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We study the problem of approximating a common element in the common fixed point set of
an infinite family of nonexpansive mappings and in the solution set of a variational inequality
involving an inverse-strongly monotone mapping based on a viscosity approximation iterative
method. Strong convergence theorems of common elements are established in the framework of
Hilbert spaces.

1. Introduction and Preliminaries

Let H be a real Hilbert space, whose inner product and norm are denoted by (-,:) and || - |,
respectively. Let C be a nonempty, closed, and convex subset of H. Let A : C — H be a
mapping. Let Pc be the metric projection from H onto the subset C. The classical variational
inequality is to find u € C such that

(Au,v-u) >0, YveC. (1.1)

In this paper, we use VI(C, A) to denote the solution set of the variational inequality. For a
given point z € H, u € C satisfies the inequality

(u-z,v-u)>0, Yove(, (1.2)
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if and only if u = Pcz. It is known that projection operator Pc is nonexpansive. It is also know
that Pc satisfies

2
7

(x—vy,Pcx - Pcy) > ||Pcx — Pcy Vx,y € H. (1.3)

One can see that the variational inequality (1.1) is equivalent to a fixed point problem. The
point u € C is a solution of the variational inequality (1.1) if and only if u € C satisfies the
relation u = Pc(u — AAu), where A > 0 is a constant.

Recall the following definitions.

(a) Ais said to be monotone if and only if

(Ax - Ay,x-y)>0, x,yeC (1.4)

(b) Ais said to be a-strongly monotone if and only if there exists a positive real number
a such that

(Ax-Ay,x-y)zalx-y|’, xyeC (15)

(c) A is said to be a-inverse-strongly monotone if and only if there exists a positive
real number a such that

(Ax - Ay, x - y) Za”Ax—Ay”z, Vx,y € C. (1.6)
(d) A mapping S : C — C is said to be nonexpansive if and only if

[[Sx =Syl < llx-v

, Vx,yeC. (1.7)

In this paper, we use F(S) to denote the fixed point set of S.
(e) A mapping f : C — C is said to be a x-contraction if and only if there exists a
positive real number « € (0,1) such that

If) = fFWIl <xllx-y|, YxyeC (1.8)

(f) A linear bounded operator B on H is strongly positive if and only if there exists a
positive real number ¥ such that

(Bx,x) >7|lx||>, Vxe€H. (1.9)

(g) A set-valued mapping T : H — 2H is called monotone if and only if for all x,y €
H, f € Tx,and g € Ty imply (x —y,f — g) > 0. A monotone mapping T : H — 21
is maximal if the graph of G(T) of T is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping T is maximal if and only if for
(x,f)e HxH,(x-y, f—g) > 0forevery (y,g) € G(T) implies f € Tx. Let A be a monotone
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map of C into H and let Ncv be the normal cone to C at v € C, thatis, Ncvo = {w € H :
(v—u,w) >0, forall u € C} and define

Av + N,
Tv:{ v+ Ncv, veC, (1.10)

@, véC.

Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A); see [1] and the
reference therein.

For finding a common element in the fixed point set of nonexpansive mappings and in
the solution set of the variational inequality involving inverse-strongly mappings, Takahashi
and Toyoda [2] introduced the following iterative process:

x0 €C, xp41=0apxy+ (1—a,)SPc(x, — A Axy,), Vn>0, (1.11)

where A is an a-inverse-strongly monotone mapping, {a,} is a real number sequence in (0, 1),
and {\,} is a real number sequence in (0, 2a). They showed that the sequence {x,} generated
in (1.11) weakly converges to some point z € F(S) N VI(C, A) provided that F(S) N VI(C, A)
is nonempty.

In order to obtain a strong convergence theorem of common elements, liduka and
Takahashi [3] considered the problem by the following iterative process:

x0 €C, xpi1=ayx+ (1—a,)SPc(x, -\ Axy), Vn>0, (1.12)

where x is a fixed element in C, A is an a-inverse-strongly monotone mapping, {a,} is a real
number sequence in (0, 1), and {\,} is a real number sequence in (0,2a). They showed that
the sequence {x,} generated in (1.12) strongly converges to some point z € F(S) N VI(C, A)
provided that F(S) N VI(C, A) is nonempty.

Iterative methods for nonexpansive mappings have been applied to solve convex
minimization problems; see, for example, [4-8] and the references therein. A typical problem
is to minimize a quadratic function over the set of the fixed points a nonexpansive mapping
S on a real Hilbert space H:

1
xrer}l(rg)z(Bx,x) -(x,b), (1.13)

where B is a linear bounded self-adjoint operator, and b is a given point in H. In [4], it is
proved that the sequence {x,} defined by the iterative method below, with the initial guess
Xo € H chosen arbitrarily,

Xp1 = (I —a,B)Sx, +a,b, n>0, (1.14)

strongly converges to the unique solution of the minimization problem (1.13) provided that
the sequence {a,} satisfies certain conditions.
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Recently, Marino and Xu [5] considered the problem by viscosity approximation
method. They study the following iterative process:

x0€C, xXp1=U=-a,B)Sx,+a,yf(x,), n>0, (1.15)

where f is a contraction. They proved that the sequence {x, } generated by the above iterative
scheme strongly converges to the unique solution of the variational inequality

((B-yf)x*,x-x*)>0, x€C, (1.16)

which is the optimality condition for the minimization problem minyer(s)(1/2)(Bx, x) —h(x),
where h is a potential function for 6 f (i.e., h'(x) = 6 f(x) for x € H).

Concerning a family of nonlinear mappings has been considered by many authors; see,
for example, [9-21] and the references therein. The well-known convex feasibility problem
reduces to finding a point in the intersection of the fixed point sets of a family of nonexpansive
mappings. The problem of finding an optimal point that minimizes a given cost function over
common set of fixed points of a family of nonexpansive mappings is of wide interdisciplinary
interest and practical importance; see, for example, [16, 17].

Recently, Qin et al. [18] considered a general iterative algorithm for an infinite family
of nonexpansive mapping in the framework of Hilbert spaces. To be more precise, they
introduced the following general iterative algorithm:

x0 €C,  Xp1 = Ay f (xn) + Puxn + (1= )] = X, A)Wyx,, n2>0, (1.17)

where f is a contraction on H, A is a strongly positive bounded linear operator, W,, are
nonexpansive mappings which are generated by a finite family of nonexpansive mapping
Ty, T>,... as follows:

un,n+1 = I/
un,n = YnTnun,nJrl + (1 - Yn)Ir
un,nfl = YnflTnflun,n + (1 - Yn—l)I/

Ui = yeTilll e + (1 —y6) 1, (1.18)

Unj-1 = Vi1 TecaUnie + (1= yi-1) L,

U,p = 1pToU,s+ (1-1)1,
Wy =Up1 =nTillyp + (1-11)1,

where {y1}, {y2},... are real numbers such that 0 < y <1, Ty, T, ... become an infinite family
of mappings of C into itself. Nonexpansivity of each T; ensures the nonexpansivity of W,,.
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Concerning W,, we have the following lemmas which are important to prove our main
results.

Lemma 1.1 (see [19]). Let C be a nonempty closed convex subset of a strictly convex Banach space
E. Let Ty, Ty, . .. be nonexpansive mappings of C into itself such that ;.4 F(Ty) is nonempty, and let
Y1, Y2, - - - be real numbers such that 0 <y, <n <1 for any n > 1. Then, for every x € C and k € N,
the limit lim,, _, .U, X exists.

Using Lemma 1.1, one can define the mapping W of C into itself as follows. Wx =
lim, —, o, Wyx = lim,,_, .U, 1x, for every x € C. Such a W is called the W-mapping generated
by T1,T5,... and y1, 12, . . .. Throughout this paper, we will assume that 0 < y,, < 7 < 1 for all
n>1.

Lemma 1.2 (see [19]). Let C be a nonempty closed convex subset of a strictly convex Banach space
E. Let Ty, Ty, . .. be nonexpansive mappings of C into itself such that (", F(Ty) is nonempty, and let
Y1, Y2, - .. be real numbers such that 0 < y, <5 <1 for any n > 1. Then, F(W) = (;ey F(Ty).

Motivated by the above results, in this paper, we study the problem of approximating
a common element in the common fixed point set of an infinite family of nonexpansive
mappings, and in the solution set of a variational inequality involving an inverse-
strongly monotone mapping based on a viscosity approximation iterative method. Strong
convergence theorems of common elements are established in the framework of Hilbert
spaces.

In order to prove our main results, we need the following lemmas.

Lemma 1.3 (see [5]). Assume B is a strongly positive linear bounded operator on a Hilbert space H
with coefficient ¥ > 0and 0 < p < ||B||™*. Then ||I - pB|| < 1 - py.

Lemma 1.4 (see [22]). Assume that {a,} is a sequence of nonnegative real numbers such that
Aps1 < (1 - Yn)lxn + 6n/ (119)

where yy, is a sequence in (0,1) and {6,} is a sequence such that

(1) X021 ¥n = oo

(ii) imsup,_,  6n/Yn <007 37 |64 < co.
Then lim,, _, xct,, = 0.
Lemma 1.5 (see [23]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {f,} be

a sequence in [0,1] with 0 < liminf, , B, <limsup,_,  Bn < 1. Suppose xps1 = (1= Pn)Yn + PnXn
for all integers n > 0 and

lim sup (|| yns1 = Y| = 12ne1 = xll) <O. (1.20)

Then limy, -, o0 |l yn — xul| = 0.
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Lemma 1.6 (see [14, 15]). Let K be a nonempty closed convex subset of a Hilbert space H, {T; : C —
C} be a family of infinitely nonexpansive mappings with (\i2; F(T;), {yn} be a real sequence such that
0 <yn <b<1foreachn > 1.If Cis any bounded subset of K, then lim,, _, ,,sup, . [|Wx—-W,x| = 0.

Lemma 1.7 (see [5]). Let H be a Hilbert space. Let B be a strongly positive linear bounded self-
adjoint operator with the constant y > 0 and f a contraction with the constant x. Assume that 0 <
Y < y/x. Let T be a nonexpansive mapping with a fixed point x; € H of the contraction x
ty f(x) + (I =tB)Tx. Then {x;} converges strongly ast — 0 to a fixed point x of T, which solves the
variational inequality

((A-yf)%,z-X) <0, VzeF(T). (1.21)

Equivalently, we have Pry(I = A+yf)x = X.

2. Main Results

Theorem 2.1. Let H be a real Hilbert space and C a nonempty closed convex subset of H. Let
A : C — H be an a-inverse-strongly monotone mapping and f : C — C a x-contraction.
Let {T;}Z, be an infinite family of nonexpansive mappings from C into itself such that F :=
Nicy F(T;) N VI(C, A) #0. Let B be a strongly positive linear bounded self-adjoint operator of C into
itself with the constant y > 0. Let {x,} be a sequence generated in

x1 €C,
Yn = ﬁan(xn) + (I - ﬁnB)WnPC(I = 1nA)Xp, (2.1)

Xn+l = ApXp + (1 - ‘xn)prn/ n>1,

where W, is generated in (1.18), {a, } and {p,} are real number sequences in (0,1). Assume that the
control sequence {a,}, {Pn}, and {r,} satisfy the following restrictions:

(i) imy— ofn =0, X072 P = o0;
(ii) 0 < liminf, ., ca, <limsup, | _a, <1;
(iii) limy, - o |Fn1 = 7l = 0;
(iv) {rn} C [a,b] forsome a,b with0 < a <b < 2a.

Assume that 0 < y < y/«x. Then {x,} strongly converges to some point q, where q € F, where
q = Pr(yf + (I - B))(q), which solves the variation inequality

(rf(q9) -Ba,p-q)<0, VpeF. (2.2)
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Proof. First, we show that the mapping I — r, A is nonexpansive. Notice that

(I = rA)x = (I = 1y A)y||* = ||x - y = ra(Ax - Ay) ||?
= ||x - y||® - 2ru{x — y, Ax - Ay) + 2| Ax - Ay|®

< lx=yII” + ru(ru - 20)[| Ax — Ay

2
7

<|lx-y Vx,y €C,

which implies that the mapping I — r, A is nonexpansive. Since the condition (i), we may
assume, with no loss of generality, that 8, < ||B||™! for all n. From Lemma 1.3, we know that
if 0 < p < ||B||™}, then ||I - pB|| < 1 - py. Letting p € F, we have

lyn =PIl = 1Ba(y f (xn) = Bp) + (I = BuB) (WnPc(I = 1 A)xn = p) ||
< Ballyf (xn) = Bp|| + (1 = BuY) |WaPc (I = 1 A)x, — p|

(2.4)
< Buy |l f Cew) = £ (P || + Bully £ () = Bpll + (1= BuY) |0 - |
= [1=Pu(y = w)]llxn =Pl + Bully f (p) - Bpl|-
On the other hand, we have
||xn+1 - P” = ”“n(xn —P) +(1- “n)(PCyn —P) ”
<ay||xn = p|l + A= an)||ly. —pl (2.5)
< a |2 = pll + (1= ) [(1 = Bu(y = y)) |20 = Il + Bully f (p) - Bpll]-
By simple induction, we have
IBp v/ (Pl } )
n - = - sy = [ 6
o=l < max o - ), 122217 20

which gives that the sequence {x,} is bounded, so is {y,}.
Next, we prove lim,, _, oo|Xy+1 — x| = 0. Put p, = Pc(I - r,A)x,. Next, we compute

0w = st || = I1Pc(I = 12 A)xn = Pe(I = 11 A) X |
S =10A)xy = (I =t A) X ||
2.7)
= ||(xn = 10 AXn) = (Xpse1 = TnAXps1) + (Tne1 = ) AXpaa||

<% = Xpaa || + [7a1 = 10| My,
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where M; is an appropriate constant such that My > sup,., {[|Axx||}. It follows that

”yn —Yn+ ” = ” (I - ﬁn+1B) (Wn+1pn+l - Wnpn) - (ﬁn+1 - ﬁn)BWnPn
+Y [But (f (enar) = £ (n)) + £ ) (Bt = ) ||

3 (2.8)
< (1= BueaY) ([|pnst = pull + [Wasrpn = Wapnl|)
+ |ﬁn+1 - ﬁnlMZ + Yﬂn+1K”xn+1 - xn”/
where M, is an appropriate constant such that
M, Zmax{su}f{”BWnpn },ysu;ly{”f(xn)”}}. (2.9)
n> n>
Since T; and U,,; are nonexpansive, we have from (1.18) that
”Wn+1pn - Wnpn” = ||Y1T1un+1,2pn - YlTlun,an”
<11 ||Uns1,20 = Unppn|
=11 |[y2Toal 1,30 — 2o pn |
< Y1Y2”uu+1,3Pn - un,BPn” (2.10)

<.

<1iy2 Y ”un+1,n+1Pn = Unn1Pn ”
< M3HYi/
i=1

where M3 > 0is an appropriate constant such that ||U+1 54101 — Unn+1pnll < M3, foralln > 0.
Substitute (2.7) and (2.10) into (2.8) yields that

”]/n — Yn+l ” < [1 - ﬂn+1 (? - KY)] ”xn+1 = xn”

n
+ M4<|rn+1 —Tu| + |ﬁn+1 - ,Bnl + HYi>/
i=1

(2.11)

where My is an appropriate appropriate constant such that My > max{M;, M, M3}. From
the conditions (i) and (iii), we have

lim sup{ || yu1 = ynl| = [1Xne1 = xull} <0 (2.12)

n—oo
By virtue of Lemma 1.5, we obtain that

lim ||y, — x,|| = 0. (2.13)

n— oo
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On the other hand, we have
1261 = xull = (1 = @) |20 = Peyn|| < || = v |- (2.14)
This implies from (2.13) that

Tim [0 = x| = 0. (2.15)

Next, we show lim,, _, o [| W p,, — px|| = 0. Observing that
Yn = Wapn = Pu(y f (xn) = BWnpy) (2.16)
and the condition (i), we can easily get
Tim [[Wapu — yul| = 0. (217)

Notice that

lpw = pII* = Pe(l = 12 A)xy = Pe(I =1 A)p |
< | (e = p) =1 (Axy = Ap)||?
= ||2n = p||* = 270 (260 — p, Axn — Ap) +72|| Ax, — Ap||? (2.18)
< |lxn = plI* - 2ra]| Ax, - Ap]|* + 72| Ax, - Ap||®

= ||xn - p||2 — 1 (2a —1y) || Axy — Ap||2.
On the other hand, we have

v = pII* = [|Ba(rf xn) = Bp) + (I = BuB) Wapn — p) ||’
< (Bullyf () = Bp|| + (1= Bu¥) o - pII)° (2.19)

< Bullyfen) = Bp|* + llpow = pII” + 284l £ (xn) = Bp| |ow - I,

from which it follows that

2001 = pII” = latw (= p) + (1 = @) (Peyn — p)|1°
< an|xn - p|* + Q= a)|lyn - pl?

5 (2.20)
< “n”xn _P” +(1-ay)

< [Ballyf Gen) = Bpl* + llon = pII* + 28]l f ) = Bl [l — pll]-
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Substituting (2.18) into (2.20), we arrive at
Ixas =pI* < [l =pII* + u [l f Cen) = Bl

- (1 - ap)r(a —1,) || Axy, —Ap||2 (2.21)
+2fuly f (xn) = Bp|l[lpn ~ |-

It follows that

(1= an)ry (e — 1) || Ax, — Ap||®
< Bullyf ) = Bp||” + 0w = pII* = 1xas1 = pI* + 2Bullf Cxn) = Byl | pw —

< Bully fGen) = pII” + (%0 =PIl + 12021 = P20 = Xnct |l + 2B ||y £ (n) = Bpl[[lpn - pI-

(2.22)
In view of the restrictions (i), and (iv), we find from (2.15) that
lim || Ax, - Ap]| = 0. (2.23)
Observe that
lpn=plI* = Pe(T = ruA)xs — Pe(I = ruA)p|?
<((I =12 A)x, = (I =1 A)p, pu — p)
= 2 {1 = raaye,— (= r Al + o - I
~[|(T = 1, A)xn = (I = 1, A)p ~ (P — P) ”2} (2.24)
< 5{ % =pIP + lloa =PI = 11 =) = (A = 4p) )
= 5 {50 =PI+ llow = I = 1 = pull” = 2| A, - tp
+214 (X = pn, Axy — Ap) },
which yields that
lpw=pII” < 1% =PI = Nl = xal|* + 27l pn = x|l [| A = Ap]|- (2.25)
Substituting (2.25) into (2.20), we have
2w =PI < lloen = PI* + Bally £ () = Bpll* + 2rullpw = x| || Axa - Ap]| 226

— (1= ) || on = xa|” + 284l f (xn) = Bp]|||lon - P||-
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This implies that

(1= aw)[lpn = x|’
<l =l = o =PI + Bully £ Gea) = Bl + 2rullpn = xu| | Axn — Ap|
+2Balyf (xn) - Bpll|lpn - Pl (227)
< (12w = pll + w1 = pIDIxn = it 1+ Bull £ Gon) = B
+ 21| pn = xn ||| Axn = Ap|| + 2Ba |y f (xn) = Bp||[|lon - |-

In view of the restrictions (i) and (ii), we find from (2.15) and (2.23) that

Tim |pn = x| = 0. (2.28)
On the other hand, we have
llon = Wapnll < |2 = pall + [0 =yl + lyn = Wapnl| (229)

It follows from (2.13), (2.17) and (2.28) that limy, o ||[Wnpn — pull = 0. From Lemma 1.6, we
find that |[Wp,, — Wyp,|| — 0asn — oo. Notice that

Wen = pull < [Wapn = pull + [[Wapn = Wpnl|, (2.30)
from which it follows that
lim [[Wp, — pu|| = 0. (2.31)

Next, we show limsup, | _(yf(q) = Bq,x, —q) <0, where g = Pr(yf + (I - B))(q). To
show it, we choose a subsequence {x,,} of {x,} such that

limsup(yf(q) — Bq,xn —q) = ili_)no‘o<}’f(q) - Bq, xy, - q)- (2.32)

n—oo

As {x,,} is bounded, we have that there is a subsequence {xni]_ } of {x,,} converges weakly to

p. We may assume, without loss of generality, that x,, — p. Hence we have p € F. Indeed, let
us first show that p € VI(C, A). Put

A N,
Tw, = { w1 + Ncwy, wi €C, (233)

0, wy € C.

Since A is inverse-strongly monotone, we see that T is maximal monotone. Let (w;, w;) €
G(T). Since w, — Awy € Ncw, and p, € C, we have

(w1 — pu, wy — Awy) > 0. (2.34)
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On the other hand, from p,, = Pc(I — r,A)x,, we have

(w1 = pp,pn— (I =1, A)x,) >0 (2.35)

and hence

<w1 — P Pnr— o + Axn> >0. (2.36)

It follows that

(w1 = pr,, w2) > (w1 = py,, Awr)

> (w1 — pu,, Awn)

Pni — Xn;
- <w1 =P + Axpy,

ni

Pn; — Xn;
> -, _ P _
> <w1 P AW " Axn,> (2.37)

= <w1 = Py Awr — Apﬂi> + <w1 = Pris AP, — Axni>

Pn; — Xn;
- <w1 ~= P — ’
Tn;

2 <w1 - Pni/APn,- - Axn,'> - <w1 - Pni/ Pni — xni >/

T,

which implies from (2.28) that (w; — p,w,) > 0. We have p € T~'0 and hence p € VI(C, A).
Next, let us show p € NZ; F(T;). Since Hilbert spaces are Opial’s spaces, from (2.31), we have

i nf - pl < imint|os, - W
= liminf||p,, - Wpn, + Wapn, - Wp||

(2.38)
<liminf(|Wp,, - Wp|

7

< hminfllpﬂi -p

which derives a contradiction. Thus, we have from Lemma 1.2 that p € F(W) = N2, F(T)).
On the other hand, we have

limsup(yf(q) - Bq,x» —q) = lim (yf(q) - Bq, xu, — q)

—
n— o0 n— oo

=(yf(q9) -Ba,p-q) (2.39)

<0.
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Finally, we show x,, — g strongly as n — oo. Notice that

lya = all” = |1Ba(yf (xu) = Bg) + (I = BuB) (Waupw — ) ||’
< (1= Ba¥)*[|Wapn — all” + 2Ba(y f (xu) = Ba, yn — q)
2 2 2 2 (2.40)
<(1=B7) ||1%n -4l +KYﬂn<||xn—‘J|| +||yn—q||)

+2B.(yf(q) - B4, yn - q)-

Therefore, we have

2 < (1_ﬁ”?)2+ﬁny1<”

lgn =all” < —3—5 % (vf(a) ~Ba,yn—q)

—q|*+

1- cxyx

2
—4q||

_(1_2ﬂn?+ﬁnKY) 2 nY
- S g+ e

tq zg"YK (vf(a) =Ba,yn - q) (2.41)

<[00 -

1-payx

+2ﬁ"(?_w)[—1 G F(@) -Bayu-q) + —2T M ]

1-puyx | Y -xy 2(y - xy)
where M5 is an appropriate constant. On the other hand, we have

%1 = pII* = law(n = p) + (1 = n) (Peyn = p)|
< | = p|I* + (1 = @) | Py - p||° (2.42)

< et lxn = p|I* + (1 - ) |va - p|I*

Substitute (2.41) into (2.42) yields that

2 28, (Y - ay) 2
] LRt el [ P

2G| 1 _ _ Py
H )T [7_“Y<Yf(q) Ba,yn—q) + 207 - aY)M]
(2.43)
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Putl, =(1- “n)(zﬁn(? - anY)/(l - ﬂna}’)) and

=7 —1aY (vf(4) =Ba,yn—q) + %M& (2.44)
That is,
2t = ql* < (1= L) |20 = qlI* + Lt (2.45)
Notice that

(rf(a) = Ba,yn—aq) =(yf(q) ~ Bq,yn—xu) +{yf(q) — B4, X, — q)

(2.46)
< llvf(a) = Ballllyn = xull + (rf (4) = Bg, xa - 4)-
From (2.13) and (2.39) that

lifls;}pm‘ (@) -~ Ag,yn—q) <0. (2.47)

It follows from the condition (i) and (2.47) that
nlill}ol" =0, iln = oo, limsupt, <0. (2.48)

n=1 n—oo

Apply Lemma 1.4 to (2.45) to conclude x,, — gasn — oo. This completes the proof. O

For a single nonexpansive mapping, we have from Theorem 2.1 the following.

Corollary 2.2. Let H be a real Hilbert space and C a nonempty closed convex subset of H. Let
A : C — H be an a-inverse-strongly monotone mapping and f : C — C a x-contraction. Let T be
a nonexpansive mapping from C into itself such that F := F(T) N VI(C, A) #0. Let B be a strongly
positive linear bounded self-adjoint operator of C into itself with the constant y > 0. Let {x,} be a
sequence generated in

x1 €C,
yﬂ = ﬁﬂYf(xﬂ) + (I - ﬁnB)TPC (I - rnA)xn/ (249)
Xn+l = ApXp + (1 - [xn)prn/ n>1,

where {a,} and {B,} are real number sequences in (0,1). Assume that the control sequence {ay,},
{Bn} and {r,} satisfy the following restrictions:

(i) limy,— oofn =0, Doeq Pu = 00,

(ii) 0 < liminf, , ca, <limsup, | _a, <1;
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(iif) limpy— oo |re1 = 7ul = 0;
(iv) {rn} C [a,b] for some a, b with(0 < a < b < 2a.

Assume that 0 < y < y/«x. Then {x,} strongly converges to some point q, where q € F, where
q = Pr(yf + (I - B))(g), which solves the variation inequality

(rf(q9) -Bq,p-q)<0, VpeF. (2.50)

Corollary 2.3. Let H be a real Hilbert space and C a nonempty closed convex subset of H. Let
f : C — Cbeax-contraction. Let T be a nonexpansive mapping from C into itself such that F(T) # .
Let B be a strongly positive linear bounded self-adjoint operator of C into itself with the constant y > 0.
Let {x,} be a sequence generated in

x1 € C,

Yn = Puy f(xn) + (I = puB)Tx,, (2.51)

Xn+l = ApXp + (1 - an)Pcyn/ n>1,

where {a,} and {P,,} are real number sequences in (0,1). Assume that the control sequence {a,}, and
{Bn} satisfy the following restrictions:

(1) imy,— oofn = 0, Xoq P = 00;
(ii) 0 < liminf, ., ca, <limsup, | a, <1
Assume that 0 < y < y/x. Then {x,} strongly converges to some point q, where q € F(T), where
q = Pr(yf + (I - B))(q), which solves the variation inequality
(rf(9) -Ba,p-q) <0, VpeF(). (2.52)

If B is the identity mapping, then Theorem 2.1 is reduced to the following.

Corollary 2.4. Let H be a real Hilbert space and C a nonempty closed convex subset of H. Let
A : C — H be an a-inverse-strongly monotone mapping and f : C — C a x-contraction. Let
{Ti )2, be an infinite family of nonexpansive mappings from C into itself such that F := (%, F(T;) N
VI(C, A) #0. Let {x,} be a sequence generated in

x1 €C,
Yn = Puf (Xn) + (1 = Bu) WP (I = 1,A) xp, (2.53)
Xne1 = Xy + (1 —ay)y,, n2>1,

where W, is genemted in (1.18), {zxn} and { P} are real number sequences in (0,1). Assume that the
control sequence {a,}, {Bn}, and {r,} satisfy the following restrictions:

(i) imy— ofn =0, Xmoy Pr = o0;
(ii) 0 < liminf, , wa, <limsup, | _a, <1;
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(iii) limy, oo |7ne1 — 70| = 0;

(iv) {rn} C [a,b] for some a, bwith0 < a < b < 2a.

Then {x,} strongly converges to some point q, where q € F, where q = Prf(q), which solves the
variation inequality

(f(9)-ap-4q)<0, VpeF. (2.54)
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