Definition 1.1. The sequence of functions (¢,(t)) is called an asymptotic sequence as t — 0*
if

¢n+1 t) = O(¢n(t)) ast — 07 (1.3)

for all n.

Definition 1.2. The series 3, c,$n(t), cn € R, is called an asymptotic expansion of the function
f(t) up to Nthterm ast — 0% if

(a) (¢n(t)) is an asymptotic sequence,

(b)

N
[f(t) - chqbn(t)] =o(¢n(t)), ast — 0. (1.4)
n=1

The functions g;, fi, and K; will be assumed to satisfy the following:

(i) gi(t) € C1(J), &i(t) > 0, &i(0%) = 0, g/(t) ~ gi(H)g"(t) as t — 0%, & > 0, gsi(£) 7 (t) =
o(l)ast — 0" foreach7>0,i=1,...,n,

(i) |fi(t,u,0)| < |ul + [o], | f5. Kilt, s, y(t), y(s))ds| < ri(B)lyl, 0 < ri(t) € C(J), ri(t) =
pi(t,Ci)o(1) as t — 0" where ¢;(t,C;) = C; exp(ftto(ai/gi(s))ds) is the general
solution of the equation g;(t)y;(t) = a;yi(t).

In the text, we will apply topological method of Wazewski and Schauder’s theorem.
Therefore we give a short summary of them.
Let f(t,y) be a continuous function defined on an open (¢, y) set Q C RxR", Q° an open

set of Q,9Q° the boundary of Q°, and o the closure of Q. Consider the following system of
ordinary differential equations:

y = f(ty) (1.5)

Definition 1.3 (see [17]). The point (ty, yo) € QN0 is called an egress (or an ingress point)
of Q° with respect to system (1.5) if for every fixed solution of the problem y(t;) = yo, there
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exists an € > 0 such that (t,y(t)) € Q° fortg—e <t <ty (ty < t < tgp+€). An egress point (ingress

point) (ty, yo) of QU is called a strict egress point (strict ingress point) of QU if (t,y(t)) ¢ ﬁo on
interval tg <t <ty + ey (tg— €1 <t <ty) for an e;.

Definition 1.4 (see [18]). An open subset Q° of the set Q is called an (u,v) subset of Q with
respect to system (1.5) if the following conditions are satisfied.

(1) There exist functions u;(t,y) € CY(Q,R),i = 1,...,m and vj(t,y) € C[Q,R] j =

1,...,n,m+n > 0 such that

Qo ={(ty) € Q:u(ty) <0,0;(t,y) <0 Vi,j}. (1.6)

(2) 114(t,y) < 0 holds for the derivatives of the functions u,(t,y), « = 1,...,m along
trajectories of system (1.5) on the set

Ua = {(ty) € Q:uq(t,y) =0,ui(t,y) <0,0i(t,y) <0,Vj and i #a}. (1.7)

(3) vp(t,y) > 0 holds for the derivatives of the functions vg(t,y), p = 1,...,n along
trajectories of system (1.5) on the set

Vi ={(t,y) € Q:ug(ty) =0,ui(t,y) <0,0;(ty) <0,Vi andj #B}. (1.8)

The set of all points of egress (strict egress) is denoted by Q2 (QY,).

Lemma 1.5 (see [18]). Let the set Qg be a (u,v) subset of the set Q with respect to system (1.5).
Then

Q(s)e = Qg = Uua \ UVﬂ- (1.9)
p=1

a=1

Definition 1.6 (see [18]). Let X be a topological space and B C X.

Let A C B. A function r € C(B, A) such that r(a) = a for all a € A is a retraction
from B to A in X.

The set A C B is a retract of B in X if there exists a retraction from B to A in X.

Theorem 1.7 (Wazewski’s theorem [18]). Let Q° be some (u,v) subset of Q with respect to system
(1.5). Let S be a nonempty compact subset of Q°U Q0 such that the set SN QY is not a retract of S but
is a retract Q0. Then there is at least one point (t,yo) € S N Q such that the graph of a solution y(t)
of the Cauchy problem y(to) = yo for (1.5) lies on its right-hand maximal interval of existence.

Theorem 1.8 (Schauder’s theorem [19]). Let E be a Banach space and S its nonempty convex and
closed subset. If P is a continuous mapping of S into itself and PS is relatively compact then the
mapping P has at least one fixed point.
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2. Main Results

Theorem 2.1. Let assumptions (i) and (ii) hold, then for each C; #0 there is one solution y(t,C) =
(y1(t,C1), y2(t,Ca), ..., yn(t,Cp)), C= (Cy,...,Cy) of initial problem (1.1) and (1.2) such that

y,C) -t Co| <8(s2t, ), =01, 2.1)

for t € (0,t2], where 0 < t* < ty, 6 > 1 is a constant, and t* depends on 6,C;,i=1,...,n.

Proof. (1) Denote E the Banach space of vector-valued continuous functions h(t) on the
interval [0, ty] with the norm

IB@)] = max (O], i=1,...,n. 2.2)

The subset S of Banach space E will be the set of all functions h(t) from E satisfying the
inequality

|hi(t) = pi(t, Ci)| < 697 (t, Co). (2.3)

The set S is nonempty, convex, and closed.

(2) Now we will construct the mapping P. Let ho(t) € S be an arbitrary function.
Substituting hy(t), ho(s) instead of y(t), y(s) into (1.1), we obtain the following differential
equation:

t
Si(Oyi(t) = aiyi(t) <1 + fi (t,y(t),fm Ki(t, s, ho(t),ho(s))ds>>, i=1,...,n (2.4)

Put

vi(t) = @i(t,Co) + ol (t, C) Yu(t), (2.5)

yi(t) = ¢\(t,C) + (¢, CoYau(t), (2.6)

1
gi(t) v

where 0 < p < 11is a constant and new functions Y;(t), Y1;(t) satisfy the differential equations
as

gl(t)Y(l)l(t) = (/l - 1)[1,’Y0i(t) + Yh’(t), i= 1, Lo n (27)
From (2.3), it follows

]’lof(t) = (pi(t, Cl) + Hoi(t), |H0i(t)| S 6(p12(t, Cl) (28)
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Substituting (2.5), (2.6), and (2.8) into (2.4), we get

Yu(t) = aYo(®) + (aigl (£, C) + @Yo (D))

x fi <t, 01(t,C1) + @\ (6, C)Yor (8), ..., pult, C) + 05 7 (£, C) You(t) ,

¢ (2.9)
f Ki(t,5,91(t,C1) + Hor(£) .., gu(t, Cu) + Hon(8), 91 (5,C1)
0+
+Hp1(8),...¢n(s,Cy) + HOn(s))ds>.
Substituting (2.9) into (2.7), we get
i)Yo () = paiYoi(t) + <ai<Pf(f, Ci) + aiYOi(t)>
< fi <t, 91(t,C1) + @\ (£, COY0r (), ., 9ult, Co) + 9y " (8, C) You(8),

(2.10)

t
f Ki (t/ S/ (Pl (t/ Cl) + HOl (t)/ ey (P‘r‘l(tl CTI) + HOTl (t)l (Pl (SI Cl)
0+

+Ho1(8), ... ¢n(s,Cp) + HOn(s))ds>.

In view of (2.5) and (2.6), it is obvious that a solution of (2.10) determines a solution of (2.4).
Now we use Wazewski’s topological method. Consider an open set Q C R* x R™.
Denote Yo = (Y01, .., Yon). Define an open subset €2y C Q as follows:

Qo = {(t,Yo) : ui(t,Yo) < O,U(t,YQ) <0,i= 1,...,1’1},
uﬂ = {(t/YO) :ua(t/YO) = Olui(t/YO) < Olv(tlYO) < 0/1 = 11"'17111.7&“}1 (211)
Vﬂ =V = {(t,Yo) Z’U(t,Yo) = O,uj(t,Yo) < 0,1 = 1,...,71},

where

2
wi(t, Yo) =5~ (8¢, (£,C))", vt Yo) =t—to, i=1,...,m. (2:12)
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Calculating the derivatives i, (t, Yo), ©(t, Yo) along the trajectories of (2.10) on the set U,, V,
a=1,...,nweobtain

. _ 244 2 u 2
ot o) = 5 |:/1Y0a(t) + (You(t)ghe(t, C) + Y3,(1))
% fu <t, P1(t,C1) + 9 7 (6 COYor (1), gult, C) + 9l (£, C) You(8),
t
f Ki(t,s,1(t,C1) + Hoi(t),...,n(t,Cp)
0+
+Hon (1), 01(s,C1) + Ho1(s), ... pn(s,Cp) + Ho,,(s))ds>.
~82(1+ ) e ™M, ca)].
(2.13)
Since
tlimoq;i(t)gf(t) =0 forany7>0,i=1,...,n
o (2.14)
g ~ (g (t) ast — 07, 4,;>0,i=1,...,n,
then there exists a positive constant M; such that
gty <M;, te(0t], i=1,...,n (2.15)
Consequently,
fds 1 (Tgiledt 1 gi(t)
< ! =—n>—%"—-w0 as t—0%,i=1,...,n 2.16
Joso <l b - mm e (2160

From here lim; . o-¢;(t,C;) = 0 and by L'Hospital’s rule ¢ (t,C;)g/ (t) = o(1), for t — 07,
i =1,...,n,0 is an arbitrary real number. These both identities imply that the powers of
pi(t, C;) affect the convergence to zero of the terms in (2.13), in a decisive way.

Using the assumptions of Theorem 2.1 and the definition of Yy (t), ¢;i(t,C;),i=1,...,n,
we get that the first term pYZ, (t, C,) in (2.13) has the following form:

uYZ,(t) = u&%pr (1, Ca), (2.17)
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and the second term
(You (Dt Ca) + Y2,))
(1-p)
% fa(b o1t Cr) + 9} (£,C)Yor (1), -, 9t Co)
t
+ ol C)You®), | Kalt,s,01(8,C1) + Hu(t), ..., pu(t, Cn) (2.18)
0+
+ H()n(t), (Pl (S, Cl) + H01 (S), N (Pn(S, Cn)

+H0n(s))ds>.

is bounded by terms with exponents which are greater than (pi(lw ) (t,Cyx), @ =1,...,n. From

here, we obtain
sgn ity (t, Yo) = —62(1 + p)pa (¢, C,) = -1 (2.19)

for sufficiently small t*, dependingon C, a =1,...,1n, 6,0 <t* < t.

It is obvious that sgn o(f, Yp) = 1.

Change the orientation of the axis t into opposite. Then, with respect to the new system
of coordinates, the set Qg is the (u,v) subset with respect to system (2.10). By Wazewski’s
topological method, we state that there exists at least one integral curve of (2.10) lying in £
for t € (0,t). It is obvious that this assertion remains true for an arbitrary function hy(t) € S.

Now we prove the uniqueness of a solution of (2.10). Let Yo(t) = Yor(b),..., You(t))
be also the solution of (2.10). Putting

Zoi=Yo-Yo, i=1,...,n (2.20)
and substituting into (2.10), we obtain
(1 Zy(t) = paYu(t) + (af (t,C) + aiZo(t))
x fi <t, 91(t,Cr) + 91 (4, C) (Zoi(t) + Yor (1)), - pu(t,Co)
+ 90 (t,Co) (Zon(t) + You(t)), 2.21)
f; Ki(t,s,1(t,C1) + Hoi(t), ..., pn(t,Cp)

+Ho,(t), 01(s,C1) + Hp1(s), ... pu(s,Cy) + HOn(s))ds>.
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Define

91(6) = {(t,ZO) 0<t< t*,uli(t,Zo) < O,Ul(t,ZQ) <0,0<t< t*,i = 1,...,1’[}
Ura = {(t, Zo) : 1a(t, Zo) = 0,11i(t, Zy) <0,01(t,Zo) <0,i=1,...,ni#a}, (2.22)
Vlﬂ =V = {(t,Zo) : Ul(i’,Zo) = O,u]'(t,Zo) < 0,1 = 1,...,11},

where

_ 2
wilt, Zo) = 23, - (60, "), 0<y<p oi(t,Zo) =t-t" (2.23)

Using the same method as above, we have

sgni;(t, Zo) = -1, sgnoi(t,Zg) =1, i=1,...,n (2.24)

for sufficiently small £, 0 < t* < t*. It is obvious that Qy C Q;(8) for t € (0,°). Let Zo(t) =
(Zo1(1), ..., Zou(t)) be any nonzero solution of (2.10) such that (t1,Zo(t)) € Q; for 0 < t; < 1.
Let 6 € (0,5) be such a constant that (t;,Zg(t1)) € 0Q;(6). If the curve Zo(t) lay in Q;(6) for
0 < t < t1, then (t1,Zo(t1)) would have to be a strict egress point of 00 (5) with respect to the
original system of coordinates. This contradicts the relation (2.24). Therefore there exists only
the trivial solution Z(t) = 0 of (2.21), s0 Yo = Yo (t) is the unique solution of (2.10).

From (2.5) we obtain

|yi(t/ Cl) - (Pi(tr Cl)| < 6(/)12(t, Ci)/ i= 11 oo n, (225)

where (y1(t,C1),...,yn(t,Cy)) is the solution of (2.4) for t € (0,t°]. Similarly, from (2.6) and
(2.9), we have

[9i(6,C - <pl<tC>|—\ o, Covi)|

(2.26)

(t)(pfl (1, C2ai590 (¢, C)' (p2t.CH).

It is obvious (after a continuous extension of y(t, C) for t = 0, y(0*) = 0) that P : hy — y maps
Sinto itself and PS C S.

(3) We will prove that PS is relatively compact and P is a continuous mapping.

It is easy to see, by (2.25) and (2.26), that PS is the set of uniformly bounded and
equicontinuous functions for t € [0, #°]. By Ascoli’s theorem, PS is relatively compact.

Let {hi(t)} be an arbitrary sequence vector-valued functions in S such that

[lhe(t) —ho(t)|| = e, Jlim e, =0, ho(t) €S. (2.27)
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The solution Y (t) = (7k1, .. ,?kn) of the following equation:
(O = parXoi(t) + (agp! (,Ci) + aYoi (1))

x fi (t, 01(t,C1) + @ (6, CYor(8), ..., pult, C) + 0 7 (£, Co) You(1),
t
f Ki(t,5,91(t,C1) + Hot (1), . gu(t, Co)
0+

+H0n(t)/ 1 (S/ Cl) + Hkl(S)I .o (Pn(sl Cn) + Hkn(s))ds> .
(2.28)

corresponds to the function h(t) and Yi(t) € Qo for t € (0,t°). Similarly, the solution Yo(t)
of (2.10) corresponds to the function hy(t). We will show that [Y () - Yo(t)] — 0 uniformly
on [0,t%], where 0 < t2 < t°, t* is a sufficiently small constant which will be specified later.
Consider the following region:

Qoi = {(t,Yo) L0 <t <, uk (, Yo) < 0,v0(t, Yo) < 0,i = 1,...,n}, (2.29)

where
2 .
, O<v<a, i=1,...,n, k>1,

uox; (t, Yo) = <Y0i(f) —Yol'(t)>2 - (@‘P?wﬁ)(fl Ci))

Uo(t,Yo) =t- to.

(2.30)

There exists sufficiently small constant 2 < t° such that Qy C Qg for any k,t € (0,t%).
Investigate the behaviour of integral curves of (2.28) with respect to the boundary 0Q, t €
(0,t2]. Using the same method as above, we obtain the following trajectory derivatives:

sgn ok (t, Yo) = -1, sgnop(t, Yo) =1 (2.31)

for t € (0,+*] and any k. By Wazewski’s topological method, there exists at least one solution
Y (t) lying in Qq, 0 < t < t*. Hence, it follows that

|Yii(t) - You(t)| < expi™™ < Niew, (2.32)
N;>0,i=1,...,n are constants depending on C;, t2. From (2.5), we obtain
|y (®) = yoi()] = 9 (4, C) | Yia®) = Yo (B)] < mies, (2.33)

where n; > 0,i =1,...,n are constants depending on t2, C;, N;. This estimate implies that P
is continuous.
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We have thus proved that the mapping P satisfies the assumptions of Schauder’s fixed
point theorem and hence there exists a function h(t) € S with h(t) = P(h(t)). The proof of

existence of a solution of (1.1) is complete.
Now we will prove the uniqueness of a solution of (1.1). Substituting (2.5) and (2.6)

into (1.1), we get

Yii(t) = a;Yoi(t) + <ai(/’£4(t1 Ci) + aiYOi(t)>
< fi <t, @1(t,C1) + o (&, COY0u(8), -, pult, Cu) + 08 (£, C) You(t),
t
I K; <f, s, p1(t,C1) + wil_’”(t, C)Yor(t), ..., pu(t,Cy)
O+
+ 08 M (t, Cu) You(t), 1(5,C1) + 9. (5,C1) Y01 (5), - .. (s, Ca)

+97 (s, C)Yon (s))ds> .
(2.34)

Equation (2.7) may be written in the following form:
i)Yy (t) = a:Yoi(t) + (aitpf(t, Ci) + aiYOi(t)>
x fi <t, 91(t,C1) + 91" (4, COYo (), -, pa(t,Ca) + 91" (1, Ca) You (1),

t
f Ki(t,s,1(t,C) + 9 " (6, COYor(8) -, 9ult, Co) + 91 (¢, C)
X You(t), 91(5,C1) + ¢ " (5,C1) You(s), - .. ou(s, Cn)

+‘P£ll_#) (s, Cn)YOn(S)> ds> .
(2.35)

Now we know that there exists the solution yo(t) = (yo1(t,C1),...,yon(t,Cy)) of (1.1)
satisfying (1.2) such that

voi(t,Ci) = i(t,C) + @ (£, C)Toi(t), i=1,...,n, (2.36)

where Ty (t) = (To1(t), ..., Ton(t)) is the solution of (2.35).
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Denote Wig(t) = Yoi(t) — Toi(t), i = 1,...,n. Substituting Wj(t) into (2.35), we obtain

G(OWy () = aiWoi(t) + (@l (, C) + aWai(t) )
x [fi <t, @1(t,C1) + ¢ " (6, COWor () + Tor(8), -, 9u(t, Co)
+gu " (6,Ca) x (Won() + Ton (1)),
f; Ki(t,s,91(5 C1) + 9y (6, C)(Wor (B) + Tor (1), gu(t, Co)

+ 98 M (t,C) x (Won(t) + Tou(t)), 91(s,C1) + 9. " (s,Cy)
X (W01 (S) + T01(S)), ce (pn(S, Cn)

+ (Pill_ﬂ) (S/ Cn) (WOn (S) + TOn (S))> dS>
- fi <t, @1(t,C1) + (8, COTo(E), ..., pult, Co) + 9% (8, Cy),

t
f Ki(t,s,01(,Cr) + 9y (6, COTon (1), -, pult, Co) Tou ()
(1-p) (1-p)
+ (P‘rl (t/ Cn)TOn(t)/ (Pl(sr Cl) + (Pl (S/ Cl)
xTou(), .- (s, Cu) + @3 (s, cn>:r0n(s))ds>].
(2.37)

Let

10, = {(t,WO) L0 <t <t uy(t, Wo) < 0,01t Wo) < 0}, (2.38)

where

2
wi(t, Wo) = W2 — (&p;l”‘“’)(t, cl-)) , O<p<p, o1t Wo)=t—t*, i=1,..,n (239

If (2.37) had only the trivial solution lying in!Q, then Y,(t) = To(t) would be only one
solution of (2.37) and from here, by (2.35), yo(t) would be only one solution of (1.1) satisfying
(1.2) for t € (0,t2].
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We will suppose that there exists nontrivial solution Wy (t) of (2.37) lying in 'Qj.

Substituting Wo,-(s) instead of Wy;(s), i = 1,...,n into (2.37), we obtain the following
differential equation:

gOWH(® = aWa(t) + (aig] (t,C) + aWa(t))
x [fi <t, @1(t,C1) + ¢ (1, CLY(Wor () + Tor (1)), - -, pu(t, Co)
+ o8 (t,Co) x (Won(t) + Ton(1)),

t
f K; (t, s, p1(t,Cq1) + wil_”)(t, Ci)(Woi(t) + Tor(t)), ..., pu(t, Cp)
0+

(1, Co) x (Won(t) + Ton()), 91(5,C) + 9 7 (5,C1)

x (Wor(s) + Toa(s)), - (5, Ca)

+ (Pill_ﬂ) (S/ Cn) <W0n(5) + TOn(S)>>dS>
~ f; <t, 01(t,C1) + " (8, COTo (b), ..., pult, Ca) + ¢ 7 (£,C,),

t
f Ki(t,s,91(6,C1) + 9y (6, CO)Tor (1), goult, C) Ton(t)
(1-p) (1-p)
+ Pn (t, Cn)TOn(t)r 1 (S/ Cl) + (P1 (Sr Cl)

XTor(s), .. @u(5,Cu) + g1 (5, Cn)TOn(s)>ds>].
(2.40)

Calculating the derivative i1y;(t, Wy) along the trajectories of (2.40) on the set 0'Q, we
get sgn 14;(t, Wo) = -1forte (0,t*],i=1,...,n

By the same method as in the case of the existence of a solution of (1.1), we obtain that
in 'Q there is only the trivial solution of (2.40). The proof is complete. O

3. Asymptotic Expansions of Solutions

Diblik [3] investigated a singular initial problem for implicit ordinary differential equations
and constructed asymptotic expansions of solutions in a right-hand neighbourhood of a
singular point. Some results about asymptotic expansions of solutions for integrodifferential
equations with separable kernels are given in [3, 10, 12].
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The aim of this section is to show that results of paper [2] for ordinary differential
equations are possible to extend on certain classes systems integrodifferential equations with
a separable kernel in the following form:

t N;i
g<t>y2=yi+f+< )Y uofwi(t)va,-wi<s>y°f<t>y“’f<s>>ds, 31

|oi|+|ewi]=2
where N; € N, g; = (lilr--~/lin)/ wj = (jilr---rjin)r lik/jik eNU {0}, k=1,...,n,

loil = D lik, lwil = Djin, ¥y = Hyfék(t)/ y’i(s) = Hyfk (s),
k=1 k=1 k=1 k=1

Yoo (1), Voo () € CUT), T=@0,t], i=1,...,n

(3.2)

We will construct the solution of (3.1) in the form of one parametric asymptotic
expansions as

y(t,0) = S fu®P(t,C), i=1,...n, (3.3)
h=1

where ¢(t, C) is the general solution of the differential equation g(t)y’ = y so that

t
$(t,C) = Cexp U %] (3.4)

fut) =1, fin(t), h>2,i=1,...,nare unknown functions, C #0 is a constant.
Consider the following differential equation:

gty =qy +p(t). (3.5)
Diblik [3] proved asymptotic estimates of the solution of (3.5) which we can be formulated

as follows.

Theorem 3.1. Assume that

(I) Let q be a constant, g < 0, g(t) € C*(J), g(t) > 0, lim; 4+ g(t) =0, g'(t) ~ w1 (H)gh (t) as
t — t5, M1 >0, limt_>t3 @1()g" (t) = 0, T is any positive number.

(I) p(t) € C(J), p(t) = bo(Hg'(t) + O(b1(Hg*(1), € > 0, limy_bu(t)g'(t) = O,
m = 0,1, bo(t) € C(J]), bp(t) #0, bg(t) ~ q,rz(t)g)‘z(t) ast — tg, L +1 >0,
limy g2 ()87 (1) = 0, limy s g7 (1) (bo(t)) ™" = 0.
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Then (3.5) has a unique solution on (0,t], 0 < t < to, satisfying asymptotic estimates
-1 ’ v—
y@ = b0 @+ @), ¥ =0(g" ), (36)

where v € (A, L + min{Ay, lx +1,€}).

Now we will show the results of Theorem 3.1. regarding only differential equation
(3.5) we can apply to system of integrodifferential equations (3.1).

Substituting (3.3) into (3.1) and comparing the terms with the same powers of ¢(t, C),
we obtain the following system of recurrence equations:

t
gt fi, = A —h)fin+ (j)‘h(t, C)| Rin(t, s)ds, (3.7)

0+

Rin(t,s) = Rin[fru(t), .., fincr(8), -, fuar (8), -, faun-1(F),

(3.8)
f11(8), o, f1inea(8), - ooy fm1 (S), -+ o) fun-a(8)].
Denote
t
pu®) =40,C) [ Rutt,o)ds, 39)
0+
then it is obvious that the recurrence equations
g fi, = (1 =h) fin + pin(t) (3.10)

h >2,i=1,...,n have the same form as (3.5) with the constant g = 1 — h. Hence we can
apply Theorem 3.1, after the modification of assumption (II) of Theorem 3.1 for indices h > 2,
i=1,...,n, torecurrence (3.10) which we will demonstrate with the following example.

Example 3.2. Consider the following system of integrodifferential equations:

t
, 1
tzyl =y + f0+ t—3y1(s)y2(s)ds,
3.11)

t
Pyy=ya+ fo Viyi(Hya(s)ds.
System (3.11) has the form of system (3.1) for

1
o1 = (01 01 111)/ Ugw; (t) = t_3/ Vo101 (S) = 11 Nl =2 (3 12)

ows = (1,0,0,1), Ugyo, () = VT, Voo (5) = 1, N, = 2.
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We will construct a solution of system (3.11) in the following form:

[ee] [ee]

= Zflk(t)d)k(tr C)r Y2 = Zka(t)(i)k(t/ C)/ (313)
k=1 k=1
where ¢(t,C) is the general solution of the equation #*y' = y. We will demonstrate the

calculation of coefficients fi;, for h = 3. Substituting (3.13) in (3.11) and comparing the terms
with the same powers of ¢(t, C), we obtain the following system of recurrence equations:

¢'(t,C):1=1,

(3.14)
1=1
1
P*(t,C): 2 f1, = —fr + (£, C) j ) t—3¢2(s, C)ds,
to (3.15)
Pfyy ==+ #720,C) | VE§(t,Chp(s, O,
t
$(4,C): 1 fia = 2f1a + $7(1,C) f N ) + (9], s,
t
Pfiy =2+ §70,0) | VA0, 09(5,C) (316)
+fn(s)42(s, ) (¢, O)] ds.
Put
t t
w=9200 [ $60ds  w=¢700 [ ¢s0ds (317)
0+ 0+
Differentiating both equations (3.17), we obtain the following differential equations:
Pu) = —2u; + 1, (3.18)
tPuly = —up + 12 (3.19)

Equation (3.18) satisfies assumptions of Theorem 3.1. with following functions and
coefficients:

a=-2, b(t)=1, g'(t)= (t2>1 =1=1, bi(t)=0,
(3.20)

g(t) = (tz)' =2(g())* =\, = % bj(t) = 0- g2 (t).
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Hence we can choose a constant A, + 1 > 1/2 and similarly e > 1/2. By Theorem 3.1.,
we have

_ 1 2 2 3
= 5t +O<t ) v € (1,§>. (3.21)
Second equation (3.19) is different from (3.18) only in the constant a = —1. Thus

T +O<tzvz>, = (1%) (3.22)

Substituting solutions (3.21) and (3.22) into (3.15) instead of integral terms, we obtain for
unknown coefficients fi», f2, the following differential equations:

Pfiy=-fu+ 5 +O(P"), (3.23)
£fyp = ~fr + 177+ O(£211/2). (3.24)

For (3.23), we can put

-1/2
a=-1, by(t) = % () = <t2> . A= —%, bi(t) =1,
: (3.25)
e=vi-1 gM=() =25t)"=h=5  bH=0-g"@.
Then we can choose a constant A, + 1 > 1/2. By Theorem 3.1., we get
fia(t) = . o(ﬂvw> F1(t) = o(tz"ﬂ) voe (-20). (3.26)
2t 4 12 7 2/

Similarly for (3.24), we can put a = =1, bo(t) = 1, g'(t) = (t2)5/4, A=5/4,b1(t) =1, e=v,-1,
/ ! / 1 , )
gt =(#) =2(em)? = =3 bH)=0-g"0. (327)
Then we can choose a constant A, + 1 > 1/2. By Theorem 3.1., we have

Fao(t) =152+ o<t2vzz), Fi(t) = o(tbzﬂ), vy € <Z Z) (3.28)
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Substituting coefficients fi», f> into (3.16) and using the same method as in the calculation
of coefficients fi», f2,, we have

_ 1 21, ! _ 2vi3—1 1
fiz(t) = e O<f 3>/ fia(t) = O<t 13 >/ Vi3 € —1,—§ ,
. 3 s (3.29)
I 3/2 2vy3 ! — 2vy3-1 - —
fa®) = 3£72+0(#7),  fu)=0(#=7), vne <4,4>.
Thus the solution of system (3.11) has for h = 3 the following asymptotic expansions:
~ 1 2v1in 2 1 A 3
i =9(6,0)+ |3 +0(2)| 0.0 + [ + ()| 9.0, .
3.30

V2~ ¢t C) + [t5/2 + O(tz”ﬂ)]d)z(t, C) +

%tf’/ 24 O<t2”23>] P (t,C).
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