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We deal with the regularity for solutions of nonlinear functional integrodifferential equations gov-
erned by the variational inequality in a Hilbert space. Moreover, by using the simplest definition
of interpolation spaces and the known regularity result, we also prove that the solution mapping

from the set of initial and forcing data to the state space of solutions is continuous, which very
often arises in application. Finally, an example is also given to illustrate our main result.

1. Introduction

In this paper, we deal with the regularity for solutions of nonlinear functional integrodiffer-
ential equations governed by the variational inequality in a Hilbert space H:

(x'(t) + Ax(t), x(t) — z) + p(x(t)) — P(2)
< <ft k(t—s)g(s,x(s))ds + h(t), x(t) - z>, ae, 0<t<T, zeH, (VIP)
0

x(0) = xo,

where A is a unbounded linear operator associated with a sesquilinear form satisfying
Garding’s inequality and ¢ : H — (—oo,+o0] is a lower semicontinuous, proper convex
function. The nonlinear mapping g is a Lipschitz continuous from R x V into H in the second
coordinate, where V is a dense subspace of H.
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The background of these problems has emerged vigorously in such applied fields as
automatic control theory, network theory, and the dynamic systems.

By using the subdifferential operator 0¢, the control system (VIP) is represented by
the following nonlinear functional differential equation on H:

x'(t) + Ax(t) + 0p(x(t)) o JZ k(t-s)g(s,x(s))ds+h(t), 0<t<T, (NDE)

x(0) = xo.

In Section 4.3.2 of Barbu [1] (also see Section 4.3.1 in [2]) is widely developed the
existence of solutions for the case g = 0. Recently, the regular problem for solutions of the
nonlinear functional differential equations with a nonlinear hemicontinuous and coercive
operator A was studied in [3]. Some results for solutions of a class of semilinear equations
with the nonlinear terms have been dealt with in [3-7]. As for nontrivial physical examples
from the field of visco-elastic materials modeled by integrodifferential equations on Banach
spaces, we refer to [8].

In this paper, we will define ¢, : H — H(e > 0) such that the function ¢, is Fréchet
differentiable on H and its Fre¢het differential ¢, is a single valued and Lipschitz continuous
on H with Lipschitz constant e, where 0¢. = €' (I - (I+€d¢$) ") as is seen in Corollary 2.2 in
[1, Chapter II]. It is also well-known results that lim._,o¢. = ¢ and lim._,¢0¢p.(x) = (6¢)0(x)
for every x € D(d¢$), where (3¢)" is the minimal segment of d¢. Now, we introduce the
smoothing system corresponding to (NDE) as follows:

X' (t) + Ax(t) + 0. (x(t)) = Lt k(t=5)g(s, x(s))ds + h(t), 0<ts<T, (SDE 1)

x(0) = xp.

First we recall some regularity results and a variation of constant formula for solutions
of the semilinear functional differential equation (in the case g = 0 in (SDE 1)):

x'(t) + Ax(t) + 0 (x(t)) = h(t) (1.1)

in a Hilbert space H.

Next, based on the regularity results for (1.1), we intend to establish the regularity
for solutions of (NDE). Here, our approach is that results of a class of semilinear equations
as (1.1) on L?-regularity remain valid under the above formulation perturbed of nonlinear
terms. Here, we note that sine A is not bounded operator H into itself, the Lipschitz
continuity of nonlinear terms must be defined on some adjusted spaces (see Section 3).
Moreover, using the simplest definition of interpolation spaces and known regularity, we
have that the solution mapping from the set of initial and forcing data to the state space of
solutions is continuous, which very often arises in application. Finally, an example is also
given to illustrate our main result.
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2. Preliminaries

Let V and H be complex Hilbert spaces forming Gelfand triple V ¢ H C V* with pivot space
H. The norms of V, H and V* are denoted by || - ||, | - |, and || - ||+, respectively. The inner
product in H is defined by (-, -). The embeddings

V—Hw—V" (2.1)

are continuous. Then the following inequality easily follows:

l[ull, < ful < jull, YueV. (2.2)

Let a(:,-) be a bounded sesquilinear form defined in V' x V and satisfying Garding’s
inequality

Re a(u,u) > wi||[ul* - walul?, w1 >0, w, >0. (2.3)
Let A be the operator associated with the sesquilinear form a(:, -):

(Au,v) =a(u,v), uveVv. (2.4)

Then A is a bounded linear operator from V to V* and —A generates an analytic semigroup
in both of H and V* as is seen in [9, Theorem 6.1]. The realization for the operator A in H
which is the restriction of A to

D(A)={ueV; Auc H} (2.5)
is also denoted by A. From the following inequalities:
wi[lul® <Re a(u,u) +w|ul* < ClAu| [u] + wy|u* < max{C, wa}[ullpaylul,  (26)
where

1/2
lullpeay = (JAuP +ul?) 2.7)

is the graph norm of D(A), it follows that there exists a constant C; > 0 such that

1/2 1/2
lull < Calull 2, . (2.8)

Thus, we have the following sequence:

D(A)cCV CHCV*CD(A), (2.9)

where each space is dense in the next one and continuous injection.
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Lemma 2.1. With the notations (2.8), (2.9), one has

(D(A)fH)uz,z =V, (2.10)
where (D(A), H), s, , denotes the real interpolation space between D(A) and H (Section 2.4 of [10]
or [11]).

The following abstract linear parabolic equation:

x'(t) + Ax(t) = h(t), 0<t<T,
(LE)
x(0) = xo,

has a unique solution x € L?(0,T;D(A)) n W2(0,T,H) for each T > 0if xp € V =
(D(A),H),,, and h € L*(0,T; H). Moreover, one has

||x||LZ(O,T;D(A))mWM(o,T,H) < CZ<||350||(D(A),H)1/Z2 + ||h||L2(o,T;H)>r (211)

where C, depends on T and M (see [12, Theorem 2.3], [13]).
In order to substitute H for the intermediate space V considering A as an operator in
B(V, V™) instead of B(D(A), H) one proves the following result.

Lemma 2.2. Let T > 0. Then

T 2
H:{xev*:f ”AetAx dt<oo}. (2.12)
0 *

Hence, it implies that H = (V,V*)y s, in the sense of intermediate spaces generated by an analytic
semigroup.

Proof. Put u(t) = e"“x for x € H. From the result of Theorem 2.3 in [12] it follows

ueL*(0,T;V)nWY(0,T; V*), (2.13)
hence

T ) T
Jl) ”AetAx“*dt = L ||/ (£)]|>dt < oo. (2.14)

Conversely, suppose that x € V* and fOT ||[AetAx||?dt < oo. Put u(t) = e*4x. Then since
A is an isomorphism from V to V* there exists a constant ¢ > 0 such that

T T T 2
J' lu()|2dt < ¢ f ||Au(t)||fdt=cJ‘ ”Ae”‘x dt. (2.15)
0 0 0 *
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Thus, we have u € L2(0,T; V) n W'2(0,T; V*). By using the definition of real interpolation

spaces by trace method, it is known that the embedding L*(0,T;V) n W'2(0,T; V*)

C([0,T]; H) is continuous. Hence, it follows x = u(0) € H. O
In view of Lemma 2.2 we can apply (2.11) to (LE) in the space V* as follows.

Proposition 2.3. Let xo € H and h € L?(0,T; V*), T > 0. Then there exists a unique solution x of
(LE) belonging to

L2(0,T; V) nW'2(0,T; V*) — C([0,T]; H) (2.16)
and satisfying
1 20,7 ) w2010+ < C2<|x0| + ”h”LZ(O,T;V*))/ (217)

where Cy is a constant depending on T.

Let ¢ : V — (—o0,+o0] be a lower semicontinuous, proper convex function. Then the
subdifferential operator 0¢ of ¢ is defined by

op(x) = {x* e V5 ¢(x) < P(y) + (x*, x-y), ye V}. (2.18)
First, let us concern with the following perturbation of subdifferential operator:

x'(t) + Ax(t) + 0p(x(t)) 2 h(t), 0<t<T,
(VE)
x(0) = xo.

Using the regularity for the variational inequality of parabolic type in case where ¢ :
V — (—oo,+0] is a lower semicontinuous, proper convex function as is seen in [1, Section
4.3] one has the following result on (VE).

Proposition 2.4. (1) Let h € L?(0,T; V*) and xo € V satisfying that ¢(xy) < oo. Then (VE) has a
unique solution:

x € L*(0,T; V) nW'2(0,T; V*) — C([0,T]; H), (2.19)
which satisfies

X (1) = (h(t) - Ax() - 09 (x(1))",
(2.20)
el zemrane < Ca(1+ %ol + 1Bl 20 )

where Cs is a constant and L> N W N C = L*(0,T; V) nW'2(0,T; V*) n C([0, T]; H).
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(2) Let A be symmetric and let us assume that there exist g € H such that for every € > 0 and
any y € D($)

Je(y+eg) €D(9),  ¢(Je(y+eg)) <d(v). (2.21)

Then for h € L*(0,T; H) and xo € D(¢) NV, (VE) has a unique solution:

x € L*(0,T; D(A)) nW'2(0,T; H) — C([0,T]; H), (2.22)
which satisfies
%/l 2amwrene < C3<1 + [[xoll + ||h||L2(0,T;H)>' (2.23)

Remark 2.5. When the principal operator A is bounded from H to itself, we assume that ¢ :
H — (-o0,+0] is a lower semicontinuous, proper convex function and g : [0,T] x H — H
be a nonlinear mapping satisfying the following:

|g(t, x1) — g(t, x2)| < Llx1 — x|, Vxy,x, € H. (2.24)

Then it is easily seen that the result of (2) of Proposition 2.4. is immediately obtained.

Remark 2.6. Here, we remark that if V is compactly embedded in H and x € L?(0,T;V)) (or
the semigroup operator S(t) is compact), the following embedding:

L2(0,T; V) nW¥*(0,T; V*) — L*(0,T; H) (2.25)

is compact in view of Theorem 2 of Aubin [14]. Hence, the mapping (xo, f) + x is compact
from V x L2(0, T; V*) to L?(0, T; H), which is also applicable to optimal control problem.

3. Regularity for Solutions
We start with the following assumption.

Assumption (F). Let g : [0,T] x V — H be a nonlinear mapping satisfying the following:

gt x)-g(t,y)| <L||x-vy|, gE0)=0Vx,yeV (3.1)
for a positive constant L.
For x € L?(0,T; V) we set
t
£t = [ K- 9)g(sx0)ds, (3.2)
0

where k belongs to L?(0, T).
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Lemma 3.1. Let x € L?(0,T; V), T > 0. Then f(-,x) € L>(0,T; H). And
£ G0 2o, < LIKN VTl 20,709 - (33)
Moreover, if x1,x, € L*(0,T; H), then
£ Coxn) = FCx) o < LIKIVT X = %2ll20,v)- (3:4)

The proof is immediately obtained from Assumption (F).
For every € > 0, define

2
e (x) =inf{W+¢g€x) ;er}, (3.5)

where J. = (I + 66(}5)_1. Then the function ¢, is Fre¢het differentiable on H and its Fre¢het
differential 0¢. is Lipschitz continuous on H with Lipschitz constant e~! where d¢. = e 7' (I -
(I + €dg)™") as is seen in Corollary 2.2 in [1, Chapter II]. It is also well-known results that
lim. 0 ¢e = ¢ and lim,_, o O (x) = (6¢)0(x) for every x € D(0¢), where (64))0 is the minimal
segment of 0¢.

Now, one introduces the smoothing system corresponding to (NDE) as follows:

xX'(t) + Ax(t) + 0 (x(t)) = f(t,x) + h(t), 0<t<T,
(SDE 2)
x(0) = xq.

Since —A generates a semigroup S(t) on H, the mild solution of (SDE 2) can be represented
by
t

xe(t) = S(t)xp + f S(t = s){f(s,xe) + h(s) — Oe(xe(s)) }ds. (3.6)

0

One will use a fixed point theorem and a step and step method to get the global
solution for (NDE). Then one needs the following hypothesis.

Assumption (A). (64))0 is uniformly bounded, that is,
|(a¢)°x| <M, xeV. (3.7)

Lemma 3.2. For given e, A > 0, let x. and x, be the solutions of (SDE 2) corresponding to € and A,
respectively. Then there exists a constant C independent of € and \ such that

||x€ - x)L”C([O,T];H)ﬁLZ(O,T;V) S C(E + .)L), O < T (38)
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Proof. From (SDE 2) we have
X (£) = x) (8) + Alxe(t) = x1(£) + 0e (xe (1)) = OPa (xa(F)) = f(t, xe) = f(t, x1), (3.9)

and hence, from (2.3) and multiplying by x.(t) — x,(t), it follows that

3 et =2 (OF + wrllxe(t) = T OIF + (O (xe (1)) ~ 0 (ea (), xe(8) ~ 31 (1) (3.10)

< (F(txe) = f(t,x1), xe(t) = x1(1)) + walxe(t) = xa (B
Here, we note

| f(t,xe) = f(t,x2)| < LIkl llxe () = 22Ol 2 0.v,)

T T (3.11)
[ 1) = 20O guatt =T [ et) - xa(0Pet
0 0
Thus, we have
(f(t xe) = f(t,x1), xe(t) = xa(t))
<|f(txe) = f(tx0)| - |xe(t) = xa(8)]
~ 2, T(L|k]|2)? (3.12)
—ZT(L||k||L2)2 |f(t xe) = f(t,x1)] —I xe(t) = x1(B)
k|2
< () - 51O + M| xelt) - (-
Therefore, by using the monotonicity of 0¢ and integrating (3.10) over [0, T] it holds
llx B - x@®f + 2 JJ e (£) = xa (8) |t
2 € A > 0 € A
T
< [ (@exe(t) = 0pa a0, 20 (o1 1) = et () (3.13)
- {% } [[ -

Here, we used that

Ope(xe(t)) = ¢! (xe(t) ~(I+ eazﬁ)_lxe(t)). (3.14)
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Since [0¢.(x)| < |(6¢)0x| for every x € D(0¢) it follows from Assumption (A) and using
Gronwall’s inequality that

llxe = xalleormnezory) S Cle+d), 0<T. (3.15)
O

Let x € L'(0,T; V). Then it is well known that
h
Pllirr})lf1 f [[x(t+s)—x(t)||ds=0 (3.16)
- 0

for almost all point of t € (0,T).
Definition 3.3. The point ¢t which permits (3.16) to hold is called the Lebesgue point of x.
We establish the following results on the solvability of (NDE).

Theorem 3.4. Let Assumptions (F) and (A) be satisfied. Then for every (xp, h) € V x L%(0,T; V*),
(NDE) has a unique solution:

x € L*(0,T; V) nW(0,T; V*) nC([0,T]; H), (3.17)
and there exists a constant C4 depending on T such that
el zerzne < Ca(1+ lxoll + WAl 2o )- (318)

Proof. Let us fix Ty > 0 such that
Ty \ /2
C1C2<€_1 +/T, L||k||Lz> <ﬁ> <1. (3.19)

Let y € L?(0,To; V). Then f(-, y(-)) € L?(0, To; H) from Assumption (F). Set
(Fx)(t) = f(t, x(t)) = 0pe(x(t)), 0<t<Th. (3.20)
Then from Lemma 3.1 it follows that
((Faa) (1) = (Fx2) ()] < (&7 + VTOLIIkll: ) i (8) = (0] (3:21)
Fori=1,2, we consider the following equation:

xi(t) + Axi(t) = (Fy;)(t) + h(t), 0<t<Ty,
(3.22)
xi(O) = X0-
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Then

%(xl(t) —x2(t)) + A(x1 (8) = x2(8)) = (Fy1) (1) = (Fy2) (1), t>0, (3.23)

x1(0) = x2(0) = 0.
From (2.11) it follows that
11 = Xall 20,7 Aoy w20 < C2llFyn = Fyal 2o 1imay- (3.24)

Using the Holder inequality we also obtain that

0

T 2 1/2
(e
0 (3.25)

T + 1/2
< {fo tfo |51 (T) —xz(7)|2d7'dt}

<\/T0

< ==l = xallwizo gym-

T 172
2
1261 = 22l 20,1 10) = {f 1 (£) — x2(8)] dt}

t
f (1 (7) - %2(7))dr

0

Therefore, in terms of (2.8) and (3.25) we have

1/2 1/2
||X1 - x2||L2(0,Tg;V) < Cl ”xl - xz”Lg(O,Tg;D(Ag)) ||X1 - xz”Lé(O,Tg;H)

TO 1/2
1/ ) et = xo][1/2

2
< Cl ||x1 - x2||L2(O,T0;D(A0)) <7§ W12(0,Ty;H)

<o () - m
=~1\2 X1 = X2[12(0,T0;D(A0)) W12 (0,To; H) (3.26)

TO 1/2
<aa(25) 1P =Flsonan

) T 1/2
<GG (6 T+ \/"foLIIkIILz> (702> 1 = v2ll 20,30

So by virtue of the condition (3.19) the contraction principle gives that (SDE 2) has a unique
solution in [0, Ty]. Thus, letting A\ — 0 in Lemma 3.1 we can see that there exists a constant C
independent of € such that

lxe = Xllcqom)mnezomy) < Ce, 0<To, (3.27)
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and hence, lim, _,ox,(t) = x(t) exists in H. From Assumption (F) and (3.27) it follows that

fxe) — f(,x), strongly in Lz(or To; H),
(3.28)
Ax, — Ax, strongly in LZ(O, To; V*).

Since 0¢, (x,) is uniformly bounded by Assumption (A), from (3.27), (3.28) we have that

d d ) i}
% % weakly in L*(0,To; V*), (3.29)

therefore
Ope(xe) — f(-,x) +h—x'— Ax, weakly in L*(0, Ty; V*). (3.30)

Since (I + €d¢) 'x. — x strongly and d¢ is demiclosed, we have that
f(,x)+h-x - Ax €9¢(x) in L*(0,To; V*). (3.31)

Thus we have proved that x(t) satisfies a.e. on (0, Tp) the equation (NDE).
Let y be the solution of

Yy +Ay(t) +0(y(t) 20, 0<t<T,

y(o) = Xo,

(3.32)

then, it implies

D (x) -y () + AGO - y(®) +0p(x) ~0p(y(0) 3 FL,x) +h(). (339

Noting that || - || < |- | £ || ||, by multiplying by x(t) — y(¢) and using the monotonicity of 0¢
and (2.3), we obtain

|

X () -yOF + @i flx@ -y’
(3.34)

<wo|x(t) -y + | f(t, ) + h(®)] - [|x () - y(B]|.

N —
£

Since

|f(tx) +h(t)] - ||x() - y(®)]| < 2171|f(t,x) +h®)* + [0 -y (3.35)
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for every ¢ > 0 and by integrating on (3.34) over (0, t) we have

t
)=y OF +01 f ) - yto s

t (3.36)
1 2
< uTl”f('rx) + 1|l 2 vy + 202 Jo |x(s) - y(s)|"ds
and by Gronwall’s inequality:
2 ' 2 2
|x() ~y®)[ + @ f () = y()["ds < wi' T (| £, x) + hl 07,00y (3.37)
0
Let us fix Ty > T7 > 0 so that T is a Lebesgue point of x, ¢(x(T1)) < oo, and
w;' e N\/TiL|K]|;2 < w;. (3.38)

Put

N =1\/wj?ew T, (3.39)

then from Assumption (F) it follows

[|x - y||L2(0,T1;V) SN fC,x) + h”LZ(O,Tl;V*)

(3.40)
< NVT Lkl 1%l 207,y + NlBl 2070+
and hence, from (2.17) in Proposition 2.3, we have that
||x||L2(0,T1;V)
< - <”y”L2(0T-V) +]\I”h”LZ(OTrV*))
1- NVLIk]2 e i
(3.41)

1
<
1- N+/TiL||k||;2

< Ca(1+ ol + Il 2 00 )

{Ca(1+ 1ol + NIl 00}

for some positive constant C4. Since the condition (3.38) is independent of initial values,
noting the Assumption (A), the solution of (NDE) can be extended to the internal [0, nT;] for
natural number 7, that is, for the initial x(nT;) in the interval [nTy, (n + 1)T1], as analogous
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estimate (3.41) holds for the solution in [0, (7 + 1)T;]. The norm estimate of x in W'2(0,T; H)
can be obtained by acting on both side of (NDE) by x'(t) and by using

%qb(x(t)) = (g(t),%x(t)) ae, 0<t, (3.42)

for all g(t) € 0¢(x(t)). Furthermore, the estimate (3.18) is immediately obtained from (3.41).
O

Theorem 3.5. Let Assumptions (F) and (A) be satisfied and (xo,h) € V x L*(0,T;V*), then the
solution x of (NDE) belongs to x € L?(0,T; V) N W'2(0,T; V*) and the mapping:

V x L2(0,T; V*) 3 (xo, h) — x € L2(0,T; V) n C([0, T]; H) (3.43)

is continuous.

Proof. If (xo,h) € V x L?(0,T;V*) then x belongs to L*(0,T;V) n W'2(0,T; V*) form
Theorem 3.4. Let (xo;, h;) € V x L?>(0,T;V*) and x; be the solution of (NDE) with (xq;, h;)
in place of (xg, h) for i = 1,2. Multiplying on (NDE) by x;(t) — x2(t), we have

% %ixlm — 0B +willxa®) - O]

< walxr(t) ~ 22 (OF + | F(t,21) = £t x2) [P () = x2(0)] (3.44)
+|ha (8) = ha(B) ||, |21 (8) = 2x2(£) |-
Let us fix T1 > T, > 0 so that T is a Lebesgue point of x, ¢(x(T2) < oo, and
w1 — wy'e*?A/T, L||K||;2 > 0. (3.45)
Since
1 2, Wi 2
A1 (t) = ha ()|l ]1x1 () = x2(B)|| < Ellhl(t) —ha (Ol + Il () 2B (3.46)
by integrating on (3.44) over [0, T>] where T; < T and as is seen in (3.37), it follows
w
01 = %2llE ooy * 5 11 = %2lliz 01,0,
< 2 Lra t,x0) |7 2 |y - h
< llxo1 = xo2l” + ;1||f( cx1) = f (622 |0y * (71” 1= hallrz2 07,0 (3.47)

2

2 -1 2

< lxor = xo2l|” + wy VT2 LK 2llx1 = X2ll720 vy + —— 171 = B2l 20,15+
( 2/ ) wl
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Putting that

1/2 2
Nj = min [1,{%—w{1\/f2L||K||L2}] , NZEmax{l,w—}, (3.48)
1

we have

2N:
131 = X2l orne € ——=(|Ix01 = %02 + |11 = T2 ). (3.49)

v1-N;

Suppose (xon, hy) — (x9,h) in V x L?(0,T;V*), and let x,, and x be the solutions (SDE 2)
with (xon, h,) and (xo, h), respectively. Then, by virtue of (3.44) and (3.49), we see that x,, —
x in L2(0,T», V) N W'2(0,T,, V*) — C([0,T»]; H). This implies that x,(T>) — x(T») in H.
Therefore the same argument shows that x, — xin

L*(T,, min{2T>,T}; V) N C([To, min{2T,, T}]; H). (3.50)

Repeating this process, we conclude that x, — x in L?(0,T;V) n W'2(0,T,,V*) <
C([0,T>]; H). O

4. Example

Let Q be bounded domain in R" with smooth boundary 0Q. We define the following spaces:

HY(Q) = {u : u,% eIX(Q), i= 1,2,...,11},
2
H2(Q) = {u:u, %,% e1X(Q), i,j = 1,2,...,n}, (4.1)
i iOAj

HY(Q) = {u ue HY(Q), ulpn = 0} = the closure of CZ(Q) in H'(Q),

where 0/0x;u and 0%/ 0x;0x;ju are the derivative of u in the distribution sense. The norm of

Hj(Q) is defined by
i " ()2 1/2 N
||u||—{fQ§<axi)dx} . (42)

Hence H|(Q) is a Hilbert space. Let H™'(Q) = H}(Q)" be a dual space of H}(Q). For any
le HY(Q)and v € H&(Q), the notation (I, v) denotes the value [ at v. In what follows, we
consider the regularity for given equations in the spaces:

V=H\Q) = {ueHl(Q); u=0 on agz}, H=I*Q),V'=H\(Q) (4.3)

as introduced in Section 2. We deal with the Dirichlet condition’s case as follows.
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Assume that a;; = aj; are continuous and bounded on Q and {aij(x)} is positive
definite uniformly in Q, that is, there exists a positive number 6 such that

>, aj(0& > 6lEf, Ve Q. )
ij=1
Let
o w & 0ajj
bi €L (Q)/ ceL (Q), ﬂi = ]z:; a_x] + bi' (45)

For each u,v € H& (Q), let us consider the following sesquilinear form:

a(u,v) = J;}{ i a;j Su g:: Zﬂl v + cuv}dx. (4.6)
j

ij=1 =1

Since {a;;} is real symmetric, by (4.4) the inequality:

> aij(x)&d; > 6l (4.7)

ij=1

holds for all complex vectors ¢ = (¢1,...,¢&n). By hypothesis, there exists a constant K such
that |;(x)| < K and ¢(x) < K hold a.e., hence

S
" KJ§1<
oo (55 ) e

|u|dx KJ‘ lul*dx

Re a(u,u) ZJ‘ 62

>6f
i=1

du
ox; a

axl

L 2
3o 2€|u| >dx KJ‘Q |u|~dx (4.8)

axl

By choosing € = 6K™!, we have

axl

Re a(u, u)>—Zj - <n2—122+K> jg|u|2dx

nk? )
I| ulli - < +K+§>Ilullz'

(4.9)
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By virtue of Lax-Milgram theorem, we know that for any v € V there exists f € V* such that
a(u,v) = (f,v). (4.10)
Therefore, we know that the associated operator A : V — V* defined by

(Au,v) = —a(u,v), u,vev (4.11)

is bounded and satisfies conditions (2.3) in Section 2.
Let g:[0,T] xV — H be a nonlinear mapping defined by

g(t,u(t, x)) _j Z 3% Gl(s,Vu(s,x))ds (4.12)

We assume the following.

Assumption (F1). The partial derivatives oi(s,¢), 0/0t 0i(s,¢) and 0/09¢;0i(s,¢), exist and
continuous for i = 1,2, j = 1,2,...,n, and 0;(s, ¢) satisfies an uniform Lipschitz condition
with respect to ¢, that is, there exists a constant L > 0 such that

|o, 5,8) - oy(s, >'<L|§ §| (4.13)

where | - | denotes the norm of L2(Q).

Lemma 4.1. If Assumption (F1) is satisfied, then the mapping t — g(t,-) is continuously differen-
tiable on [0, T] and u — g(-,u) is Lipschitz continuous on V.

Proof. Put

81 (S, u) Z —O',(S, Vu)/ (414)

then we have g1(s,u) € H™(Q). For each w € H}(Q), we satisfy the following that

n

(q1(s,u),w) = - Z (oy(s, Vu), a%w) (4.15)

i=1

The nonlinear term is given by

t
g(t,u) = fo g1(s,u)ds. (4.16)
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Forany w € H& (Q), if u and # belong to H& (Q), by Assumption (F1) we obtain

|(g(t,u) - g(t,@)),w| < LT|ju - al|||w]. (4.17)
O

We set
f(t,u) = f k(t—s)f Z 5% a,(T,Vu(T,x))des, (4.18)

where k belongs to L?(0,T). Let ¢ : H& (Q) — (—oo,+o0] be a lower semicontinuous, proper
convex function. Now in virtue of Lemma 4.1, we can apply the results of Theorem 3.4 as
follows.

Theorem 4.2. Let Assumption (F1) be satisfied. Then for any ug € Hy(Q) and h € L*(0,T;
H™Y(Q)), the following nonlinear problem:

(u'(t) + Au(t), u(t) - z) + p(u()) - $(2)

< (f(tu) +h(t),u(t) -z), ae,0<t<T, zel*Q), (4.19)
u(0) = uy
has a unique solution:
uel? (o, T; H&(Q)) w2 (o, T; H’l(Q)> - c([o, T] ;LZ(Q)>. (4.20)

Furthermore, the following energy inequality holds: there exists a constant Cr depending on T
such that

lall oz < Cr(1+ loll + 1Bl 2 115 )- (421)
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