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We study a g-analog of a singularly perturbed Cauchy problem with irregular singularity in the
complex domain which generalizes a previous result by Malek in (2011). First, we construct
solutions defined in open g-spirals to the origin. By means of a g-Gevrey version of Malgrange-
Sibuya theorem we show the existence of a formal power series in the perturbation parameter
which turns out to be the g-Gevrey asymptotic expansion (of certain type) of the actual solutions.

1. Introduction

We study a family of g-difference-differential equations of the following form:
s-1
et X (e, qt,z) + 05X (e,t,2) = Zbk(e, z) (toq)mo* <6IZ‘X> (e, t,zg™*), (1.1)
k=0

where g € C such that |g| > 1,mq, m;, are positive integers, bi (e, z) are polynomials in z
with holomorphic coefficients in e on some neighborhood of 0 in C, and o, is the dilation
operator given by (0,X)(e, t,z) = X(€,qt, z). As in previous works [1-3], the map (t,z)
(g™oxt, zqg7™*) is assumed to be a volume shrinking map, meaning that the modulus of the
Jacobian determinant |g|"™**"""* is less than 1, for every 0 < k < S - 1.

In [4], the second author studies a similar singularly perturbed Cauchy problem. In
this previous work, the polynomial by (e, z) := 3’ .c; bks(€)z° is such that, forall 0 < k < -1, Ix
is a finite subset of N = {0,1,...} and bys(e) are bounded holomorphic functions on some
disc D(0,7p) in C which verify that the origin is a zero of order at least mgx. The main
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point on these flatness conditions on the coefficients in by (e, z) is that the method used
by Canalis-Durand et al. in [5] could be adapted so that the initial singularly perturbed
problem turns into an auxiliary regularly perturbed g-difference-differential equation with
an irregular singularity at t = 0, preserving holomorphic coefficients by, (we refer to [4] for
the details). These constricting conditions on the flatness of b (e, z) is now omitted, so that
previous result is generalized. In the present work we will make use not only of the procedure
considered in [5] but also of the methodology followed in [6]. In that work, the second author
considers a family of singularly perturbed nonlinear partial differential equations such that
the coefficients appearing possess poles with respect to € at the origin after the change of
variable t +— t/e. This scenario fits our problem.

In both the present work and [6], the procedure for locating actual solutions relies on
the research of certain appropriate Banach spaces. The ones appearing here may be regarded
as g-analogs of the ones in [6].

In order to fix ideas we first settle a brief summary of the procedure followed. We
consider a finite family of discrete g-spirals (U;q4™"),, in such a way that it provides a good
covering at 0 (Definition 4.6).

We depart from a finite family, with indices belonging to a set 9, of perturbed Cauchy
problems (4.22) and (4.23). Let I € D be fixed. Firstly, by means of a nondiscrete g-analog of
Laplace transform introduced by Zhang in [7] (for details on classical Laplace transform we
refer to [8, 9]), we are able to transform our initial problem into auxiliary equation (2.13) (or
(3.8)).

The transformed problem fits into a certain Cauchy auxiliary problem such as (2.13)
and (2.14) which is considered in Section 2. Here, its solution is found in the space of formal
power series in z with coefficients belonging to the space of holomorphic functions defined
in the product of discrete g-spirals to the origin in the variable ¢ (this domain corresponds
to U~ in the auxiliary transformed problem) times a continuous g-spiral to infinity in the
variable 7 (V;g® for the auxiliary equation). Moreover, for any fixed ¢ and regarding our
auxiliary equation, one can deduce that the coefficients, as functions in the variable 7, belong
to the Banach space of holomorphic functions in Vig® subject to g-Gevrey bounds

T Cﬁl I*Alﬂz
€

)W;(e,7)| < CpIHP Mg’IT/el , TeVig®, (1.2)

for positive constants C1,C, M, H, A1 > 0, where the index of the coefficient considered is f
(see Theorem 2.4).

Also, the transformed problem fits into the auxiliary problem (3.8) and (3.9), studied
in detail in Section 3. In this case, the solution is found in the space of formal power series in
z with coefficients belonging to the space of holomorphic functions defined in the product of
a punctured disc at 0 in the variable e times a punctured disc at the origin in 7. For a fixed
€, the coefficients belong to the Banach space of holomorphic functions in D(0, po) \ {0} such
that

|Wie,7)| < CptHP MO/ el|e |, 7€ D(0, p0) \ (0}, (13)

for positive constants C;,C, M, H, A1 > 0 when f is the index of the coefficient considered
(see Theorem 3.4).
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From these results, we get a sequence (Wé )peN consisting of holomorphic functions in

the variable 7 so that the g-Laplace transform can be applied to its elements. In addition, the
function

p
Xi(e,t,z) = > LY We, et) = (1.4)

= g1 " p B!

turns out to be a holomorphic function defined in U;q ™" x T x C which is a solution of the
initial problem. Here, T is an adequate open half g-spiral to 0 and .\; corresponds to certain
g-directions for the g-Laplace transform (see Proposition 4.3). The way to proceed is also
followed by the authors in [10, 11] when studying asymptotic properties of analytic solutions
of g-difference equations with irregular singularities.

It is worth pointing out that the choice of a continuous summation procedure unlike
the discrete one in [4] is due to the requirement of the Cauchy theorem on the way.

At this point we own a finite family (X;)c, of solutions of (4.22) and (4.23). The main
goal is to study its asymptotic behavior at the origin in some sense. Let p > 0. One observes
(Theorem 4.11) that whenever the intersection U; N Uy is not empty we have

IX1(e,t,z) — Xp(e,t,2)| < Cre~(1/AN0glel (1.5)

for positive constants Cy, A and for every (e, t,z) € (LIIq’N N LIpq’N) x Tx D(0,p). Equation
(1.5) implies that the difference of two solutions of (4.22) and (4.23) admits g-Gevrey null
expansion of type A > 0 at 0 in U; N Uy as a function with values in the Banach space
Hz, of holomorphic bounded functions defined in T x D(0, p) endowed with the supremum
norm. Flatness condition (1.5) allows us to establish the main result of the present work
(Theorem 6.3): the existence of a formal power series

R(e) = 3,75k e He,[lell, (16)
k>0 "

formal solution of (1.1), such that, for every I € 0, each of the actual solutions (1.4) of
the problem (4.22) and (4.23) admits X as its g-Gevrey expansion of a certain type in the
corresponding domain of definition.

The main result heavily rests on a Malgrange-Sibuya-type theorem involving g-Gevrey
bounds, which generalizes a result in [4] where no precise bounds on the asymptotic
appear. In this step, we make use of the Whitney-type extension results in the framework
of ultradifferentiable functions. The Whitney-type extension theory is widely studied in
literature under the framework of ultradifferentiable functions subject to bounds of their
derivatives (see e.g., [12, 13]) and also it is a useful tool taken into account on the study of
continuity of ultraholomorphic operators (see [14-16]). It is also worth saying that, although
g-Gevrey bounds have been achieved in the present work, the type involved might be
increased when applying an extension result for ultradifferentiable functions from [13].

The paper is organized as follows.

In Sections 2 and 3, we introduce Banach spaces of formal power series and solve
auxiliary Cauchy problems involving these spaces. In Section 2, this is done when the
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variables rely in a product of a discrete g-spiral to the origin times a g-spiral to infinity, while
in Section 3 it is done when working on a product of a punctured disc at 0 times a disc at 0.

In Section4 we first recall definitions and some properties related to g-Laplace
transform appearing in [7], firstly developed by Zhang. In this section we also find actual
solutions of the main Cauchy problem (4.22) and (4.23) and settle a flatness condition on
the difference of two of them so that, when regarding the difference of two solutions in the
variable ¢, we are able to give some information on its asymptotic behavior at 0. Finally,
in Section 6 we conclude with the existence of a formal power series in € with coefficients
in an adequate Banach space of functions which solves in a formal sense the problem
considered. The procedure heavily rests on a g-Gevrey version of the Malgrange-Sibuya
theorem, developed in Section 5.

2. A Cauchy Problem in Weighted Banach Spaces of Taylor Series

M, A1, C > 0 are fixed positive real numbers throughout the whole paper.
Let U, V be nonempty bounded open sets in C* := C\ {0}, and let g € C* such that
lg] > 1. We define

UgV={eg"eC:ecU neN}, Vq]R*:{que(C:TEV,leR,ZEO}. (2.1)

We assume there exists M; > 0 such that |7 + 1| > M for all T € Vg® and also that the
distance from the set V to the origin is positive.

Definition 2.1. Let e € Ug™ and € N. Eg.vge denotes the vector space of functions v €
O(Vg®) such that

T

€

[o(7)]
eMlog’|r/e|

-Cp )
||U(T)||ﬂ/€lvque+ = sup { }|q|A1ﬁ (2.2)

TeVgk+

is finite.
Let6 > 0. H(e, b, VqR+) denotes the complex vector space of all formal series v(7, z) =
2.6>00p (7)zP / B! belonging to O(Vg*+)[[z]] such that

&P
lo(7, 2) |l e.6,vqes) = Z”vﬂ(T)”ﬂ,s,VqRJrﬁ < 0. (2.3)
320 '

It is straightforward to check that the pair (H(e, 6, V™), || - ||(€,5/qu+)) is a Banach space.

We consider the formal integration operator 97! defined on O(Vg*+)[[z]] by

B
0100 2) = T (Mg € O(Va™ )=, (24)
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Lemma 2.2. Let s, k,m;,m, € N, 6 >0, € € Uq’N. One assumes that the following conditions
hold:

my < C(k +5s), my > 2(k +s)A;. (2.5)

Then, there exists a constant C; = Ci(s, k,my,mp, V,U,C, A1) (not depending on € nor 6)
such that

(€,6,Vqt+) = C16k+sllv(7—r Z)”(e,&,VqR*)f (2.6)
€,6,Vqh+

z° (g) 0 v (1,247™)

for every v € H(e, 6, Vq™).

Proof. Letv(t,z) = Zﬂzovﬂ(T)(zﬁ/ﬂ!) € O(Vg*)[[z]]. We have that

\ ™ T\™ p! 12
=(2) oto(rzg ™) 12 (5) w0
— =) @l
€ (€,6,Vq*+) pokrs N € ('ﬁ S)!qmzm VP (e,6,VqF+)
T\™ p! 1 6
= =) k) (T) = ar
ﬂzzhs <€> (B—s)tqm#= Be Vs p
2.7)

Taking into account the definition of the norm || - || pevaier We get

! 1

\™ p s
<E) VB (k+s) (T) WS), grm(P-s)

Ay (p-(k+s)) | q|p<ﬂ)

ﬁ,e,vq]R+ (ﬂ

|Uﬂ—(k+s) (1) | —C(p~(k+s))
sup \—————
TEV R+ eMlog IT/€l

T
€

€
T

C(k+s)—my }

(2.8)

with p(f) = A1 — A1(f - (k+5))* — my(B — s). From (2.5) we derive |¢/7|“*™™ <

(Cu/Cy)*)™™ for every e € Ug™ and 7 € Vg*, where 0 < Cy := min{|z| : T € V}
and 0 < Cy; := max{|e| : € € U}. Moreover,

p(B) = 2k +5) A1 = my)p - (k +5)* Ay + mas, (2.9)

for every f € N. Regarding condition (2.5) we obtain the existence of C; > 0 such that

C(k+s)—my

- la]P? < cy, (2.10)

T




6 Abstract and Applied Analysis

for every T € Vg™ and f € N. Inequality (2.6) follows from (2.7), (2.8), and (2.10):

T my B B ﬂ' 6ﬂ
zs<—> o fv (T, zg™ <C VB (k+s) (T) v Ta N Al
c ( q ) 5Va™) 1[5;5” p—(k+s) ”ﬂ7(k+s),e,VqR (ﬁ—S)! ,B!
6ﬂ—(k+s)
SC6k+S Vp—(k+s) (T) B
1 ﬂgs” p—(k+s) ”p—(k+s),e,Vq (,6_ (k + S))!
(2.11)
O

Lemma 2.3. Let F(e, T) be a holomorphic and bounded function defined on Uq™ x Vg®+. Then, there
exists a constant C, = Co(F,U, V) > 0 such that

IF (e, T)0e(T, 2) | ¢,6,vger) < Callve(T, 2)lle.6,v42) (212)

for every e € Uq™, every 6 > 0, and all v, € H(e, 5, V™).

Proof. Direct calculations regarding the definition of the elements in H (¢, 5, V4®**) allow us to
conclude when taking C, := max{|F(e, 7)| : e € Ug ™™, T € Vg*}. O

Let S > 1 be an integer. For all 0 < k < S -1, let mgx, m . be positive integers and
br(e,z) = X1 brs(€)z® a polynomial in z, where I is a finite subset of N and bys(e) are
holomorphic bounded functions on D(0, ry). We assume Ug™ C D(0, ).

We consider the following functional equation:

S-1
bi (e, 2) }
S — k mo i k my i 21
02Wie,T,z) kzzo—(T e T (82W> (e,7,2q7™*) (2.13)
with initial conditions
(aiw) (e,7,0)=Wj(e,T), 0<j<S-1, (2.14)

where the functions (e, 7) — W;j(e, T) belong to OUg N xVgh) forevery0<j<S-1.
We make the following assumption.

Assumption A. Forevery 0 <k <S-1and s € I, we have

mox <C(S-k+s), myk > 2(S—k+s)A;. (2.15)

Theorem 2.4. Let Assumption A be fulfilled. One also makes the following assumption on the initial
conditions in (2.14): there exist a constant A > 0 and 0 < M < M such that, for every0 < j <S5 -1

[Wie,7)| < Aeos’iT/e, (2.16)
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forallT € Vg®*,e € Ug™. Then, there exists W (e, T, z) € O(Ug™ x Vg®)[[z]], solution of (2.13)
and (2.14), such that, if W (e, T, z) = ZpZOWﬁ(e,T)(zﬁ/ﬂ!), then there exist C; > 0and 0 < 6 < 1
such that

cp
TI T eMiogle/el g4 g >, (2.17)
€

2A:S\ P
[Wi(e, 1) SCzﬁ!<|q|6 >

for every e e Ug™N and T € Vg*+.
Proof. Let € € Uq™. We define the map 4 from O(V4"*+)[[z]] into itself by
& bile2)

Ae <W(T z ) Z (r+ Do Tk [(a’;-SW) (7,2g7™*) + Okw, (1, zq‘m“‘)], (2.18)
k=0

where w, (1, z) := Z]-Sz_ol Wi(e, 7)(2//j!). In the following lemma, we show that the restriction
of o4, to a neighborhood of the origin in H(e, 6, Vg*) is a Lipschitz shrinking map for an
appropriate choice of 6 > 0. O

Lemma 2.5. There exist R > 0 and 6 > 0 (not depending on €) such that

) [|4e(W(1,2))ll (e 5vges) < Rfor every W(z,z) € B(0,R); B(0, R) denotes the closed ball
centered at 0 with radius R in H(e, 6, VqR+);

@)

|2 (Wi, 2)) - o1 (Wa(r, 2)

|W1 (1, 2) — Wa(T, 2 )|| (2.19)

<3|
(e,6,VqP+) 2 (e,6,Vq%)

for every Wl, 17\72 € B(0, R).

Proof. Let R>0and 0 <6 < 1.
For the first part we consider W(r,z) € B(0,R) C H(e, 5,Vg®*). Lemmas 2.2 and 2.3
can be applied so that

o (s )

S-1
M S—k+s||7A7
v S kz z;‘ Ci6 W(z,z) ||

(e,6,Vgi+)
(2.20)

+

T Mo,k

7
(e,6,Vqt+) ]
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with My, = sup,; q,Nlbks(e)l < oo, s €Iy, 0<k <S-1. Taking into account the definition of
H(e, 6, Vg™ ) and (2.16) we have

T\ "ok
€ (€,6,VqR+)

S-1-k mo k j+s

T z

SE) T Wikler)——

= € ] ]!qml,kl

J= (6,6,Vq%+)
Sik “u {|Wj+k(€/T)| T m”’k_c(j+s)}| g% 6"
= TGVqR+ eMiog’lr/el | € ]-!| qlmm

S-1-k |q|A1 (j+5)26j+s

<A max{e*(M*MﬂOgZ(’()xmofkfc(j”) :x>0,0<j+k<S-1, s¢€ Ik}

mkj

= j'ql

<AG,
(2.21)

for a positive constant Cj.

We conclude this first part from an appropriate choice of R and 6 > 0.

For the second part we take 17\71, Wz € B(0,R) C H(e, 6,Vg®). Similar arguments as
before yield

|7 (W) - . (W)

An adequate choice for 6 > 0 allows us to conclude the proof. O

W - Wzn : (2.22)

S-1
My
< 6S—k+s
(e,6,Vare) — kz ZI (€,6,Vq*+)

We choose constants R, 6 as in the previous lemma.

From Lemma 2.5 and taking into account the shrinking map theorem on complete
metric spaces, we guarantee the existence of W, (z,z) € H (¢,0, Vg®+) which is a fixed point
for A4, in B(0, R); it is to say, We(r, 2)|l(esvqr) < Rand o, (We(T,2)) = We(T, 2).

Let us define

We(t, z) == 6;517\75 (1, 2z) + we(T, 2). (2.23)

If we write We(T, z) = 35s0Wpe(7) (2P /) and We(T, 2) = 3 55Wpe(7) (2 /B1), then we have
that Wg,s,. = Wp,e forp>0and Wj(1) = Wj(e,7),0<j<S-1.

From |W,(r, 2)|lesvqr) < R we arrive at ||I7\7;5,s||[;/€,vqmg+ < Rp!(1/6)F for every p > 0.
This implies

cp
I| eMioghr/el|q=4F, (2.24)

€

|[Wie(r)]| < Rﬂ!(%)ﬂ

for every p>0and T € Vg*
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This is valid for every e € Ug™. We define W (e, 7,z) := W(r,z) and Wpg(e, 1) :=
Wy (7) for every (e,7) € Uqg™™ x Vg*,z € Cand p > S. From (2.23), it is straightforward to
prove that W (e, 7, 2) = 3,5,0Wp(e, 7) (2 /p!) is a solution of (2.13) and (2.14).

Moreover, holomorphy of Wy in Ug™ x Vg* for every p > 0 can be deduced from the
recursion formula verified by the coefficients:

Wh+s(€ T) E bin, (€)% Wi,k (€,T)

> 0. .
(T +1)emox  hylgmpih: h20 (2.25)

k=0 h]+hz h h]GIk

This implies that Wy (e, 7) is holomorphic in Ug™ x V¢® for every p € N.

It only remiains to prove (2.17). Upper and lower bounds for the modulus of the
elements in Ug™ and Vg®, respectively, and usual calculations lead us to assure the
existence of a positive constant R; > 0 such that

2A:S
[Wate, )| = [Wpose(r)| < Rlp!<|q| >

cp
T| eMegn/el| g~ (2.26)
€

for every > S, and for every € € Ug™ and 7 € Vg*+. This concludes the proof for > S.
Hypothesis (2.16) leads us to obtain (2.26) for0 < k < S -1.

Remark 2.6. If s > 0 for every s € I, 0 < k < S -1, then, for every R > 0, there exists small
enough 6 > 0 in such a way that Lemma 2.5 holds.

3. Second Cauchy Problem in a Weighted Banach Space of
Taylor Series

This section is devoted to the study of the same equation as in the previous section when
the initial conditions are of a different nature. Proofs will only be sketched not to repeat
calculations.

Let1 < pg, and let U C C*, a bounded and open set with positive distance to the origin.
DPO stands for D(0, po) \ {0} in this section. M, A;, C remain the same positive constants as in
the previous section.

Definition 3.1. Let rp > 0, € D(0,1p) \ {0}, and § € N. E?
functions v € O(D,,) such that

B, denotes the vector space of

— le | AP
[0(@)lgep,, = Su_P{Iv( g (1l (3.1)
T€D,,

is finite. Let 6 > 0. Ha(e, 6, Dpo) stands for the vector space of all formal series v(7,z) =
2.p>00p (1)zP / B! belonging to O(D,,)[[z]] such that

&P
[0(7, 2)l (e, = Zlvl‘(T)'ﬂ,s,Dp —7 < oo (3.2)
= o f!

It is straightforward to check that the pair (Hx(¢, 6, DPO), | - |(€/5po0)) is a Banach space.



10 Abstract and Applied Analysis

Lemma 3.2. Let s,k,my,my € N, 6 > 0and € € D(0,r9) \ {0}. One assumes that the following
conditions hold:

my; < C(k +5s), my > 2(k +s)A;. (3.3)

Then, there exists a constant C, = C1(s, k, my, my, DPO, U) (not depending on e nor 6) such
that

(3.4)

z5 <£) a;k’()(T, Zq_mz) ) < C16k+s|v(T/ Z)l(e,ﬁ,D

) 7
(6,09 ”

for every v € Hy(€,6,D,,).

Proof. Let v(1,z) € O(D,,)[[z]]. The proof follows similar steps to those in Lemma 2.2. We
have

T\™ p! 1 o
(%) o O i |

(S/S,Dpo) p>k+s

z° <£> 0 v (1,247™)

(3.5)

€Dy,
From the definition of the norm |- |5, , we get

T ! 1

nm ﬁ' ﬂ
<E> %519 (7) (53

!

< Ay (p-(k+s))? | qlp(ﬁ)

pep, (P

X sup Mldc(ﬂ*(kﬁ)) pm1|€|C(k+s)*m1
TeD, eMlog|7/e| 0 ’

(3.6)

with p(f) = A1p* — A1(B - (k + $))? — my (p — 5). Identical arguments to those in Lemma 2.2
allow us to conclude. O

Lemma 3.3. Let F(e, 7) be a holomorphic and bounded function defined on (D(0, 7o) \ {0}) x D,,.
Then, there exists a constant C, = Co(F) > 0 such that

IF(e,7)0e(7, D)0 5.5,,) < CalPe(T, 2l 50 (3.7)

Po) - Po)

for every e € D(0,1y) \ {0}, every 6 > 0, and every v, € H> (€, 6, DPO).

Let S, 1y, mox, mix and by, as in Section2 and py > 0. One considers the Cauchy
problem

= bk(el Z)

afW(e, T, Z) = Z
k=0

_R\ ) mok gk —my
i (7 + T)emor (azW>(€fTrzq ) (3.8)
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with initial conditions

(aiw) (6,7,0) = Wj(e,T), 0<j<S-1, (3.9)

where the functions (e, 7) — W;(e, ) belong to O((D(0, 1) \ {0}) x DPU) forevery0<j<S-1.
Theorem 3.4. Let Assumption A be fulfilled. One makes the following assumption on the initial
conditions (3.9): there exist constants A > 0and 0 < M < M such that

[Wie,7)| < AeMlos’iT/e, (3.10)

for every T € Dpo,e € D(0,79) \ {0} and 0 < j < S—1. Then, there exists W (e, T, z) € O((D(0,19) \
{0}) x DPO)[[z]], solution of (3.8) and (3.9) such that, if W (e, T,z) = ZﬂZOWp(e,T)(zﬂ/ﬁ!), then
there exist C3 > 0and 0 < 6 < 1 such that

24,5\ P
[Wis(e, )| < Csp! <|‘7|T> e[ CPeMiosIe/el|g| =M g >, (3.11)

for every e € D(0,1p) \ {0} and T € D,,,.

Proof. The proof of Theorem 2.4 can be adapted here so details will be omitted.
Lete € D(0,1p) \ {0} and 0 < & < 1. We consider the map 4. from O(DPO)[[Z]] into
itself defined as in (2.18) and construct w, (7, z) as above. From (3.10) we derive

T mo k
i <E> Ozwe(r,24™™)

(€,6,D9)
S-1-k |€|C(j+5) M0k a2 OIS
B ‘ T 1j+5) (3.12)
= Z Sup|W]+k(€,T)| Mioglle/7] | € | | [k
S ren,, e j'lal
!
S AC?,/

for a positive constant C; not depending on € nor 6.

Lemmas 3.2, 3.3, and (3.12) allow us to affirm that one can find R > 0 and 6 > 0 such
that the restriction of &, to the disc D(0,R) in H»(e,6,D,,) is a Lipschitz shrinking map.
Moreover, there exists W.(t, z) € Ha(e, 6, D,,) which is a fixed point for & in B(0, R).

If we put We(T,2) = 350Wpe(T)(2#/p!), then one gets |W,;,€|ﬂ,elbm < RpB!(1/6)F for
p > 0. This implies

— 1\/ - .
|Wp,e(’r)| < Rﬂ!(S) le| PeMs’IT/el| g~ P >0, reD,,. (3.13)
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The formal power series

W(e, T, z) = ZW[}_S,S(T)Z—? +we(T,2) = ZWﬂ(e, 7)o
p=S P! B0 P!

2 (3.14)

turns out to be a solution of (3.8) and (3.9) verifying that Wj(e, 7) is a holomorphic function
in (D(0, 1) \ {0}) x Dp0 and the estimates (3.11) hold for > 0. O

4. Analytic Solutions in a Small Parameter of
a Singularly Perturbed Problem

4.1. A g-Analog of the Laplace Transform and q-Asymptotic Expansion

In this subsection, we recall the definition and several results related to the Jacobi Theta
function and also a g-analog of the Laplace transform which was firstly developed by Zhang
in [7].

Let g € C such that |g| > 1.

The Jacobi Theta function is defined in C* by

Ox) = Zq""(”_l)/zxn, xeC. (4.1)

nez

From the fact that the Jacobi Theta function satisfies the functional equation xgO(x) = ©(gx),
for x#0, we have

O(q"x) = gmm D/ 2xmQ(x), x€C, x#0 4.2)

for every m € Z. The following lower bounds for the Jacobi Theta function will be useful in
the sequel.

Lemma 4.1. Let 6 > 0. There exists C > 0 (not depending on ) such that
O(x)] > C&ellos’lxD)/21og /2, (4.3)

for every x € C* such that |1 + xq*| > 6 for all k € Z.

Proof. Let 6 > 0. From Lemma 5.1.6 in [17] we get the existence of a positive constant C; such
that |©(x)| > C1604/(|x|) for every x € C* such that |1 + xg*| > 6 for all k € Z. Now,

@|q|(|x|) — Z|q|—n(1’l—1)/2|x|n 2 l‘fllealeql_n(n_l)/2|x|n- (44)

nez

Let us fix |x|. The function

70 = exp (31t~ D logg] + 1oglx| (45)
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takes its maximum value at ty = log|x|/log|q| + 1/2 with f(t)) = C; exp(log2|x|/2log|q|)
|x|'/2, for certain C, > 0. Taking into account that

-n(n-1)/2 ~(lto]~t0)?/2 -1/2
max|q| """ 2 f(lto]) = f(to)|a] "2 2 fit) gl (4.6)
one can conclude the result. Here |-] stands for the entire part. O

Corollary 4.2. Let 6 > 0. For any ¢ € (0,1) there exists C¢ = C¢(6) > 0 such that
10(x)| > Céeglogzwx|/210g|q|, (4.7)

for every x € C* such that |1 + xq*| > 6, for all k € Z.

From now on, (H, || - ||;;) stands for a complex Banach space.
Forany L€ Cand 6 >0

1+L

R ={zeC":
Aq,6 { qu

> 6, Vk € R}. (4.8)

The following definition corresponds to a g-analog of the Laplace transform and can
be found in [7] when working with sectors in the complex plane.

Proposition 4.3. Let 6 > 0 and py > 0. One fixes an open and bounded set V in C* such that
D(0,po) NV #0. Let A € D(0, po) NV, and, f be a holomorphic function defined in D, with values
in H such that let can be extended to a function F defined in D,, UV q® and

IF ()|l < Cre™Mos™,  x e D, uVg®, (4.9)

for positive constants C1 > 0 and 0 < M < 1/21og|q].
Let 775 =108(@)[Luso(1 — g1 ", and put

_ 1 (P FR) 4
‘Z:]\;lF(Z) = J[_q J‘O mg, (410)

where the path [0, c0)] is given by t € (—o0,0) — g'A. Then, ,Eg;lF defines a holomorphic function
in Ry 4, and it is known as the q-Laplace transform of f following direction [A].

Proof. Let K C R, 45 be a compact set and z € K. From the parametrization of the path [0, coA]
we have

=\ F@) dé = F(q'))
o O@/z2) ¢ = log(q) Lo

(4.11)
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Let 0 < & < 1such that 0 < M < ¢;/2log|g|, and let t € R. We have that w = g'\/ z satisfies
|1 + g*w| > 6 for every k € Z. Corollary 4.2 and (4.9) yield

f “ | _F(g'V)
—» ||©(g'\/ 2)

J¢oo Cleﬁlogzqu/\\
T ) oo Cs e(&1/210g1qDlog? g1/ =]
H ® 4 (4.12)

[ee] R
< Llf |th|§1 10g|z|/10g|q‘e(M7§1/210g|q\)10g2|q[)l|dt’

—0o0

for a positive constant L. There exist 0 < A < B such that A < |z| < B for every z € K, so that
the last term in the chain of inequalities above is upper bounded by

~log ||/ logq] _
log A/ 1 _ 2
Llj |qt)L|§1 og A/ Oglqle(M &1 /2loglqDlog?lg'Al 7

—o0

- (4.13)
+L, J' qt 1 &1 log B/ log|q| e(ﬁ*§1/210g\q|)log2|q’k\ dt.
—logl|Al/ log|q|

The result follows from this last expression. O

Remark 4.4. 1f we let M = 1/2log|q|, then 153;11-" will only remain holomorphic in R) 45 N
D(0,r,) for certain 1 > 0.

In the next proposition, we recall a commutation formula for the g-Laplace transform
and the multiplication by a polynomial.

Proposition 4.5. Let V be an open and bounded set in C* and D(0, po) such that V.n D(0, py) # 0.
Let ¢ be a holomorphic function on Vg® U D, with values in the Banach space (H, || - |ly) which

satisfies the following estimates: there exist Cy > 0 and 0 < M < 1/21log |q| such that

)|l < Cre™es ™, x e D, UVg®. (4.14)

Then, the function m(t) = T$(t) is holomorphic on Vg™ U D, and satisfies estimates in the shape
above. Let A € V. N D(0, pg) and 6 > 0. One has the following equality:

£, (md) () = tL,,d(qt) (4.15)

for everyt € R) 4.

Proof. It is direct to prove that m¢ is a holomorphic function in Vg* U D, and also that m¢
verifies bounds as in (4.14). From (4.2) we have ©(x) = xO(x/q), x € C*, so

1 (= (mp)@)dg 1 (%% ¢@)
A _ - Y =
‘eq;l (m(i)) ()= Trg fo O/t ¢ )y O/

_1 9@
mg ) (§/H)O(2/qt)

dg
(4.16)

dé =1Ly, (¢)(qt),

for every t € Ry 4. O
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4.2. Analytic Solutions in a Parameter of a Singularly Perturbed
Cauchy Problem

The following definition of a good covering firstly appeared in [17], p. 36.
Definition 4.6. Let I = (I;,1,) be a pair of open intervals in R each one of length smaller than
1/4, and let U; be the corresponding open bounded set in C* defined by

Uy = {62’”” ”e(C*:ueIl,velz}. (4.17)

Let O be a finite family of tuple I as above verifying
(1) Uyenr(U1g™) = v\ {0}, where v is a neighborhood of 0 in C,
(2) the open sets U;q™N, I € O are four-by-four disjoint.

Then, we say that (U;q™"),., is a good covering.

Definition 4.7. Let (Uiq™"),., be a good covering. Let 6 > 0. We consider a family of open
bounded sets {(V1)cy, T} in C* such that

(1) there exists 1 < pg with Vi N D(0, pg) #0, forall I € 9,
(2) forevery I € Dand 7 € Vig%, |t +1| > 6,
(3) forevery I € 0,t € C,e, € Uy, and A, € VIND(0, pg), we have

(%4

eutq”

1+

> 6, (4.18)

for every r € R,
(4) |t| < 1forevery t € T.
We say that the family {(V;),c,, T} is associated to the good covering (U;q ™) e
Let S > 1 be an integer. For every 0 < k < S -1, let mqy, my x be positive integers
and bi(e,z) = 3.1 bks(€)z® a polynomial in z, where Iy is a subset of N and bys(e) are

bounded holomorphic functions on some disc D(0,rg) in C,0 < rgp < 1. Let (LIIq‘N) 1e0 be
a good covering such that Ug™ € D(0, ) for every I € J.

Assumption B. We have

1

M < .
2log|q]|

(4.19)

Definition 4.8. Let py > 1 such that V.0 D(0, po) #0. Let A, M > 0 such that M < M, and that
(e,7) — W (e, ) be a bounded holomorphic function on (D(0,ro) \ {0}) x D,, verifying

W (e, 7)| < AeMoglT/el, (4.20)



16 Abstract and Applied Analysis

for every (e,7) € (D(0,1p) \ {0}) x Dpo. Assume moreover that W (e, T) can be extended to an
analytic function (e, 7) — Wyv (e, 7) on Ug™ x (Vg* U D,,) and

Wuv (e, 7)| < AeMog’lr/el, (4.21)

for every (e,7) € Uq ™ x (Vg UD,,). One says that the set {W, Wy, po} is admissible.
Let O be a finite family of indices. For every I € O, we consider the following singularly
perturbed Cauchy problem:

5-1
etdIX; (e, qt, z) + 05X (e, t, 2) = Zbk(e, z) (tog)™™* <6§X1> (e, t,zq7™*) (4.22)
k=0

with b as in (2.13), and with initial conditions

(aixf)(e, £,0) = dri(e,t), 0<j<S-1, (4.23)

where the functions ¢ ;(e, t) are constructed as follows. Let {(V});cy, C} be a family of open
sets associated to the good covering (U;q™"),.,. For every 0 < j < S—1and I € 0, let
{W;,Wu,v,j,po} be an admissible set. Let A; be a complex number in V; N D(0, pp). We can
assume that rp < 1 < |Ag]. If not, we diminish ry as desired. We put

drilet) = /13;1 (T +— Wu,v,,i(€,7)) (€, €t). (4.24)

Lemma 4.9. The function (e, t) — ¢1,(e, t), constructed as above, turns out to be holomorphic and
bounded on U g™ x T for every I € Dand all0 < j < S—-1.

Proof. LetI € Dand 0 < j < S —1. From (4.21), one has

Fy P fy i v [y
|WLI1,V1,j (€, T)| < AeMlog IT/el _ AeMlog |e\|T|—2M10g|e|eMlog |T\, (425)

for every (e,7) € Uig™ x (Vigh UD,,). Let e € Urg N and M < M, < 1/2log|q]. Then,
(4.25) can be upper bounded by A exp(ﬁzlogzm), for some A = Z(e) > (. Estimates in (4.9)
hold so that Proposition 4.3 can be applied here. The third item in Definition 4.7 derives the
holomorphy of ¢;; on U;g™ x T.

We now prove the boundness of ¢; ; in its domain of definition. One has
A A A
|pri(e D] = [ 23 Wuvi (e et)| < |23 Wuvii(e,et)| + |23 Wuviite et)|,

(4.26)
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for every (e,t) € U;g™ x T, where

Wu,v,i(€,9°A1) s
O(g°A;/et) ’

log(q) J‘O Wu, v, (e,q°\1)
Ty e O(q°Mi/et)

log(q) (*

Ar

1q;1,+WLI[,VI,j (€, 6[‘) = . fo
(4.27)

A
ﬁq;ll WLII,VI,]',— (€, Et) =

We only give bounds for the first integral. The estimates for the second one can be deduced
following a similar procedure.
Let 0 < ¢ <1 such that M < ¢/21og|g|. From Corollary 4.2 and (4.21) we deduce

Wu,v, (e,q°\1)
©(g°\1/et)

|log(q)| [~

rh
|7rq| 0

a1+

WUI,VI,]'(E/ et) | <

< |10g(6]>|A foo eMlogz‘qu\I/d
T |mg|Ce Jo edlogllaii/etl/21oglql

|1Og(q) | A e(ﬁ—g/Zlog\q|)log2|)q/e|e—§10g2|t|/210g Iqleélog\)q/eﬂog t|/ log |q]
|| C

@ — —
x f 2(M=(¢/21ogqD)log’|qls* o (M=¢/2log |q) log |ql log A1 /els pé log tls 7 < Cj,
0

(4.28)

for some C; > 0 which does not depend on e nor t. O

The following assumption is related to technical reasons appearing in the proof of
Lemma 4.9 and Theorem 4.11.

Assumption C. There exist aj,a, >0, 0 <¢, 3 < 1 such that
(C1) M <¢/2loglql,
(C2)¢/2-Mlog|gq|-Cai/2a; >0,
(C.3) Cay/2ay + C2/4glog Ig]1(¢/21og|g| — M) < Aj.
The next remark clarifies the availability of these constants for a posed problem.
Remark 4.10. Assumptions A, B, and C strongly depend on the choice of g whose modulus
must rest near 1. For example, these assumptions on the constants are verified when taking

loglgl =1/16, M =1, Ay =5, C=1,¢=1/2, ¢ =1/2, a1 =1, a = 4. Then, the next
theorem provides a solution for the equation

etd*X; (e, qt, z) +02X1(e,t,z) = (boo(€) +bo1 (€)z) 2 X <e, qzt, zq‘30> +b1(e)t0. Xy (e, qt, zq‘w),
(4.29)

with by, bo1, b1 being holomorphic functions near the origin.
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Theorem 4.11. Let Assumption A be fulfilled by the integers mg, mix, for 0 < k < S —1 and also
Assumptions B and C for M, A1, C. One considers the problem (4.22) and (4.23) where the initial
conditions are constructed as above. Then, for every I € O, the problem (4.22) and (4.23) has a
solution Xi (e, t, z) which is holomorphic and bounded in LIIq‘N x CxC.

Moreover, for every p > 0, if I,I' € D are such that U;q™ N Upg™ #0, then there exists a
positive constant C1 = Cq(p) > 0 such that

1X1(e,t,2) — Xp(e,t,z)| < Cre VA8l (¢t 2) € (Ulq’N N upq*N> x TxD(0,p), (4.30)

with1/A = (1-¢) (¢/2loglq| — M) with ¢, & chosen as in Assumption C.

Proof. Let 6 > 0 and I € 0. We consider the Cauchy problem (3.8) with initial conditions
(0LW)(e,T,0) = Wi(e,7) for 0 < j < S — 1. From Theorem 3.4 we obtain the existence of a
unique formal solution W (e, T, z) = ZﬁZOWﬂ(EI 7)(2P/B) € O((D(0,70) \ {0}) x DPD)[[Z]] and
positive constants C3 > 0 and 0 < 6; < 1 such that

24,5\ P
[Wi(e,7)| < C3ﬁ1<|q|5—1> le|"PeMieslr/e|g) =, p >0, (4.31)

for (¢,7) € (D(0,70) \ {0}) x D,,.

Moreover, from Theorem 2.4 we get that the coefficients Wy (e, ) can be extended to
holomorphic functions defined in U;q™ x V;¢® and also the existence of positive constants
Cy and 0 < 67 < 1 such that

TC

24;5\ P
|W(e, )| SCgﬁ!<|q|6 > T
2

p
eMlogZIT/e\ |q|—A1ﬂ2, ﬂ >0, (4.32)

€

for (e,7) € Urg™ x Vig™.

We choose A; € Vi N D(0, pg). In the following estimates we will make use of the fact
that |e| < |Af| for every e € D(0, 7y \ {0}). Proposition 4.3 allows us to calculate the g-Laplace
transform of W with respect to 7 for every > 0, ﬁ;;l(Wp)(e, 7). It defines a holomorphic
function in lllq‘N X R),,q,5- From the fact that {(V7);cy, T} is chosen to be a family associated
to the good covering (U;q™"),., we derive that the function

(,1) —> .agjl (W) (e, et) (4.33)
is a holomorphic and bounded function defined in U 4" x T. We can define, at least formally,

B
Xi(e,t,2) = 2% (Wp) (e, et) =

24, i (4.34)

in OUg™ x T)[[z]]. If X;(e,t,z) were a holomorphic function in U;g™ x T x C, then
Proposition 4.5 would allow us to affirm that (4.34) is an actual solution of (4.22) and (4.23).
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In order to end the first part of the proof it remian to demonstrate that (4.34) defines in fact a
bounded holomorphic function in U;g™ x T x C. Let (¢,t) € U;g™ x Tand f > 0. We have

L Wie,et)| < | 2hy Wyle,eb)| + |23 Wy(e en), (4.35)

where

1 ® Wy (e, q°A
2 Wye,et) - 0g(4) J‘ p(e q°Ar)
.71'q 0

q;1,+ @(qs)q/et) S,
. (4.36)
1 Ws(e, g°A
24 Wy(e, et) - 0g(q) J‘ pleqh)
i 7g ) O(g°A1/€t)
We now establish bounds for both integrals:
I *® | Ws(e, g°A
24 We,et)| < [log 4] pleqh)], (4.37)
i |l7q] Jo |©(q°Ai/et)

Let 0 < ¢ < 1 as in Assumption C. From (4.32) and (4.7), the previous integral is
bounded by

B s -
llogq| (= C2P1(1a*"/62) |q° s /| PerosTrusel ||

ds
K Cgexp<§log2|q5/\1/et|/210g|q|>
(4.38)
p s, 2| s
sl (WY g (7,
T ml G 6 € 0 exp<§10g2|q511/6t|/210g|q|>

Let a1, a; be as in Assumptions (C.2) and (C.3).
From (ais — azf)* > 0 and (2.5) in Definition 4.7, the previous inequality is upper
bounded by

{oe)
f |g| 75" M2/ 2108 ab1og’ s /el o (@M o lai=8) o W e o s g (4.39)
0

where 0 < B =¢/2 - Mlog|q| — Cai/2a; and

1S\ P
o= llosal Ca g (lal™” C”
EANC b2

AL
€

|q|—A1ﬁ2+Ca2ﬂ2/2al efglogz\t\/zlog|q|e§log|/\1/e\10g|t|/log|q\

(4.40)
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The previous integral is uniformly bounded for € € D(0,79) \ {0} and ¢t € T from the
hypotheses made on these sets. The expression in (4.39) can be bounded by

! 1 ﬂ
[logq| G |a|***
|Jrq| C:" 62

x e—glogz\t\/ZlogW\eglog |/\1/e\10g|t|/log|q|,

A |€P

p(M~¢/2log lghlog?|Ar /€l |q | ~A1fP+Car /20,
€

(4.41)

for an appropriate constant C;, > 0.

The function s — s7Pe~°8’() takes its maximum at s = e"#/@%) so each element in the
2
image set is bounded by e"#)'/4%) _ Taking this to the expression above we get

A llogq| C; . /|a|*"** / AP Carf?/2ay 2R /Alog |q(¢/ (21og lgl)~M)
23 Wp(e et < ERrota s lal ‘
q

(4.42)

for certain C; > 0.
Assumption (C.3) applied to the last term in the previous expression allows us to
deduce that the sum

p
Z%Z; |1351,+Wp(€, et) | @ (4.43)
s !

converges in the variable z uniformly in the compact sets of C.
We now study ,Ef’fl,_Wﬂ(e, et). We have

Wi(e, q°\1)
©(g°A1/et)

logq| (°

|7rq| -0

|22 Wyte,et)| < | ds. (4.44)

From (3.11) and (4.7) the previous integral is bounded by

|logq| (° C#”(|LI|ZAls/61>ﬂlercﬁeMlogzlqwa |

EX- Cetlog’laAi/etl/2loglq

ds. (4.45)

Similar calculations to those in the first part of the proof resting on Assumption C can
be made so that the series

y
Seh Wyle e

4.46
2 A (4.46)

is uniformly convergent with respect to the variable z in the compact sets of C, for (e, t) €
U;q™N x T. We will not go into detail not to repeat calculations.
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The estimates (4.43) and (4.46) imply the convergence of the series in (4.34) for every
z € C. The boundness of the g-Laplace transform with respect to € is guaranteed so the first
part of the result is achieved.

Let I,I' € O such that U;g N nUpg™#0 and p > 0. For every (e,t,z) € (Ug™ N
Upg™) x TxD(0,p) we have

|X1(e, t,z) — Xp(e, t,z)| < Z|£ Wp(e, et) - ,2)” Wip(e, et)|ﬁ (4.47)

We can write

y " A Weleddr [ Weledd: [ Wiledde
Antleret - ﬂ*lwﬁ(e’et)_?qq o@/en t ), 0@ ¢ ) e(«;:/en?)’
(4.48)

where the path y; is given by s € (0,00) — g°A1, 2 by s € (0,00) — g°Ap, y3 by s € (—00,0) —
g°Ar, and y3 by s € (—00,0) — g°Ap.

Without loss of generality, we can assume that |A;| = [Ap].

For the first integral we deduce

ﬂ(€ $) d§ |Wﬂ(€ q )q)|
'J 9(§/€t) r; 0g(4 )lf |o(g5 11 /€t)|ds (4.49)

Similar estimates as in the first part of the proof lead us to bound the right part of the previous

inequality by
" 2418\ P
Ce ' 6

for certain C}’' > 0. For any ¢ € (0,1) we have

A |€P

—_ 2 2
- |q| A1 +(Caz/2a1)p e(M—g/Zlog|q|)log2|)q/e\l (450)

A€

P .
e (M-¢/2loglahlogi\i /el < (C27/42(/2l0glgl=M) g > (4.51)
€

This yields

!

Wi (e, q°Ar)
© (qs)q /(:’t)

(4.52)

24,5\ P _ ~
<G (1PN A (Car/2a)+c2 /T 0g ql(@/ 2108 DM (18 (M~ (ss))log? Ay /el
C_‘;ﬁ' 5 |l € :

We choose ¢ as in Assumption C.
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The integral corresponding to the path y, can be bounded following identical steps.

We now give estimates concerning y3 — ys. It is worth saying that the function in the
integrand is well defined for (e, 7) € (D(0, 1) \ {0}) x Dpo and does not depend on the index
I € . This fact and the Cauchy theorem allow us to write for any n € N

Wi(e, ¢) dg

r, ©@/e) & )

where Iy, = yn1 + ¥5 — Yn2 — Y3 is the closed path defined in the following way: s € [-n,0] —
Yn1(S) = A1g°,ys is the arc of circumference from A; to Ay, s € [-1,0] — y,2(s) = Apg®, and y,,3
is the arc of circumference from A;g™" to A\pg™". Taking n — oo we derive

o Weeddg Wledds [ Wpled)de
o=t een T -inl,,., ewa s ] ewar ¢
Usual estimates lead us to prove that
: Wi(e, §) dé
nlglgo O/ 7 0. (4.55)
Moreover,
. Wi(e, §) dé Wp(e, §) dé
1 = —_. 45
) s ORI & ey, OETeD) 2 (40
From (4.54), (4.55), and (4.56) we obtain
,[ Wtedodg _( Woledd " Wyle Mile) o (4.57)
-y ©(&/€t) § -y, O(&/et) ¢ o, O(Aile®/et) '

where 0; = arg(A;), 0y = arg(Ap). Taking into account Definition 4.7 and (4.31) we derive
that the modulus of the last term in the previous equality is bounded by

length(}’5)C3ﬂ| |q|2A1S ﬂ|€|_cﬂ eMIOgZMI/S‘ | |—A1[52
C: N\ 6 e(é/210gql)log?|A; /et| 1
| |2A1S p "
< Cp! <—q6 > |e|_Cﬂe(M‘<§/210g\qI)IOgZIM/eI |q|‘A1ﬂ (4.58)
1

2415\ P
- -
< C'3ﬁ|<|q|6_]> |€|—Cﬂeé(M—§/210gIqI)IOgZ\el|q| Aif” ,(1-8)(M~¢/2log |q])log’[e]
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for adequate positive constants Cz, C;. From the standard estimates we achieve

24;S

p
> l4] ~Af? ,C2/48(2/210g |q|-M)P? 5 (1-8) (M~¢/2log q])log’lel

Wyte, ) dg| _ [ lal
fw o@/en ¢ | <P !< &

(4.59)

From (4.47), (4.48), (4.52), (4.59) and Assumption (C.3) we conclude the existence of
a positive constant C; > 0 such that

24,5\ P -
IX1(e t,z) = Xr(e, t,z)| < CiZﬂ! <—|q|60 > |‘1|(_AlJr(c‘lz/zal)JrCZ/zlélog‘ql(é/mglq‘_m)ﬁ2
p20 (4.60)
_ B _
« p(1-D(M-¢/210g |q|>log2|e\% < C1e1-)(M-¢/2l0glq)log’lel
for every (e,t,z) € (Urg N nUpq™) x Tx D(0, p), with 6y = min{6y,6,}. O

5. A g-Gevrey Malgrange-Sibuya-Type Theorem

In this section we obtain a g-Gevrey version of the so-called Malgrange-Sibuya theorem
which allows us to reach our final main achievement: the existence of a formal series solution
of problem (4.22) and (4.23) which asymptotically represents the actual solutions obtained in
Theorem 4.11, meaning that, for every I € J, X admits this formal solution as its g-Gevrey
asymptotic expansion in the variable e.

In [4], a Malgrange-Sibuya-type theorem appears with similar aims as in this work.
We complete the information there giving bounds on the estimates appearing for the g-
asymptotic expansion. This mentioned work heavily rests on the theory developed by Ramis
etal. in [17].

In the present work, although g-Gevrey bounds are achieved, the g-Gevrey type
involved will not be preserved, suffering an increase on the way.

The nature of the proof relies on the one concerning the classical Malgrange-Sibuya
theorem for Gevrey asymptotics which can be found in [18].

Let H be a complex Banach space.

Definition 5.1. Let U be a bounded open set in C* and A > 0. One says a holomorphic function
f:Ug™ — Hadmits f = 3,0 fnue" € H[[€]] as its g-Gevrey asymptotic expansion of type A
in Ug™ if for every compact set K C U there exist C1, H > 0 such that

Az Lel”” >0 (5.1)

SClHNIlﬂ m, N>

H

N
Hf(e) - anen
n=0

for every e € Kg ™.
The following proposition can be found, under slight modifications in Section 4 of
[17].
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Proposition 5.2. Let A > 0 and U C C* be an open and bounded set. Let f : Uq™ — H be
a holomorphic function that admits a formal power series f € H[[e]] as its g- Gevrey asymptotic
expansion of type A in Uq‘N Then, if f f®) stands for the kth formal derivative of f for every k € N,
one has that f® admits f®) as its g-Gevrey asymptotic expansion of type A in Ug™

Proposition 5.3. Let A >0, and let f : Ug™ — H a holomorphic function in Ug™. Then,

(i) if f admits 0 as its g-Gevrey expansion of type A, then for every compact set K C U there
exists C1 > 0 with

”f(e)”H < Cle—(l/ﬁ)(l/ZIOgIq\)Inglell (5.2)

for every e € Kq™ and every a > A;
(i) if for every compact set K C U there exists Cy > 0 with

£l < Cie~(1/A)1/2l0g |q|)log2|e\/ (5.3)

for every € € Kq™N, then f admits 0 as its g-Gevrey asymptotic expansion of type @ in
Uqg™, forevery a > A.

Proof. Let C1, H, A > 0 and € € C*. The function

log|q| A
2

G(x) = Ciexp <log(H)x + X2+ (x+1) log|e|> (5.4)

reaches its minimum for x > 0 at xo = (—log(H) — log |¢|) /Alog|g|. We deduce both results
from standard calculations. O

Definition 5.4. Let (Uiq™),., be a good covering at 0 (see Definition 4.6) and g;r : Urg™ N
Upg™ — H a holomorphic function in U;g™ nUpg™ for I, I' € O when the intersection is
not empty. The family (g1,1) ; pyen is @ q-Gevrey H-cocycle of type A > 0 attached to a good

covering (U;q™"),., if the following properties are satisfied.

(1) gr.r admits 0 as its g-Gevrey asymptotic expansion of type A > 0 on U;g N nUpg™
for every (I,I') € 0.

(2) gir(e) =—gr(e) forevery (I,I') € 0,and e e U;g " nUpg™

(3) One has g1 (€) = gr.r(€) + gr () foralle e Ui g N nUpg N nUpg™, LI, 1" € .

Let p > 0 and T C C* be an open and bounded set. Ht , stands for the Banach space of
holomorphic and bounded functions in T x D(0, p) with the supremum norm.

Proposition 5.5. Let p > 0. We consider the family (Xi(e,t,z))ep constructed in Theorem 4.11.
Then, the set of functions (gr,r(€)) 1 pyepe defined by

gir(e) == (t,z) e TxD(0,p) — Xy (e, t,z) — Xi(e,t,z) (5.5)
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for I, I' € D is a g-Gevrey H ,-cocycle of type A for every

- 1 1
A>A:= — = — ,
(1-8)((¢/210g|q]) - M)21og|q| ~ (1-2) (& -2Mlog|q])

(5.6)

attached to the good covering (U1g™") .,

Proof. The first property in Definition 5.4 directly comes from Theorem4.11 and
Proposition 5.3. The other two are verified by the construction of the cocycle. O

We recall several definitions and an extension result from [13] which will be crucial in
our work.

Definition 5.6. A continuous increasing function w : [0, c0) — [0, o0) is a weight function if it
satisfies the following:

(a) there exists k > 1 with w(2t) < k(w(t) + 1) forallt >0,
(B) J5 w(t)/(1+1)dt < oo,
(y) lim;— o (log t) /w(t) = 0,
(6) ¢ :t— w(e') is convex.

The Young conjugate associated to ¢, ¢* : [0,00) — R is defined by
¢*(y) = sup{xy — p(x) : x > 0}. (5.7)

Definition 5.7. Let K be a nonempty compact set in R%. A jet on K is a family F = (%),
where f* : K — C is a continuous function on K for each a € N2,

Let w be a weight function. A jet F = (f*) . on K is said to be a w-Whitney jet (of
Roumieu type) on K if there exist m > 0 and M > 0 such that

s t= sup [£2GO] exp (i tmia ) < M, 58)

xeK,ae
and for every I € N, a € N? with |a| <l and x,y € K one has

|x _ y|l+1—|a|

|<R§P)a(y)| SMm eXP(%d’*(m(lH)))/ (5.9)

where (RLF), () = f(Y) = Siaepa(1/B) f<P () (y ~ ).
&(w) (K) denotes the linear space of w-Whitney jets on K.

Definition 5.8. Let K C R? be a nonempty compact set and w a weight function in K. A
continuous function f : K — C is w — C* in the sense of Whitney in K if there exists a
w-Whitney jet on K, (f*), 2 such that fO0 = f.

For an open set Q € R? we defineé (4, (Q) = {f € C*(Q) : YK C Q, K compact, Im >
0,1l < 00)-
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The following result establishes conditions on a weight function so that a jet in &, (K)
can be extended to an element in &5, (R?).

Theorem 5.9 (Corollary 3.10, [13]). For a given weight function w, the following statements are
equivalent.

(1) For every nonempty closed set K in R? the restriction map sending a function f € &y (R?)
to the family of derivatives of f in K, (f® |x) e € &w) (K), is a surjective map.

(2) w is a strong weight function, that is to say,

lim lim =0.
e—>0*t—>ooﬂ)(€t)

(5.10)

Let k; = 1/41og |g|. One considers the weight function defined by wy(t) = kilog?(t) for
t>1and wy(t) = 0 for 0 < t < 1. As the authors write in [13], the value of a weight function
near the origin is not relevant for the space of functions generated in the sequel.

The following lemma can be easily verified.

Lemma 5.10. wy is a weight function.
Under this definition of wy one has
* x2
o, (¥) = sup{xy — P, (x) : x 2 0} = sup xy 20

- X 2
4log|q| (5.11)

=log|qly’, y>0.

The spaces appearing in Definition 5.7 concerning this weight function are the
following: for any nonempty compact set K C R?, &4, (K) is the set of wy-Whitney jets on
K, which consists of every jet F = (f%) .. on K such that there exist m € N, M > 0 with

|f¥(x)] §M|q|m|a‘2, xeK, aeN?, (5.12)
and such that for every | € N and a € N? with |a| < I one has

I+1-a|
1 |x -yl m(+1)?
'(RxF>a(]/)| SMmhﬂ , x,yEK. (513)

We derive that &4, (K) consists of the Whitney jets on K such that there exist C;, H >
0 with

|f*(x)] < CiHM |2 ? ) xeK,aeN?, (5.14)
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and forevery x,y € KandallleN, a € N? with |a| <1,

1+1-|a|
RZF < Hl A(2/2) |x_y| ) 1
|< x >u(y)|—cl 4] I+1-[a])! (5:15)
Theorem 5.11. wy is a strong weight function so that Theorem 5.9 holds.
Proof. We have
kilog?(t
lim lim cw(t) _ = lim lim Lg() = lime =0. (5.16)
e=0 i—ww(et)  e—0"towoklog?(et) €0 0

Remark 5.12. A continuous function f which is wy — C* in the sense of Whitney on a compact
set K is indeed C* in the usual sense in Int(K) and verifies g-Gevrey bounds of the same
type. Moreover, we have

fH(x,y) =80y f(x,y), (5.17)

for every k = (ki,kz) € N? and (x,y) € Int(K).
The next result is an adaptation of Lemma 4.1.2 in [17]. Here, we need to determine
bounds in order to achieve a g-Gevrey-type result.

Lemma 5.13. Let U be an open set in C* and f : Uq™N — H a holomorphic function with f =
S soane’ € H[[e]] being its g-Gevrey asymptotic expansion of type A > 0 in Ug ™. Then, for any
n € N, the family 8" f (€) of n-complex derivatives of f satisfies that, for every compact set K C U and
k,m € Nwith k < m, there exist C1, H > 0 such that

m+1-k

m—kalechhf(eb)
h!

A(m2/2) |€a — €b]

h
(€a — €p) m,

0 f(ea) - (5.18)

< CiH™|q]

h=0 H

for every €,, e, € Kg™N U {0}. Here, one writes d. f(0) = I'a; for | € N,

Proof. We will first state the result when €, = 0. Indeed, we prove in this first step that the
family of functions with g-Gevrey asymptotic expansion of type A > 0 in a fixed g-spiral is
closed under derivation. Proposition 5.2 turns out to be a particular case of this result.

Let m € N, K be a compact set in U, and consider another compact set K; such that
K C K; C U. We define

ee Kq™", (5.19)

Ry(e) = (f(e) - Z

h=0

8”f(0> h>
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where 9! £ (0) denotes the limit of 0" f (€) for € € Kq™" tending to 0. Then, we have that

€M+ (0eRm(€))e™ ! + (m + 1) Ry (e)e™. (5.20)

def(e) = ‘O)

h=1
Moreover, from Definition 5.1, there exist C,H > 0 such that ||R,,(¢)|| < CH m|q|A(mz/ 2/
(m+1)! for every € € Kig™

Lemma 5.14 (Lemma 4.4.1 [17]). There exists p > 0 such that D(e, ple|) € Kiq™" for every e €
Kg™.

The Cauchy’s integral formula and g-Gevrey expansion of f guarantee the existence
of a positive constant C, > 0 such that

| |A(m2 /2)

m 14 . -N 5.21
10eRm (€)|lm < C2H (m+ D)1 plel’ eeKqg, ( )

This yields the existence of C3 > 0 such that

m<a€f(€) mz:‘a+f() h>

h=0

S 10eRom(€)lglel + (m + 1) || R (€) |5z
H

(5.22)
| |A(m2 /2)

< GAT ee Kq™

m!

An induction reasoning is sufficient to conclude the proof for every m > 0.

We now study the case where €, # 0 and only give details for k = 0. For k > 1 one only
has to take into account that the derivatives of f also admit g-Gevrey asymptotic expansion
of type A and consider the function 9% f.

If €, # 0 we treat two cases:

if e, — €p| < plep|, then [e4, €p] is contained in K147 and we conclude from the Cauchy
integral formula.

If |ea—ep| > plep|, then we bear in mind that the result is obvious when f is a polynomial
and write f(e) = €™1R,(€) + p(e) where p(e) = 37", (3" f(0)/hle"). So, it is sufficient to
prove (5.18) when f(e) := €™ R,,(¢). The result follows from g-Gevrey bounds for ||6’§Rm||H,
k=0,...,n and usual estimates. O

The following lemma generalizes Lemma 6 in [4].

Lemma 5.15. Let f : Uq™ — H be a holomorphic function having f(e) = Ssoane™ € H[e]]
as its g-Gevrey asymptotic expansion of type A > 0 on Ug™™. Let K C U be a compact set. Then,
the function (€1, €2) — ¢(e1 +iez) = f (€1, €2) is a wy — C*® function in the sense of Whitney on the
compact set

= {(61,62) €R?: ¢ +ie; € KgV U {0} } (5.23)
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Proof. We consider the set of functions (d)(kl’kZ))(kl,kz) o defined by
(i)(k],kZ) = ikzaleﬁ+k2f(€)/ (klr kZ) € N2/ (€],€2) € K’- (524)

From Lemma 5.13, function f satisfies bounds as in (5.18). Written in terms of the elements
in (¢(k1'k2))(k1,k2)€Nz we have the existence of C1, H > 0 such that for, every (kj, kz) € N2, m>0,

1 m~|(ki,k2)| ¢(k1+h1,kz+hz) (xz ]/2)
(ki1,k2) ’
ITZ(‘b b (xl’yl) - Z ik2+h2 |
p=0 hi+hy=p p:
p! ; h
GO R RS D (5:25)
H

v || (1 = X2, 31— o) || )

m| | A(
<CiH
< C H™|q| (m+1-|(ky, k2)|)!

for (x1,11), (x2,y2) € K'. Expression (5.14) can be directly checked from (5.24) and (5.18) for
e» = 0 and m = k. This yields that the set (p*5)) . ., is an element in &gy (K'). O

The next result allows us to glue together a finite number of jets in &4, (K), for a given
compact set K.

Theorem 5.16 ([19]. Theorem I1.1.3). Let K1, Ky be compact sets in R?. The following statements
are equivalent.

(i) The sequence

0 — &) (K1 UK2) -5 &) (K1) @ & g} (K2) ~ Epaon) (K1 N K3) — 0 (5.26)

is exact. a1(f) = (flx,, flx) and 6(£,2) = Flxsnis = & g .

(ii) Let f1 € Eqwy) (K1) and fr € Ejuyy) (K2) be such that fi(x) = fo(x) for every x € KiNK,.
The function f defined by f(x) = fi(x) if x € Ky and f(x) = fo(x) if x € K; belongs to
é[wo](Kl U Kz).

(iii) If K1 N Ky #0, then there exist Az, Ay > 0 such that

M (As dist(x, K; N K3)) < AyM(dist(x, K3)), (5.27)

for every x € Kj. Here, M denotes the function given by M(0) = 0 and M(t)
inf,ent” M, for t > 0. dist(x, K) stands for the distance from x to the set K.

Corollary 5.17 ([17], Lemma 4.3.6). Given K1, K, nonempty compact sets in C*, if one puts K it
{(e1,€2) ER?: €1 +ier € Iqu—N U {0}}, j =1,2, then the previous theorem holds for K and K,.
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As the authors remark in [17], condition (iii) in the previous result is known as the
transversality condition which is more constricting than Lojasiewicz’s condition (see [20]).

The next proposition is devoted to show that the cocycle constructed in Proposition 5.5
splits in the space of wy—C* functions in the sense of Whitney. Whitney-type extension results
on &y, (K) (Theorems 5.9 and 5.11) will play an important role in the following step.

Proposition 5.18. Let (U;q™"),., be a good covering, and let (g1 (€)) (1. 1yenn e the g-Gevrey He p-
cocycle of type A constructed in Proposition 5.5. One chooses a family of compact sets Ky C Uy for
I € 0, with Int(Ky) #0, in such a way that J;c,(Kiq™) is U \ {0}, where U is a neighborhood of 0
in C.

Then, for all I € D, there exists a wy — C* function fi(e1, €2) in the sense of Whitney on the
compact set A = {(e1,€2) € R? : €1 +ie; € Kig™N U {0} }, with values in the Banach space Hz .,
such that

grr(e1 +iez) = fr(e1, €2) — fi(e1, €2) (5.28)

forall I,I' € D such that A; N Ap #0 and, for every (e1,€2) € A; N Ap.

Proof. The proof follows similar arguments to those Lemma 3.12 in [17] and it is an
adaptation of Proposition 5 in [4] under g-Gevrey settings.

Let I,I' € O such that A; N Ay #0. From Lemma 5.15, we have that the function
(e1,€2) — grr(er +ie) is a wy — C* function in the sense of Whitney on A; N Ap. In the
following we provide the construction of f; for I € J verifying (5.28).

Let us fix any I € 9. We consider any wy — C* function in the sense of Whitney on A;.
By definition of the good covering (U;q™"),., the following cases are possible.

Case 1. If there is at least one I' € 0,1 #1I, such that A; N Ap #0 but A; N Ay N Ap = @ for
every I" € O with I"#I' #1, then we define e; (€1, €2) = fi(e1, €2) + gir (€1 + iey) for every
(e1,€2) € AINAyp. e is a wy—C* function in the sense of Whitney in AjNAy. From Theorems
5.9 and 5.11, we can extend e; to a wy — C* function in the sense of Whitney on Ay. This
extension is called fr. We have

g[,p(el + iez) = f[f(€1,€2) - f[(€1,€2), (6‘1,6‘2) eANAyp. (5.29)

Case 2. There exist two different I', I” € D with I' # 1 # I" such that A; N Ap N Ay #0. We first
construct a wy — C* function in the sense of Whitney on Ay, fr(e1, €2), verifying

gI,I'(El +ie) = fI'(€1,€2) - fl(€11€2)/ (e1,€2) E AN Ap. (5.30)

We define ey (€1, €2) = fr(e1, €2) + g1 (€1 +i€y) for every (e1,€2) € AN A and ep 1/ (€1, €2) =
fr(e1,€2) + gr1v(e1 + i€2) whenever (e1,€2) € Ap N Ap. From (5.30), we have ey (€1, €2) =
er.iv(€1,€2) for every (e1,€2) € A; N Ap N Ap. From this, we can define

err (e, €) if (e1,€) € AiNAp,
er (€1, €) = (5.31)

ep,pf(el, 62) if (€1, 62) e ArNAp.
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From Theorem 5.16 and Corollary 5.17 we deduce that ey (€1, €2) can be extended to a wy—C*
function in the sense of Whitney in Ay, fir(e1, €2). It is straightforward to check, from the way
f1r was constructed, that f/(e1,€2) = fi(e1, €2) + griv(e1 + ie2) when (e1,€2) € Ar N Ap and
also fr(e1,€2) = fr(e1, €2) + gu (€1 + iey) for (€1,€2) € Ap N Ap.

These two cases solve completely the problem since nonempty intersection of four
different compacts in (Ar);c, is not allowed when working with a good covering. The
functions in (f7) ., satisfy (5.28). O

6. Existence of Formal Series Solutions and g-Gevrey Expansions

In the current section we set the main result in this work. We establish the existence of a
formal power series with coefficients belonging to Hz,, which asymptotically represents the
actual solutions found in Theorem 4.11 for the problem (4.22) and (4.23). Moreover, each
actual solution turns out to admit this formal power series as g-Gevrey expansion of a certain
type in the g-spiral where the solution is defined.

The following lemma will be useful in the following. We only sketch its proof. For
more details we refer to [21].

Lemma 6.1. Let U be an open and bounded set in R?. We consider h € C*(U) (in the classical sense)
verifying bounds as in (5.14) and (5.15) for every (€1, €2) € U. Let g be the solution of the equation

1 ) .
0:8(€1,€2) = E(a€1 +10e,)g(e1 +i€2) = h(er,€2), (e1,€2) € U. (6.1)

Then, g also verifies bounds such as those in (5.14) and (5.15) for (e1,€2) € U.

Proof. Let hy be any extension of the function h to R? with compact support which preserves
bounds in (5.14) and (5.15) in R?. We have that

hl(x)

g(e1, ) = ——J‘ d§ dn, (e, e) €U, (6.2)

solves (6.1). Here, € = (e1,€2), x = (¢,1), and d¢dn stands for the Lebesgue measure in x-
plane. Bounds in (5.14) for the function g come out from

au1+u2g atxl +an hl 1
o (e1,€2) = - dg dr, 6.3
deiae €)= | demaer (M) x e AN (6.3)

for every a = (a1, a2) € N? and (€1, €;) € U and from the fact that the function x = (x1, x,) —
1/|x| is Lebesgue integrable in any compact set containing 0.

On the other hand, g satisfies the estimates in (5.15) from the Taylor formula with
integral remainder. O

We now give a decomposition result of the functions X; constructed in Theorem 4.11.
The procedure is adapted from [4] under g-Gevrey settings. For every I € 9, we write X;(e) :
Ulq‘N — Mg, for the holomorphic function given by X;(e) := (¢, z) = X; (e, t, z).
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Proposition 6.2. There exist a wy — C* function u(e1, €2) and a holomorphic function a(e; + i€z)
defined on the neighborhood Int(J;cp Ar) of 0 such that

X1(€1 + i€2) = f1(€1,€2) + u(€1,€2) + a(€1 + i€2), (61,62) € Int(AI), (6.4)

forevery I € D.

Proof. From the definition of the cocycle (g1,1);)ep in Proposition5.5 and from
Proposition 5.18 we derive

Xi(e1 +iex) — fr(e1, €2) = Xp(e1 +i€z) — fr(e1,€2), (e1,62) € A;nAp\ {(0,0)},  (6.5)
whenever (I, I') € 9> and A; N Ap #§. The function X — f given by
(X - f)(e1, ) := Xi(e1 +ie2) — fi(er,€2), (e1,€) € Ar\ {(0,0)}, (6.6)

is well defined on W \ {(0,0)}, where W = |J;c» Ar is a closed neighborhood of (0, 0).
For every I € 0, X is a holomorphic function on LIIq‘N so that the Cauchy-Riemann
equations hold:

0z(X1)(e1 +ie2) =0, (e1,e2) € Ar\ {(0,0)}. (6.7)

This yields 0z(X — f)(e1,€2) = —0zf1(€1, €2) for every I € D and (€1, €2) € Int(Aj).

We have that —0z f (€1, €2) can be extended to a wy—C* function in the sense of Whitney
on Aj. This yields that f; is wy — C* in the sense of Whitney on A;. In fact, their g-Gevrey
types coincide.

From this, we deduce that 0z:(X - f) is a wy — C* function in the sense of Whitney on
Ay for every I € J and also that 0z fi(e1, €2) = Ozfr (€1, €2) for every (e1,€2) € Int(A; N Ap)
and every I, I' € O because g (€) is a holomorphic function on Urg ™ NnUpq ™. The previous
equality is also true for (e1,€2) € Ar N Ap from the fact that f; is wy — C* in the sense of
Whitney on Aj.

From Theorem 5.16 and Corollary 5.17 we derive that 0z(X — f) is a wy — C* function
in the sense of Whitney on ;. Ar.

Taking into account Lemma 6.1 we derive the existence of a C* function u(ey, €;) in
the usual sense, defined in Int(W) and verifying g-Gevrey bounds of a certain positive type,
such that

Ozu(er, €2) = 0:(X - f)(e1,€2), (e1,62) € Int(W). (6.8)

From this last expression we have that u(e1, €2) - (X—f) (€1, €2) defines a holomorphic function
on Int(W) \ {(0,0)}.

For every I € 0, Xt is a bounded H ,-function in Int(W) \ {(0,0)}, and so it is the
function u(e1, €2) — (X - f) (€1, €2). The origin turns out to be a removable singularity so the
function u(e1,€2) — (X — f)(€1,€2) can be extended to a holomorphic function defined on
Int(W). The result follows from here. O
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We are under conditions to enunciate the main result in the present work.

Theorem 6.3. Under the same hypotheses as in Theorem 4.11, there exists a formal power series

Xk (tr Z)

X(e,t,z) = ZTek € Hep[[€]], (6.9)
k>0 :
formal solution of
etan(e, qt, z) + X (e,t,z) = Zbk(e, z) (toq)mo’k <6’Z<X> (e, t,zq7 ™). (6.10)
k=0

Moreover, let I € 0, and let K; be any compact subset of Int(Ky). There exists B > 0 such that
the function Xi(e,t,z) constructed in Theorem 4.11 admits X(e,t,z) as its g-Gevrey asymptotic
expansion of type B in Kig™™.

Proof. Let I € 2, and let K; be any compact subset of Int(K).

From Proposition 6.2 we can extend X;(e; + i€z) to a wy — C* function in the sense of
Whitney on A; = {(e1,€2) € R? : e +ie; € KigN U {0}} C Int(A;) U {(0,0)}. Let us fix I € 2.
We consider the family (X" (ey, €,)) ;, ,)ene associated to X; by Definition 5.7. We have

XM (e1,60) = 01101 X (€1 +ien) = M2 X1(€),  (e1,€2) € Ar\ {(0,0)}, (6.11)

because X;(e) is holomorphic on Int(K )g ™.

We have that X}hl’h”(el,eZ) is continuous at (0,0) for every (hy, hy) € N2 so we can
define k >0

X;hl,hz) (0,0)

Xk’I = ih2

€ He,, (6.12)

whenever h; + hy = k. The estimates held by any wy — C* function in the sense of Whitney
(see Definition 5.7 for & = (0,0)) lead us to the existence of positive constants C;, H,B > 0
such that

m X . gm+l
Xi(er +ie) - 3 P (e +iery|| < ClH’”|q|B(m2/2)%, (6.13)
el 2 u (m+1)!
Tp

for every m > 0 and €; + i€y € K Iq’N . As a matter of fact, this shows that X; admits )A(I(e) =
Sis0(Xik/k!)e* as its g-Gevrey expansion of type B > 0 in Kig™.

The formal power series X; does not depend on I € 2. Indeed, from Theorem 4.11 we
have that X;(e)- X (€) admits both 0 and X, —X; as g-asymptotic expansion on K;g NnK g™
whenever this intersection is not empty. We put X := X; for any I € 2. The function X ; =
Xk1(t,z) € He, does not depend on I for every k > 0. We write Xy := Xy for k > 0.
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X; admits X = 3., (Xx/k!)eX as its g-Gevrey asymptotic expansion of type B > 0 in K;g ™"
forall I € D. B

In order to achieve the result, it only remains to prove that X (e, t, z) is a formal solution
of (6.10). Let I > 1. If we derive I times with respect to € in (6.10), we get that 8. X;(e, ¢, z) is a
solution of

etagaéXl (e, qt, z) + taflaf;lxl (e, qt, z) + 6562X1(e, t, z)

T (6.14)
= Z Z I |allbk(€ Z)alz<((to_q)mo,k)alzcxl> (e,t,zq‘"’lf").

foreveryl>1,(t,z) € TxD(0,p) and € € qu-N. Letting € tend to 0 in (6.14), we obtain
Xii(atz) o Xitt,2)
(1-1) =

S S bk(e,z)u o ((tog)™ " 0EXL, ) (t, zq ™)
Ip!

to2

(6.15)

M

=0 1, 5ol hL!
forevery I >1,(t,z) € Tx D(0, p). The holomorphy of b (e, z) with respect to € at 0 implies

Lbe(e, 2)|e
bi(e, z) = Z%Z)'Oe’, (6.16)

>0

for € near 0 and for every z € C. Statements (6.14) and (6.15) conclude that X(e t,z) =
20Xk (t, z)(e* /k!) is a formal solution of (6.10). O
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