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This paper deals with sequential Riesz-Caputo fractional variational problems with and without
the presence of delay in the state variables and their derivatives. In both cases the necessary
conditions for the optimal control are reported.

1. Introduction

Fractional calculus which is as old as the classical calculus has become a candidate in solving
problems of complex systems which appear in various branches of science [1-10].

In the theory of time-delay systems the correct formulation of some initial value
problems together with the representation of solutions as well as the asymptotic behavior
of solutions are some of the general problems to be discussed. From the point of view of
the fractional calculus we have almost the same problems to be discussed. The combination
of these two main tools will lead us to a better description of the dynamics of the complex
systems. In [10], fractional order modeling of delay dynamics was used to better characterize
the delay behavior. Recently, it was shown that the delay parameter modifies the time
window for the fractional order time derivative by allowing fading memory of an earlier
time and introduces specific information about initial conditions (see [11] and the references
therein).

Optimal control problems with time delay in calculus of variations were investigated
in [12-14]. Variational optimal control problems within the framework of fractional calculus
were considered in [15]. Very recently, the fractional variational problems in the presence of
delay were discussed in [16, 17].
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The aim of this paper is to find necessary conditions for sequential Riesz-Caputo
fractional variational and optimal control problems with or without delay.

The structure of the paper is as follows: in Section 2 the basic definitions in fractional
calculus are presented. Section 3 is devoted to the variational and optimal control problem
within sequential Riesz-Caputo fractional derivatives in the absence of delay. In Section 4 the
Riesz-Caputo variational principles with delay are discussed.

2. Basic Definitions

In this section, some basic definitions related to fractional derivatives are presented.
The left Riemann-Liouville fractional integral and the right Riemann-Liouville
fractional integral are defined, respectively, by

IF() = f (t- 1) f(r)dr
LSO = 7y ), / o

o 1 b a-1
B0 = e j (r -ty f(r)dr,

where f € Li(a,b). Here and in the following I'(«) represents the gamma function.
The left Riemann-Liouville fractional derivative and the right Riemann-Liouville
fractional derivatives are defined, respectively, by

a 1 d\" (' n-a-
D f(t) = m(a) J‘u (t-7)" " f(r)dT, )

where a > 0,n = [a] +1, and f € AC"[a,b] (the space of complex-valued functions f(t)
having continuous derivatives up to n — 1 on [a,b]) and "V (x) € AC[a,b] (the space of
absolutely continuous functions on [a, b]). In particular,

Df(t) = Dpf (1) = f(8),

(2.3)
DUF(E) = fU), DRt = (-1)"fM ().
The fractional derivative of a constant takes the form
(t-a)™"
DC= C—r—— 2.4
€=cC I'1-a) (24)
and the fractional derivative of a power of t has the following form:
_ )P
Dt - a)f = L@ D) 25)

r(p-a+1)

forp>-1, a>0.
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The left Caputo fractional derivative is

CDf(t) = f (t- ﬂ”“( > f(r)dr, (2.6)

while the right Caputo fractional derivative is

CDEf(E) - f -0 (-2 femyar, 27)

where f € AC"[a,b] and a represents the order of the derivative such that n = [a] + 1. By
definition the Caputo fractional derivative of a constant is zero.

The Riemann-Liouville fractional derivatives and Caputo fractional derivatives are
connected with each other by the following relations:

nl £k
CDf(0) = D) - D - )
k=0

(2.8)

n=1_1yk £(0) (p
CDEf(t) = DEf(H) - %%(b_ bk,

In [18, 19], the Riesz Riemann-Liouville fractional derivative or simply the Riesz
fractional derivative and the Caputo Riesz fractional derivative are, respectively, represented
as

aDpf(b) = (aD“f(t>+( 1" Dy f(1)), (2.9)
KDEf () = E(ED“f (B + (1" DEf(B)). (2.10)

In [1], a formula for the fractional integration by parts on the whole interval [a, b] was
given by the following lemma.

Lemma21. Leta>0,p,q>1,and 1/p+1/q<1+a (p#1 and q#1 in the case when 1/p +
1/g=1+a).

a) If o € Ly(a,b) and ¢ € Ly(a,b), then
b b
[Cot oo = [ wweoar 1)
b) If g € I (L) and f € ,1%(Ly), then

b b
[‘sooywa-[ sooi o, (2.12)
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where oI1%(Lp) = {f : f = oI, ¢ € Ly(a,b)} and I} (Lp) = {f : f = I}$, ¢ €
Ly(a,b)}.

Lemma 2.1 was generalized in [16, Lemma 2] and [17, Lemma 2], with the same
conditions, to be applicable to subintervals [a,r] and [r, b] where r € (a,b).

3. The Sequential Riesz-Caputo Fractional Variational Problem
In this section we consider the following variational problem.
Minimize

J(y) = f (£ y(®), 5Dy ®), 5Dy (@), .., EDEy (1) )at, (3.1)

wherey € AC*[a,b],0<a<l,r-1<ka<r,reNy9a)=c, y?(b)=d;,i=01,...,r-1,
¢;’s and d;’s are constant, and L : [a,b] x R¥*! — R has first and second partial derivatives
with respect to all of its variables.

Theorem 3.1. Let J(y) be the functional of the form (3.1) defined on the set of functions y(t) which
have continuous Riesz-Caputo derivatives of order ia,i = 1,...,k and which satisfy the boundary
conditions y©(a) = c¢;, yV(b) = d;. Then a necessary condition for J(y) to have a minimum for a
given y(t) is that y(t) satisfy the following Euler-Lagrange equation:

oL & R oL
— + > (-1 Epis([ —— ) =0. 3.2

Proof. Assume that J(y) has a minimum for y*(¢). Define a family of curves y(t) = y*(t)+en(t)
where € € R and 7 is a function in AC*[a, b] satistying 7 (a) = n®(b) =0,i=0,1,...,r - 1.
The function

= J(y*(t) + en(t)) (3.3)
admits a minimum when y'(0) = 0. That is,

b oL & RC ia d
) ay* 21: RCDM Din(t)dt =0 (3.4)

Using (2.10), (2.8), and [1, Lemma 2.7], (3.4) becomes

i Ryia oL _
f [ay* g( 1) ¥D <8RCD“"y >:|11(t)dt—0. (3.5)
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Since 7] is arbitrary, one has

OL & ik oL
— + D, (-1) Rpia( ———— ) =0. (3.6)
a]/ ; b 0 LI;CD;,,“:V*
When a = 1, the results in Theorem 3.1 coincide with the results in [20, p. 59].
Example 3.2. Let us consider the following action:

fb <%y2 + f(t) I;CD;;y) dt, (3.7)

a

where f(t) € AC[a,b], 0 < a <1, y(a) = ¢1, and y(b) = di. Then by Theorem 3.1, the

necessary condition for optimality is
y=aDpf(®). (3.8)

One can generalize Theorem 3.1 as follows.

Corollary 3.3. Consider the functional of the form

b
J(y1. 92, 1) =f L(t, 3 (8), KDy (1), K DEyi 1), ., KD (1),

o), KDy (1), KD (1), .., KD yo(t), ..., )

yi®), 5 Dyi(®), £ DEyi(t), ., 5D y(t) ) at,

defined on sets of continuous functions y;,j = 1,2...,1 that have Riesz Caputo fractional derivatives
oforderia, i=1,2,...,k, 0<a <1, (r-1<ka <r)intheinterval [a,b] and satisfy the conditions

y (@) =cj, y®b)=dyj, i=01,..,r-1j=12.1 (3.10)

where ajj, d;; are constant and L : [a, b] x RIK+D) 5 R s a function with continuous first and second
partial derivatives with respect to all of its arguments. For y;, j = 1,2,...,1 to be a minimum of (3.9),
it is necessary that y;(x) satisfy the following Euler-Lagrange equations:

OL &, \iRp oL
—+ 3 (-1) 5Dl“<—.> =0, j=12,..1 (3.11)
Oy; ; "\ 05Dy, !



6 Abstract and Applied Analysis

3.1. The Optimal Control Case

The optimal control problem we consider is to find u(t) that minimizes the performance index

b
J(y, 1) :f F<t,u(t),y(t) RCDEy (t), RCDi“y(t),...,ECD{;“y(t)>dt, (3.12)

subject to the constraint
G(t,ut), y(t), 5Dy (6), EDEy (1), ..., KDy (1) = 0, (3.13)
such that
yPa)=c, y?®)=d, i=01,...,r-1, (3.14)

where ¢;, d; are constant, 0 <a <1, r -1 < ka <r,and F, G : [a,b] x R¥*?2 — R are functions
with continuous first and second partial derivatives with respect to their arguments.
To find the optimal control, one defines the modified performance index as

b
Twu) = [ 10+ 1060, (3.15)

where A(t) is called a Lagrange multiplier or adjoint variable. Using conditions (3.11), the
following necessary conditions for optimal control are found:

a_F + _)ta_G
ou ou

aF OF ; oG
)L—+ 1)'ED —— )+ Rpie[ \——— ) =0.
Z( ) <aRCDmy> a~b < a‘ll?CDuxy>

When a =1, k =1, (3.16) coincides with the results in [20, Theorem 6.2.2].

= 0,
(3.16)

4. The Riesz-Caputo Sequential Fractional Variational
Principles with Delay

In this section the following problem with delay is considered.
Minimize
b
1) = [ L(EDEy 0, Di 0, .. Dy,
a (4.1)
v,y 0,y OO,y =7),y (E=7), .y (- T) )dt
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such that

yit)=f(t), a-t<t<a, yP®)=d;, i=0,12,...,r-1, r-1<ka<r,

(4.2)

where d; are constant, y € AC? [a,b], f is a smooth function, and L : [a - 7,b] x RF*>*2 — R
is a function with continuous first- and second-order partial derivatives with respect to its

arguments.

Theorem 4.1. If y(t) satisfying (4.2) is a minimum of (4.1), then it is necessary that it satisfies the

Euler-Lagrange equations

<%>(t+’r)+%(ﬂ
ST
é[( 1) *Dje <a§#§,ym><t>—§ﬁﬂz
X<Lb Dé“<#€%>(s)(s - t)i“-lds>] =0,
fora<t<b-r
a (t) Z( j;<%>(t)
+Z< 1y [bT b(#%)() 30"

b ia oL _ o)ia-1 _
X(J; aD <m>(s)(t S) ds>] = 0,

for b—71 <t <b, and the transversality condition

b-t

o5, oy d (oL (r-1-1)
220 5 gy )OO

a

b

d' oL i
+ZZ<— N’ <ay<i>(t)><t>n< ()

b-t
b-t
= 0,

r i-1 dl oL .
+ZZ(—1)’@<W>(HTM( ()

a

(4.3)

(4.4)

(4.5)
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where 1 € AC? [a, b] is any arbitrary function such that n® (b) =0, i=0,1,...,7r-1,71=0, a-7 <
t<a.

Proof. Assume that J () has a minimum for y,(¢). Define a family of curves y(t) = yo(t)+en(t)
where € € R and 7 is a function in AC?[a,b] satisfying q(i)(b) =0,i=01,...,r-1, =
0, a—-T1 <t < a.The function

y(e) = J(vo(t) + en(t)) (4.6)

admits a minimum when y’(0) = 0. That is, at yo, one has

b
f{ay(t)()n() F) (t )(t)rl(t T)+Zm()RCD n(t)
(4.7)

r oL 0 a— o i

Using (2.8), (2.10), and the fact that n(t) = 0, a—7 < t < aand 4(b) = 0, i =
0,1,...,r =1, one gets

b
J‘ {a (t)( )7’[( ) F) (t )(t)ﬂ(t T) +ZaRTm(t)( )RDmTl(t)
(4.8)

+Z[ ’>(t)()”(l)() W(t)ﬂ(i)(f-ﬂ]}dho.

Splitting the integrals, making the change of variables t — 7 < t and keeping in mind that
n(t)=0, a-7<t<a, (4.8) becomes

b aL oL k ;
J‘ {a (t)( )Tl( ) ay(t—T) (t+T)rl(t)+ZaRCDm (t)( )EDb T’Z(t)

a i=1

S i oL :
+Z[ 1)(t)( ) (t) + m(m)n“(ﬂ] }dt (4.9)

o 3 ) XDia om -
+I {a AR Z RCD“" (t) aDy(t) + Zayw)()” ()}dt

l
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If one uses the usual integration by parts formula, the integration by parts formulas in [16

Lemma 2] and [17, Lemma 2], and the properties of the function 7, one obtains

[ |G e s

- aL dl 6L
+§[(— )E<W>( +7)+(-1 )E<ay(i)(t)>(t):|
S oL 1 1
1R m Y= in
+§[( RE <6|RCD”"y(t)>() zr(m)D
< <6RCD“" (t)>( )(S‘t)m_lds>]}n(t)dt

b oL T di
. {aya) ®+ 2 dtl<6y(”(t)>()

1 1 Din (4.10)

k i i aL
+ (1) [5_TDb <W>m T 2T(a) "7

i=1
< IM pie( — L Ngye—sytas )| bywar
7\ akeDimy (1)

a

b-t

s PPNY oL (r-1-1)
. Z(‘l)@ 390 () (Hn (t)a

>(t) =0 (1)

b-t

r o i-1 ldl

roid dl aL
I (r-1-1)
1) —| ——— Jt+7T)n t

oy (t - ) ( ) ®

b-t
=0.

a

If one chooses 7 such that 7(a) = 0 and 17 = 0 on [b — 7, b], (4.3) holds. If one chooses
Oand 7 =0o0n [a,b - 7], (4.4) holds. Then since the first and second integrals in (4.10)
O

n(b) =
become zero, (4.5) holds.
The result in Theorem 4.1 coincides with the results in [14, Corollaries 2.1 and 2.2]

Example 4.2. Consider
(4.11)

2
f E ~ 1)+ 2970 + FO §DEy o) a,
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where 0 < a <1, y(2) = constant,and y(t) = g(t) for —1 <t < 0. The necessary conditions
for optimality according to Theorem 4.1 are

2
y(t) = %(51);‘ £+ ﬁm Ul (DZ£) (s)(s - t)“-l] ®), (4.12)
forO<t<1and
y(®) = (EDF) () = 1D [ f (0D f)($)(t = 9)" 1] ®), (4.13)

forl1<t<2.
Theorem 4.1 can be generalized as follows

Corollary 4.3. Consider the functional of the form

b
J(y1, Y2, Ym) = f RCD"‘yl(t) REDE (L), ..., XDy (),

i,y ), 16, (=1, -1,y (- T),
RCDgys (1), BD¥ o (t), ..., KEDF* ya (1), yo (1), Y5 (1), - .,

bY2 W2 » Y2(1),Y2(1), Y, (4.14)
vy (), ya(t-1), st =71),...,y (t-T),...,

RCDEYm (1), RDP Y (t), ..., EEDE* Y (1), ym (8),

Yoroc s Yor O Y (= T), Yo (E= 7)o yf7 (£ =) )t

defined on sets of functions y;j(t) € AC¥[a,b], j = 1,2,...,m that have Riesz-Caputo fractional
derivatives of order ia, i =1,2,...,k, 0 <a <1, r -1 < ka < r, and satisfy the conditions

y](.i) =d;j, yi(t) = fi(t), te€la-7,a], T<b-a, a<p, (4.15)

where d;; are constant, f(t) are smooth functions and L : [a — T,b] x R™*+22) — R is a function
having first-and second-order partial derivatives with respect to its arguments. For y;,j =1,2,...,m
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satisfying (4.15) to be a minimum of (4.14), it is necessary that y; satisfy the Euler-Lagrange
equations

<a—L>(t+T) + oL t
oy;(t-7) oy, (t)
r [ aL Z aL
+§ _( 2 dtl<ay](.’)(t—7')>( e )dtl<ay;l)(t)>()]

. oL 1
1R wz i
+; ( 1) <a§CDLDCy](t)>() 2r(llx)D

b oL ja-1 _
‘ < f D] <—a Dy > (s)(s 1) ds)] -0,

fora<t<b-7,j=12...,m

dt oL
6—L 1 i (4.17)
+Z( 1) [b T b <a§CDi’ay](t)>( ) ZF(IIX) D

b i oL _ o\ia-1 _
X<J‘a D <—65CD£"‘yj(t)>(s)(t s) ds>] =0,

forb—1<t<b, j=1,2...,m, and the transversality condition

U d oL -
Z 1a (r-1-1)
i=1 1=0 ay]- (t)

(4.16)

b-t

a

b
oo d( oL rle
22— — OIS0 (4.18)
i=1 =0 dt oy (t)
] b-1
1 b-1
Uy oL (r—1-1)
+ V' ——— )+ 0] =0,
g% <a (l)(t )> ] .
where 1 = (M,M2,...,Mm) is an an arbitrary vector-valued function satisfying n(t) =

0,0,...,0), t € [a-1,a],and n®(b) = (0,0,...,0),i=0,1,...,r - 1.
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4.1. The Optimal Control Case with Delay

Find the optimal control variable u such that # minimizes the performance index

T(y,u) = f (t,u(), 5 Dy(®), KDFY ), .., Dy 1),

(4.19)
y®, YO,y PO,y -1),y -7,y -7))dt
subject to the constraint
G(t,u(t), KDy (1), K°DEy (1), .., EDEy 1),
(4.20)
y®, Y0, yP Oyt -1,y -1,y (E-7)) =
such that
y(t)=f(t), a-t<t<a, yP=d;, i=012,...,r-1,0<a<l, (4.21)

where ¥ — 1 < ka < r d; are constant, y € AC?[a,b], f is a smooth function and F,G :
[a-T, b]xRk*2*3 — R are functions with continuous first and second order partial derivatives
with respect to their arguments.

If one defines a modified performance index as

b
J(y,u) = j F() + M(B)G()dt, (4.22)

applying Corollary 4.3, it is necessary that

<ay(t ) (t)”
OF di OF
+l [ <a 0t = )>(t+T)+( 1)@( ’)(t)>()]
1R wt oF _EL it
+l [( D <6RCD”"y(t)>(t) ZT(ia)Db*T

< in oF _ pyia-1 oG
(L_T Dy <—6 ECD,i“y(t) > (s)(s—t) ds>] + <.)L—ay(t =7 ) (t+71)
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oG oG d oG
+<)La (t)>() Z[(—) < EYYTI (i)(t—7)>(t+T)+( 1)E< 3 (’)(t)>()]
£  Rpmi oG 11
_ 1\ Rpyia Y S~ Pyia
+§|:( 1) anT<‘/\aI;CD£“y(t)>(t) zr(ia)Dbfr

b i oG in—1 _
X <J‘bT Db <)LaRTm(t)> (S) (S - t) ds>] = 0,

P+ M) (1) =0,

ou(t) ou(t)
(4.23)
fora<t<b-r,
OF . d OF
W(t) + ;(—1) ET <—ay(i) 0 > (£
£ i i oF 1 ia
+i:zl(_1) [ETDb <6§CD;"’y(t)>() ZF( a) D
T ia oF ia—1
x <L oD <—6 ECD{,"‘y(t) > (s)(t—19) ds>],
d oG
(tag )0+ V' G < 5 <’><t>>( )
L . oG 11 ia
; [ b-Dp <)La§CDZ“y(t_) > (t) - 2T(a) p—rD
b in oF in—1 _
><<L D <Am>(s)(t— S) ds>] =0,
F
o 0+ A0 (1) =
(4.24)
for b — T < t < b, and the transversality condition
Shs “Caypd (OF N et o
22 ar 7w ) " Y,
kil OF B0 (¢ ’ (4.25)
+Z (-1 ) % ay ) (1) (Hn () - .

b-t

ki d oF
>3 (- I (r=1-1) _
P D dt! <ay(i)(t—T)>(t+T)n ® 0,

a
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where 7 is any arbitrary function satisfying n(t) = 0, t € [a - 7,t], and 4)(b) = 0, i =
0,1,2,...,r—1.

5. Conclusion

Fractional variational principles started to be used in several branches of science and
engineering. However the delay is present in various phenomena having great impact in
science and engineering. One of the main questions is to combine in an optimal way the
properties of the fractional calculus and those of the delay having in mind to obtain a
more general variational principles. In this paper we have used the fractional Riesz-Caputo
derivative and the delay in the state variable. We mention that the definition of the Riesz-
Caputo derivative contains both left and right fractional derivative. The necessary conditions
for the optimal control were obtained. When & — 1 or the delay is absent the classical results
are obtained.
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