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This paper presents some constrained C? finite element approximation methods for the biharmonic
problem, which include the C° symmetric interior penalty method, the C° nonsymmetric interior
penalty method, and the C° nonsymmetric superpenalty method. In the finite element spaces, the
C! continuity across the interelement boundaries is obtained weakly by the constrained condition.
For the C? symmetric interior penalty method, the optimal error estimates in the broken H? norm
and in the L? norm are derived. However, for the C° nonsymmetric interior penalty method,
the error estimate in the broken H? norm is optimal and the error estimate in the L? norm is
suboptimal because of the lack of adjoint consistency. To obtain the optimal L? error estimate, the
C% nonsymmetric superpenalty method is introduced and the optimal L? error estimate is derived.

1. Introduction

The discontinuous Galerkin methods (DGMs) have become a popular method to deal with
the partial differential equations, especially for nonlinear hyperbolic problem, which exists
the discontinuous solution even when the data is well smooth, and the convection-dominated
diffusion problem, and the advection-diffusion problem. For the second-order elliptic
problem, according to the different numerical fluxes, there exist different discontinuous
Galerkin methods, such as the interior penalty method (IP), the nonsymmetric interior
penalty method (NIPG), and local discontinuous Galerkin method (LDG). A unified analysis
of discontinuous Galerkin methods for the second-order elliptic problem is studied by Arnold
etal.in [1].

The DGM for the fourth-order elliptic problem can be traced back to 1970s. Baker in
[2] used the IP method to study the biharmonic problem and obtained the optimal error
estimates. Moreover, for IP method, the C° and C! continuity can be achieved weakly by
the interior penalty. Recently, using IP method and NIPG method, Siili and Mozolevski in
[3-5] studied the hp-version DGM for the biharmonic problem, where the error estimates
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are optimal with respect to the mesh size h and are suboptimal with respect to the degree
of the piecewise polynomial approximation p. However, we observe that the bilinear forms
and the norms corresponding to the IP method in [3-5] are much complicated. A method to
simplify the bilinear forms and the norms is using C° interior penalty method. C° interior
penalty method for the biharmonic problem was introduced by Babuska and Zldmal in [6],
where they used the nonconforming element and considered the inconsistent formulation
and obtained the suboptimal error estimate. Motivated by the Engel and his collaborators’
work [7], Brenner and Sung in [8] studied the C? interior penalty method for fourth-order
problem on polygonal domains. They used the C? finite element solution to approximate C'
solution by a postprocessing procedure, and the C! continuity can be achieved weakly by the
penalty on the jump of the normal derivatives on the interelement boundaries.

In this paper, thanks to Riviere et al.’s idea in [9], we will study some constrained
C° finite element approximation methods for the biharmonic problem. The C! continuity
can be weakly achieved by a constrained condition that integrating the jump of the normal
derivatives over the inter-element boundaries vanish. Under this constrained condition, we
discuss three C° finite element methods which include the C° symmetric interior penalty
method based on the symmetric bilinear form, the C’ nonsymmetric interior penalty method,
and C° nonsymmetric superpenalty method based on the nonsymmetric bilinear forms. First,
we study the C° symmetric interior penalty method and obtain the optimal error estimates
in the broken H? norm and in L? norm. However, for the C° nonsymmetric interior penalty
method, the L? norm is suboptimal because of the lack of adjoint consistency. Finally, in order
to improve the order of the L? error estimate, we give the C° nonsymmetric superpenalty
method and show the optimal L? error estimates.

2. C° Finite Element Approximation

Let Q C R? be a bounded and convex domain with boundary dQ. Consider the following
biharmonic problem:

A%y = f, inQ,
(2.1)
u= a_u =0, on 09,
on

where n denotes the unit external normal vector to 0Q. We assume that f is sufficiently
smooth such that the problem (2.1) admits a unique solution u € H*(Q) N Hg(Q).

Let Tj, be a family of nondegenerate triangular partition of Q into triangles. The
corresponding ordered triangles are denoted by Ki,Kj,...,Kn. Let h; = diam (Kj), i =
1,...,N, and h = max{hy, hy,..., hn}. The nondegenerate requirement is that there exists
p > 0 such that K; contains a ball of radius ph; in its interior. Conventionally, the boundary of
K; is denoted by 0K;. We denote

eij = oK;n aK]', e; = 0K; N0, heij = diam(eij), hei = diam(ei). (2.2)

Assume that the partition Cj, is quasiuniform; that is, there exists a positive constant v
such that

h<vh, i=1,...,N. (2.3)
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Let &1 and &g be the set of interior edges and boundary edges of Tj, respectively. Let & =
&1 U Eg. Denote by v' the restriction of v to K;. Lete = eij € & withi > j. Then we denote the
jump [v] and the average {v} of v on e by

1 _,U]
e

' ) (2.4)

(o]l = o], o],

o= 5 (o

If e = e; € £, we denote [v] and {v} of v on e by

(2.5)

Define V by

V= {v € H\(Q), v|x € H*(K), VK € ch}, s

WV
w

(2.6)

with broken H® norm

1/2
|||v|||s=<Z||v||§,K> , YveV, (2.7)

KeTy,

where || - ||s k is the standard Sobolev norm in H*(K). Define the broken H? norm by

1/2
Ioll), = < > |v|§,K> , YoeV, (2.8)

KeTy,

where | - |, k is the seminorm in H?(K).
For every K € Tj, and any v € V, we apply the integration by parts formula to obtain

j <A2u>vdx= —f V(Au)'Vvdx+I aA—uvds
K K oK On

(2.9)
= f AulAvdx - I Aua—vd + aA—uvds
X on sk Onm
Summing all K € Ty, we have
I AuAvdx — ZJ' {Au} [8_0 + [Au]{a—v}ds j [6Au] {v}
KeT ecé e on on e€é;

h 1

(2.10)

+ {aaA—nu}[v]ds - Jag Au—ds = I fodx.
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Since u € H*(Q) N Hg(Q) and v € V, then [Au] = [0Au/0n] = [v] =0 on e € &;. Thus, the
previous identity can be simplified as follows:

Keth‘[ Aubvdx - ZI {Au) [ ]ds—f Au—ds—f Fodx. (2.11)

ecé;

Now, we introduce the following two bilinear forms:

as(u,v) = Kethj AulAvdx - Zj Auj [6 ]dS—ZJ [ ]

ecé ecé

i L[5
+§he Lon] [on] %

ans(u,v) = KEZhJ AulAvdx - ZI {Au} [a ]ds+ZJ {Av} [ ]

eeé eeé
1 oul [ov
S L ol |50

It is clear that as(:,-) is a symmetric bilinear form and ans(, ) is a nonsymmetric bilinear
form. In terms of (2.11) and

(2.12)

{Av} [ ]ds+J‘ Av—ds— 2.13
eE:‘.IJ‘ a hYe) an ( )

the solution u to problem (2.1) satisfies the following variational problems:

as(u,v) = (f,v), YveV, (SP)
ans(u,v) = (f,v), YveV. (NSP)

Let P,(K) denote the space of the polynomials on K of degree at most r. Define the
following constrained C? finite element space:

V, = {vh € HX(Q), vhlx € P.(K), r > 4, VK € T),, j [av”

]ds =0, Ve e é} (2.14)

from which we note that the C! continuity of v, € Vj, can be weakly achieved by the
constrained condition je [0vy/0n]ds = 0 for all e € £. Next, we define the degrees of freedom
for this finite element space. To this end, for any K € Ty, denote by p; (i = 1,2,3) the three
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vertices of K. Recall that the degrees of freedom of Lagrange element on K are v(p), for all
p € C' with (cf. [10])

3 3 B
C = {p:Z)L]p], Z)L]=1, )LJE{O,%,,rrl,l},1§]<3} (215)
j=1 j=1

Then we modify the degrees of freedom of Lagrange element to suit the constraint of normal
derivatives over the edges in Vj,. Specifically speaking, the degrees of freedom of V}, are given

by

o(p), WpeCwith Ci=C\ [ +prepn) + T 0p i-12,3),
(2.16)
ov
j ﬁds for each edge e of K.

Based on the symmetric bilinear form as(-,-), the C’ symmetric interior penalty finite
element approximation of (2.1) is

find ui € V}, such that,

(2.17)
a5<ui,vh> = (f,‘()h), Yo, € Vi,

Based on the nonsymmetric bilinear form ans(+, -), the C® nonsymmetric interior penalty finite
element approximation of (2.1) is

find ul;fs €V, such that,

(2.18)
aNs (ullfs, Uh> = (f, Uh), Yo, € Vy,.
Moreover, the following orthogonal equations hold:
< S _ ) -
as(u, —u,v,) =0, Vo, €V, (2.19)
ans <u1:s -u, Uh> =0, Vo, eV, (2.20)

In order to introduce a global interpolation operator, we first define ¢, € P(K;) for
¢ € H*(K;) and K; € T}, according to the degrees of freedom of V}, by

¢i(p) =d(p), ifpeC\oQ,  $i(p)=0, ifpeCnodQ,

o, op o), .
L an ds = L a—nds, if edge e C 0K; \ 09, J-e an ds =0, if edge e C 0K;NoQ.
(2.21)
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Due to standard scaling argument and Sobolev embedding theorem (cf. [10]), we have that
forevery K; € Ty, e € 0K;, ¢ € H*(K;) withs >2,i=1,...,N,

||¢ - 4);’“%&' < Ch‘u_q”(i)”s,Ki’ 0 < q < H

|#-ail,,, <™ N9l m=012, (2.22)
(P -9
]

where y = min{s,r + 1} and ¢ > 0 is independent of h. We also suppose that the following
inverse inequalities hold:

<l .

0,e

<]

" i, < etk l6ill, . < <l
”d)h 0,e ”(i)h e < ch z 1K, ¢h 11<1 2 0K

(2.23)

0K

where ¢ > 0 is independent of h. Then for every ¢ € V, we define the global interpolation
operator P, : V. — V, by P,¢lk, = (j);l Moreover, from (2.22) there holds

¢ - Puol, < (2.24)

where ¢ > 0 is independent of h.
The following lemma is useful to establish the existence and uniqueness of the finite
element approximation solution.

Lemma 2.1. There exists some constant xo > 0 independent of h such that

wollonlly, < D I1Avx|lf « + Z

KeTy, EE&

0v 2
”] , Vo, € Vi (2.25)
0,e

Proof. Introduce a H2 conforming finite element space Z;, thanks to Guzman and Neilan [11].
The advantage of Zj, is that the degrees of freedom depend only on the values of functions
and their first derivatives. Denote by Lj, the interpolation operator from V}, to Z,. Then there
holds

2
, Yop €V, (2.26)

1.

> [on - Lnonls ¢ < C1Zh

KeTy, ecé
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where C; > 0 is independent of h. Thus, we have

av
lonlly < 3 lon = Luvnlyx + 3 ILnonlax < clz Il +C X Aotk
KeT, KeT, eeé KeT,
avh 2 2 2
Clz +C2 D 1 A(Lwon —on)llgx + C2 D 1 Avnllg
eeé 0,e KeT, KeT,
6vh 2 2 2
Clz +Co D' ILwow — vnly i + Ca D | Avnllg ¢
eEé Oe KeTy, KeT,,
oy, g 2
<G (1 +c2)z— S +Co > 1 Avn5 k.,
st he 1 1loe KeTy
(2.27)
which completes the proof of (2.25) with ko = 1/ max{C; (1 + C3), C2}. O

3. C’ Symmetric Interior Penalty Method

In this section, we will show the optimal error estimates in the broken H? norm and in the L?
norm between the solution u to problem (2.1) and the solution uZ to the problem (2.17). First,
concerning the symmetric as(-, -), we have the following coercive property in V,.

Lemma 3.1. For sufficiently large f, there exists some constant 1 > 0 such that
as(on, o) = x1lonll,  Vou € Vi (3.1)

Proof. According to the definition of as(-,-), we have

ds. (3.2)

LI
ol lon

as(On,on) = fmvm dx-23 f [a ]
KeT,, ecé eeé

Using the Holder’s inequality and the Young's inequality, we have

j [avh] s< <Zhe||{Avh}||é,e> < o )
eeé ecé eeé
, vy 5\ 1/2 ia
c<K§h||Avh||0rK> <§h [an] > (3.3)
avh

<e D Avyl§x +cet Dok

KeTy, ecé
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where ¢ > 0 is independent of h and ¢ > 0 is a sufficiently small constant. Thus

- oo |1?
as(on,on) = D [Avklgx —2¢ D Avhllg g —ce™' D k! anh]
KeTy, KeTy, eeé
(3.4)
a’l)h]
— | = ds.
“helll on
Taking ¢ = 1/4, then, for sufficiently large  such that > 4c, using (2.25) we have
aUh : 2
as(vn, vn) > Z 1AvAllg & + (B - 4c) D k. > x1|[onlly, (35)
Ket;, eeé Oe
with k1 = min{1/2, f — 4c}xo. O

A direct result of Lemma 3.1 is that the discretized problem (2.17) admits a unique
solution u; € Vj, for sufficiently large f.

Lemma 3.2. Forall ¢ € V, there holds

as(¢p = Pup, o) < ch*||vpll,

Yo, € Vy, (3.6)

where y = min{s,r + 1} and ¢ > 0 is independent of h.

Proof. Forall ¢ € V and v), € V},, we have

as ((l) - Ph(i), Uh) = Z f A ((i) - Ph(;b) Avhdx

KeT, ' K

EEJ (Aoy) [5(4’ Phs‘b)] > h[ [5(4’ Ph(i’)“%vh]d

1/2 5\ 1/2
< 119 Pagl, ol + <z||{A<¢—Ph¢>}||§,e> (Z )

ecé eeé

1 1/2
+<zhe||{Avh}||%,e> <Zh >
ecé ecé 0,e
5 1/2 5\ 172
+C<Zh I:((i) Phqb):l > <Z > P
ecé 0,e ecé Oe

5 [ 1a@-na)) [Ge]as

eeé

%]
on

[a(q‘b Ph<l>)]

on

%]

(3.7)
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where ¢ > 0 is independent of h. Note that fe[(avh)/ onlds = 0 for e € &. Thus, for some
constant C¢ depending on e there holds

1/2 1/2
dun ], ( [0on][0vn dop ] | oon |
J; [a—n] dS J‘ an [an -C ]d . W:I dS J‘e % C] dS .
(3.8)
That is
avh 2 avh 2
it} < " _ce . 3.9
J 1< L [ -] o
From [9], we have
“ [%-CE] < ch?|vy (3.10)
on 0e 2K '
where ¢ > 0 is independent of h. Thus
(SIERIE) <o
ecé

Substituting (3.11) into (3.7) and using (2.22)-(2.23) give

1/2
as(¢ — Pup,vn) < || = Pud|l,llonll), + ch'/? <Z||{A(¢—Ph¢)}||3/g> lonlly,

ecé
(3
ecé

2\ 12
[onll
0,e
+ch'/? <Zh;2

a(¢ P ¢) 2 1/2
[ on : ] > [onlly < ch2|[| @] [l ol
ecé O,e

(3.12)

[5(47 Snphd))]

O

Theorem 3.3. Suppose that u € V and u}f € Vj, are the solutions to problems (SP) and (2.17),

respectively; then the following optimal broken H? error estimate holds:
e =], < en=2aal, (3.13)

where y = min{s,r + 1} and ¢ > 0 is independent of h.
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Proof. According to Lemma 3.1, we have
s||? s s s s s
K1 ”Phu - uh”h < a5<Phu —uy,, Ppu—u > = a5<Phu —u, Pou — uh> + a5<u - u,, Phu - uh>

= ag <Phu —u, Phu - uZ)

< 2 ulll

Py - uS”h’
(3.14)

where we use the orthogonal equation (2.19) and Lemma 3.2. The previous estimate implies
”Bﬂ—uﬂhgcwﬂmmm. (3.15)
Finally, the triangular inequality and (2.24) yield

|P—uﬂh<Hu—Hﬂm+”Bm—uﬂh<cW4mmm. (3.16)
0

Next, we will show the optimal L? error estimate in terms of the duality technique.
Suppose g € L?(€) and consider the following biharmonic problem:

A*w = g, inQ,

w = aa—z:l] =0, on 0Q. 317

Suppose that problem (3.17) admits a unique solution w € Hé(Q) N H*(Q) such that
leolly < ellg]. (3.18)
where || - ||4 denotes the H* norm in Q and || - || denotes the L?> norm in Q and ¢ > 0 is

independent of h.

Denote by ITj, the C! continuous interpolate operator from V to HZ(Q) N Vj, and ITj,
satisfies the approximation property (2.22). Then for the solution w € H*(Q) N H2(Q) to
problem (3.17), there hold

lw = Tpwoll, < ch?|wlly < ch?|lg

7

(3.19)
l[w = Tyl < chy?|lwlly < ch?||gl, Ve €&,

where ¢ > 0 is independent of h.
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Theorem 3.4. Suppose that u € V and u; € Vj are the solutions to problems (SP) and (2.17),
respectively; then the following optimal L* error estimate holds:

o =245 < ch il (3.20)

where y = min{s,r + 1} and ¢ > 0 is independent of h.

Proof. Setting g = u — u; in (3.17), multiplying (3.17) by u — 1, and integrating over Q, we
have

”u - ui”2 = IQ<A2w> <u— ui)dx = a5<w,u —u5> = as<w —ITyw,u —uZ)

= as <w - IT,w, Phu — ui) + as(w — ITyw,u — Pyu),

(3.21)

where we use the orthogonal equation (2.19). We estimate two terms in the right-hand side
of (3.21) as follows:

as <w —IT,w, Phu — uﬁ)

IA(w th)A<Phu uh>dx eeéJ A(w - th)[

O(Pyu —u
(Puu “h)]ds
on

KECh

I Pyu - uh
eeé

KEthI Alw - th)A<Phu uh>dx eeéj Alw - th)[

[a(w th)] ”a(w th)][a(Phu uh)]

O(Ppu —ud
(Puu “h)]ds
on

1/2
< llew = Mol | P = 1|, + <lew th||23> <Z||Phu il >

eeé
<ch2“Phu—ug“h||u—uiH < =28,
(3.22)
where we use the estimate (3.15). In terms of the inequalities (2.22)-(2.23), we have
as(w — Iw, u — Pyu)
’[ A(w - Thw)A(u - Pyu)dx — J‘ A(w - TTyw)) [B(u—Phu)]dS
KeT, eel on
f {A(u - Pyu)} [M] ds + J [6(74) [Tyw)] [0o(u - Phu)]d
on h,
ecé pyer;
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= IKA(w—th)A(u—Phu)dx—Z {A(w—th)}[W]ds

KeT,, ecE v e
1/2 5\ 172
o(u— Pyu
< ko = Pyaollllu~ Pyl + (an - thnée) <Z 25| >
ee& eeé n O
< chtfull || - w5
(3.23)
Substituting the estimates (3.22)-(3.23) into (3.21) yields

||u—u§|| < ch|ljul].. (3.24)
]

4. C’ Nonsymmetric Interior Penalty Method

In this section, we will show the error estimates in the broken H? norm and in L?> norm
between the solution u to problem (2.1) and the solution u}fs to the problem (2.18). The
optimal broken H? error estimate is derived. However, the L? error estimate is suboptimal
because of the lack of adjoint consistency. According to Lemma 2.1, we have

ans(on, o) = wollopll;,  You € Vi (4.1)

Moreover, for the nonsymmetric bilinear form ans(-,:), proceeding as in the proof of
Lemma 3.2, we have the following lemma.

Lemma 4.1. Forall ¢ € V, there holds
ans (¢ = Pug,on) < ch'Zllonll[|[9]ll,  Yon € Vi, (42)

where p = min{s,r + 1} and ¢ > 0 is independent of h.

Theorem 4.2. Suppose that u € V and ul}:ls € Vy, are the solutions to problems (NSP) and (2.18),
respectively; then there holds

=15, < e 2l (4.3)

where p = min{s, r + 1} and ¢ > 0 is independent of h.
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Proof. According to (2.20), (4.1), and Lemma 4.1, we have

2
Pou— NS“ < (P — ]S P — NS>
Ko” hu uh " X ANS i uh hu uh
= ang <Phu —u, Pyu - uI,fS> + ans <u — ulS, Pyu — ufs> (4.4)
= aNs (Phu —u, Phu — ul,fs> <c - NS”h,
where ¢ > 0 is independent of h. That is
thu uNS”h < ch*2|Jul|.. (4.5)
Using the triangular inequality yields
=165, <l = Pl + || Pare =S| < cht2u (4.6)

O

Theorem 4.3. Suppose that u € V and u)}® € Vj, are the solutions to problems (NSP) and (2.18),
respectively; then there holds

e = || < cre s, (47)

where p = min{s,r + 1} and ¢ > 0 is independent of h.

Proof. Setting ¢ = u — ul}fs in (3.17), multiplying (3.17) by u — ufs, and integrating over Q, we
have

”u—uES”2 = f (A2w> <u uh )dx—aNg<w u- ul}fs>
Q

_ NS
=aN5<’w—l_Ihw,u uh +ZZI {ATT,w} a<uanuh> ds
eeé

23 [ fa (o) [ s
ecé
NS
—aNg,(w ITw,u— u +ZZI {ATT,w} % ds

eeé
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fA(w th)A<u ul}fs>dx

KEth
6<u uhs u ulpfs>
+SZI {A(TTw — w)} o ds+22f {Aw} | ————=|ds
ecé ecé
= Il + I2 + I3,
(4.8)
where we use [T,w € HS(Q). We estimate I; as follows:
L = J‘ Alw - th)A<u uI;IS)dxg”u uh ” |l — TTpeo||,
KEeT, (4.9)
w |
We estimate I, as follows:
—6<u—u1;fs>
L =3 {A(TT —=|d
=33, | (80w —w)) | S s
NS
0~ Pu) O(Puu = 1)
=3§£J' {A(ITw — w)}_a—n ds+3§f A(ITw - w)) — ds
1/2 i )\ 172
o(u— Pyu
< C<Z”w—nhw“§,e> <Z %] >
ecé ecé n 0O,e
1/2
5 172 8(Phu—u1}fs)
. <Z||w—nhw||2,e> SI———%—
ecé ecé
0,e
3/2(1,u=3/2 1/2 _ NS NS
< ch <h lullls + ch ”Phu u, “h>”u uh ” u-u, ”
(4.10)
We estimate I3 as follows:
u—udS o(u—uls
ISZZZJ‘ {Aw} —h> ds—ZZj {Aw - C°} # ds
ecé on ecé n
o( Py — uds
=2ZI {Aw-C°) [6(u P 4 +2Zj {Aw-C°) 0P 1Y) ds
on
ecé ecé
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1/2 1/2
C<Z||Aw—Ce||§,e> (leu—Phullie>
ecé ecé

5 102
) 1/2 6<Phu—u1}:ls>

+<2||Aw—<:fuo,g> M=

e€é ecé

0,e
1/2

c<z||Aw—cené,e> (P2l + b 2| P = S| )

ecé

1/2
- 2
< cht?? (ZIIAw - CE”O,e> Izl ll,

eeé
(4.11)
where C¢ is some positive constant. Substituting the following estimate
Sllaw - I3, < e ellwlB, < chlwlf < chllu -S| (4.12)
ecé ecé
into (4.11) gives
I; < ch™ u- uI;S”. (4.13)
Finally, substituting (4.9)-(4.13) into (4.8), we obtain
e = ]| < e (4.14)
0

5. C’ Superpenalty Nonsymmetric Method

In order to obtain the optimal L? error estimate for the nonsymmetric method, in this section
we will consider the C° superpenalty nonsymmetric method. First, we introduce a new
nonsymmetric bilinear form:

asns(u,v) = f AulAvdx — f {Au} [ ]ds+2f {Av} [6 ]ds
KeTy, ecé

eeé

(5.1)

13
ecé h
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The broken H? norm is modified to

1/2
1 || [ovn]]?
Nonlll, = < > lonl, + D, |—h] > , Yop €V (5.2)
h on | loe

KeT,, ecé e

From Lemma 2.1, it is easy to show that there exists some constant «, > 0 such that
2
asns(vn, on) = ®2l||[vnlll,,  Yon € Vi (5.3)

In fact, we have

5.

asns(0n,vn) = D, | AvkllG ¢ + Z

3
KeTy, eeéh
ounlll?

> zz < Z ||AUh||01< + Z ] (5.4)

eef_ KeT, eeé Oe

avh 2 ko ’ 5

> ZZ + 5 3 [onbk > walllonl I

eeé O KeT,

for x» = min{1/2,%/2}. Since the solution u to problem (2.1) belongs to H*(Q) N Hg(Q),
then it satisfies

asns(u,v) = (f,v), YoeV. (SNSP)

In this case, the the C? superpenalty nonsymmetric finite element approximation of (2.1) is

find uSNS €V}, such that,

(5.5)
asNs <uﬁNS, Uh) = (f,on), Yo € Vp.
Then, we have the following orthogonal equation:
AasNS (uiNS -Uu, Uh> =0, VYo, €V, (5.6)

Let IT, be the C! continuous interpolated operator defined in Section 3. Observe that
[(Ou —I1u)/0n] = 0 on every e € &, and proceeding as in the proof of Lemmas 3.2 and 4.1,
we have the following.

Lemma 5.1. Forall ¢ € V, there holds

ans (¢ T, o) < ch*|onlll, Yoy, € Vi, (5.7)

where y = min{s,r + 1} and ¢ > 0 is independent of h.
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Using Lemma 5.1, the following optimal broken H? error estimate holds.

Theorem 5.2. Suppose that u € V and u;N° € Vy, are the solutions to problems (SNSP) and (5.5),
respectively; then there holds

o= |, < er=20aall, (5.8)

where p = min{s, r + 1} and ¢ > 0 is independent of h.
The main result in this section is the following optimal L? error estimate.

Theorem 5.3. Suppose that u € V and uleS € Vi, are the solutions to problems (SNSP) and (5.5),
respectively; then there holds

oo = 245| < ch i, (5.9)

where y = min{s,r + 1} and ¢ > 0 is independent of h.

Proof. Let g = u — u™°. Multiplying (3.17) by u — u;"° and integrating over Q, we have

SNS
=

f Q<A2w> <” ”}SlNS>dx = asns (w u- uﬁNs>

6<u uleS>
aSNg<w IT,w,u— uf’lNS +ZZI {ATTw} B ds
eeé

—ZZI A u-— uSNS [6th]ds

ecé

6<u uSNs>
anh d

asNs (w -I,w,u—- uSNS + ZZ J‘ {ATT,w} s

ecé

f Alw - th)A<u uiNS’)dx

KeTy,
6<u uiNs u uiNs>
+32f (ITyw —w)} — ds+ZZJ‘ {Aw} | ———= | ds
eeé n ecé on
= 14 + 15 + 16,

(5.10)
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where we use IT,w € C'(Q) N Hg(Q). Proceeding as in the proof of Theorem 4.2, we can
estimate I and I5 as follows:

I, = Zj A(w—th)A<u uiNs> u- uiNS ', (5.11)
KeT, K
a<u uiNS>
15=3Zj (A0 -~ w)) | === | ds < ch||ull,|u - uﬁNSH. (5.12)

eeé

The different estimate compared to Theorem 4.3 is the estimate of I¢. Under the new norm
Il - [1ln, we have

uSNS (u uSNS)
I6=ZZI {Aw} —h ds—ZZJ‘ {Aw - ¢} —h ds

eeé on prer] on
2 1/2
(smsw-ci) (53] [
c| 2 hllAw - Cllg, Sl ==
, 3
ecé eeéhe on
0,e
2 SNS SNS SNS
< el fu =S| =[], < ¢

Substituting (5.11)—(5.13) into (5.10) yields the following optimal L? error estimate:

||u u2N5|| < ch||[ul]l.. (5.14)
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