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We study the singular fractional-order boundary-value problem with a sign-changing nonlinear
term —-D%x(t) = p(t) f(t, x(t), D" x(t), D2x(t),..., D x(t)), 0 <t <1, DHx(0) =0,1 <i<n-
1,941+ 1x(0) = 0,D1x(1) = Z;:lz a;Dt1x(¢;), wheren -1 < a < n,n € Nand n > 3 with
O<pr<pp < <ppa<pprandn-3<p,1<a-2,a;€R0<¢ <& <<y <1satisfying
0< Z’;;lz a]-g;?"" "7 < 1, 9" is the standard Riemann-Liouville derivative, f:[0,1]xR" - Ris
a sign-changing continuous function and may be unbounded from below with respect to x;, and
p : (0,1) — [0, ) is continuous. Some new results on the existence of nontrivial solutions for
the above problem are obtained by computing the topological degree of a completely continuous
field.

1. Introduction

Fractional differential equations arise in many engineering and scientific disciplines, and
particularly in the mathematical modeling of systems and processes in physics, chemistry,
aerodynamics, electrodynamics of complex medium, and polymer rheology [1-6]. Fractional-
order models have proved to be more accurate than integer-order models, that is, there
are more degrees of freedom in the fractional-order models. Hence fractional differential
equations have attracted great research interest in recent years, and for more details we refer
the reader to [7-16] and the references cited therein.
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In this paper, we consider the existence of nontrivial solutions for the following
singular fractional-order boundary-value problem with a sign-changing nonlinear term and
fractional derivatives:

“D%x(t) = p(t) f(t, x(B), D x(t), Dx (D), ..., D x(t)), 0<t<1,

. . . P2 (1.1)
DHix(0)=0, 1<i<n-1, D1ty (0) = 0, Dr1x(1) = Zaj%""“x(gj),
=1

wheren-1<a<nneNandn>3withO <y <pp < < ppo <pp1andn -3 < p,q1 <
a-2,a;€R,0<¢ <& <--- <o <1satisfying 0 < Z;:lz a,-g;‘*”"‘“l <1, D% is the standard
Riemann-Liouville derivative, f : [0,1] xR" — Ris a sign-changing continuous function and
may be unbounded from below with respect to x;, and p : (0,1) — [0, o) is continuous.

In this paper, we assume that f : [0,1] x R" — R, which implies that the problem
(1.1) is changing sign (or semipositone particularly). Differential equations with changing-
sign arguments are found to be important mathematical tools for the better understanding of
several real-world problems in physics, chemistry, mechanics, engineering, and economics
[17-19]. In general, the cone theory is difficult to handle this type of problems since the
operator generated by f is not a cone mapping. So to find a new method to solve changing-
sign problems is an interesting, important, and difficult work. An effective approach to this
problem was recently suggested by Sun [20] based on the topological degree of a completely
continuous field. Then, Han and Wu [21, 22] obtained a new Leray-Schauder degree theorem
by improving the results of Sun [20]. In [22], Han et al. also investigated a kind of singular
two-point boundary-value problems with sign-changing nonlinear terms by applying the
new Leray-Schauder degree theorem obtained in [22].

To our knowledge, very few results have been established when f is changing sign
[20-24]. In [20, 21, 23], f permits sign changing but required to be bounded from below. In
[22, Theorem 1.1], f may be a sign-changing and unbounded function, but the Green function
must be symmetric and f is controlled by a special function h(u) = —b—c|u|#, where b > 0, ¢ >
0 and p € (0,1). Recently, by improving and generalizing the main results of Sun [20] and
Han et al. [21, 22], Liu et al. [24] established a generalized Leray-Schauder degree theorem
of a completely continuous field for solving m-point boundary-value problems for singular
second-order differential equations.

Motivated by [20-24], we established some new results on the existence of nontrivial
solutions for the problem (1.1) by computing the topological degree of a completely
continuous field. The conditions used in the present paper are weaker than the conditions
given in previous works [20-24], and particularly we drop the assumption of even function
in [24]. The new features of this paper mainly include the following aspects. Firstly, the
nonlinear term f(f,x1,xy,...,x,) in the BVP (1.1) is allowed to be sign changing and
unbounded from below with respect to x;. Secondly, the nonlinear term f involves fractional
derivatives of unknown functions. Thirdly, the boundary conditions involve fractional
derivatives of unknown functions which is a more general case, and include the two-point,
three-point, multipoint, and some nonlocal problems as special cases of (1.1).

2. Preliminaries and Lemmas

In this section, we give some preliminaries and lemmas.
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Definition 2.1. Let E be a real Banach space. A nonempty closed convex set P C E is called a
cone of E if it satisfies the following two conditions:

(1) x € P,o > 0 implies ox € P;

(2) x € P,—x € P implies x = 0.

Definition 2.2. An operator is called completely continuous if it is continuous and maps
bounded sets into precompact sets.

Let E be a real Banach space, E* the dual space of E, P a total cone in E, that is, E =
P — P, and P* the dual cone of P.

Lemma 2.3 (Deimling [25]). Let L : E — E be a continuous linear operator, P a total cone, and
L(P) C P. If there exist ¢ € E\ (=P) and a positive constant ¢ such that cL(g) > g, then the spectral
radius r(L) # 0 and has a positive eigenfunction corresponding to its first eigenvalue \ = r(L)™".

Lemma 2.4 (see [25]). Let P be a cone of the real Banach space E, and Q a bounded open subsets of
E. Suppose that T : QNP — P is a completely continuous operator. If there exists xo € P\ {6} such
that x — Tx # pxo,Yx € 0Q N P, u > 0, then the fixed-point index i(T, Q2N P, P) = 0.

Let L : E — E be a completely continuous linear positive operator with the spectral radius
r1 #0. On account of Lemma 2.3, there exist ¢y € P\ {0} and g1 € P*\ {0} such that

L1 =41,
(2.1)
riL*g1 =g,
where L* is the dual operator of L. Choose a number & > 0 and let
P(g1,6) ={ueP:g(u)>6|ul}, (2.2)
then P(g1,06) is a cone in E.
Lemma 2.5 (see [24]). Suppose that the following conditions are satisfied.
(Al) T : E — P isa continuous operator satisfying
T
ITull _, (2.3)

lull = +oo flull

(A2) F: E — E isabounded continuous operator and there exists ug € E such that Fu + ug +
TueP, forallucE;

(A3) r1 > 0 and there exist vy € E and n > 0 such that

LFu>r(1+n)Lu—-LTu-v,, VYu€ckE. (2.4)

Let A = LF, then there exists R > 0 such that

deg(I — A, Bg,0) =0, (2.5)

where Bg = {u € E : ||u|| < R} is the open ball of radius R in E.
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Remark 2.6. If the operator T which satisfies the conditions of Lemma 2.5 is a null operator,
then Lemma 2.5 turns into Theorem 1 in [20]. On the other hand, if the operator T in
Lemma 2.5 is such that there exist constants a € (0,1) and N > 0 satisfying ||Tu|| < N||u||* for
all u € E, then Lemma 2.5 turns into Theorem 2.1 in [22] or Theorem 1 in [21]. So Lemma 2.5
is an improvement of the results of paper [20-22].

Now we present the necessary definitions from fractional calculus theory. These
definitions can be found in some recent literatures, for example, [26, 27].

Definition 2.7 (see [26, 27]). The Riemann-Liouville fractional integral of order &« > 0 of a
function x : (0, +o0) — R is given by

o _ 1 ! a-1
I*x(t) = m ’[0 (t-5)""x(s)ds (2.6)

provided that the right-hand side is pointwisely defined on (0, +0).

Definition 2.8 (see [26, 27]). The Riemann-Liouville fractional derivative of order &« > 0 of a
function x : (0,+00) — Ris given by

1

a - a\" ' n-a-1
D x(t) = m(a) fo (t— S) x(S)dS, (27)

where n = [a] + 1, and [a] denotes the integer part of the number a, provided that the right-
hand side is pointwisely defined on (0, +0).

Remark 2.9. If x,y : (0,+00) — R with order a > 0, then
D (x(t) + y(t)) = D*x(t) + D*Y(t). (2.8)
Lemma 2.10 (see [27]). (1) If x € L'(0,1), p > 6 > 0, then
IPI%x(t) = IP*°x(t), DRI x(t) = IP~%x(t), DI%x(t) = x(t). (2.9)
(2)Ifp>0,0>0, then

9pta—1 _ F(G)

= tor 1, 2.10
T(c-p) 210

Lemma 2.11 (see [27]). Assume that x € C(0,1) N L'(0,1) with a fractional derivative of order
a>0. Then

I"Dx(t) = x(f) + 1t L + ot 2 + - 4 ™7, (2.11)

where c; e R (i =1,2,...,n), nis the smallest integer greater than or equal to a.
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Noticing that2 < a — p—1 <1 — py_q <3, let

t 1 _ afy,,_l—l _ t_ aiu,,_lfl
(t(1-5s)) (t=s) 0<s<t<i,

r‘x_,unfl

k(t,s) = a_( B )
M 0<t<s<1
Fa-pos) stessl

by [28], for t,s € [0, 1], one has

s(1 —s) 17t
T(a=pna)

i1 - f)g(1 — g) % H
T(a = pna)

<k(t,s) <

Lemma 2.12. If2 < a — py—1 < 3and p € L'[0,1], then the boundary-value problem
D () + p(t) =0,

p-2
w(0) =w'(0) =0, w(l) = Za,-w(gj),
j=1

has the unique solution

1
w(t) = 4[0 K(t,s)p(s)ds,

where
pa—pn1-1 p=2
K(t,5) = k(t,s) + —— 5——— > ajk(¢,s),
i1 a,»gj =1

is the Green function of the boundary-value problem (2.14).

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Proof. By applying Lemma 2.11, we may reduce (2.14) to an equivalent integral equation:

w(t) = =I"Fr1p(b) + ™ Hri7h 4 #1248 g 0y, 05 €R.

(2.17)

Note that w(0) = w'(0) = 0 and (2.17), we have ¢, = ¢3 = 0. Consequently the general solution

of (2.14) is

w(t) = -1"M1p(t) + cqt* 7l

By (2.18) and Lemma 2.10, we have
w(t) = — [* 1 p(t) + ¢t Hl

t (t _ S)a—ﬂn,1—1

s)ds + cyt*Hn7L,
0 F(lx—/ln_l) P( ) 1

(2.18)

(2.19)
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So,

1 (1 _ S)ajuy,q—l

wil) = - o T(a—pn1)

p(s)ds +cy, (2.20)

andforj=1,2,...,p-2,

JCRD

d apn1=1 2.21
(o o) p(s)ds + c1g; (2.21)

w() = -

By w(1) = Z] 1 a]w(gj) combining with (2.20) and (2.21), we obtain

Jo (=) p(s)ds ~ S a; [§ (& -5) """ pls)ds

€= S— (2.22)
r(““/‘n—l)< 27 1 ]§ . )
So, the unique solution of problem (2.14) is
t a—pn -1
(t—s)*
H=-| — 2 )(s)d
w(t) o T(a— o) p(s)ds
$a—Hn-1=1 1 (1 _ S)a—y,,,l—l p-2 ¢ (g _ S)a—yn,l—l
R Fa— o) p(S)ds—Zajf I{_—p(s)ds
1 Z] -1 a]§ 0 (“ Hn-1 j=1 0 (0{ #n—l)
_ g Hna-1 1 _ o\ Hn1—lga—p, -1
- LP(S)ds + (1-5) e p(s)ds
o T(a=pn1) o T(a—pu)
a—py1-1 y@—pn-1—-1
taﬂn11 p-2 fl(l_s) #mljﬂl
+ = aj p(s)ds
Z J§ e 1121 "o T'(a = pn1)
uﬁ”n—l*1 P~ -2 él . —g a_,un—l_l
t_z R aiI LP(S)dS
-3 A o T'(a = pn1)
f e Z &)
= k(t,s) + aik(¢;,s) )p(s)ds
0 1- Z ]gﬂ pn1—1 & 7T TR
1
=f K(t, s)p(s)ds.
0
(2.23)

The proof is completed. O
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Lemma 2.13. The function K(t,s) has the following properties:

(1) K(t,s) >0, for t,s € (0,1);
(2) K(t,s) < Ms(1—s)*"7, for t,s € [0,1], where

p-2
__ 1 e 2 (2.24)
T(a - pins) 1- Z’-J_z TR )

Proof. It is obvious that (1) holds. In the following, we will prove (2). In fact, by (2.13), we
have

ta—yn,l—l
K(ts) = kit,) + - T 1Za]k<é;,s>
-3 age
s(1-s)* z”la, s(1—s) !
(= pna) 1 hI ]§ ottt T(a = pnen)
-2
f THw\suoger
1= g ) Tla—pn)

j=1 77j

(2.25)

IN

This completes the proof. O
Now let us consider the following modified problems of the BVP (1.1):

—D iy (t) = p(t) f (8, I u(t), P (), ... TR F2y (), u(t)),

-2
u(O) =0, u’(O) =0, %#—#n—lu(l) — pZaj%‘u_‘u"’lu(gj). (2.26)

j=1

Lemma 2.14. Let x(t) = I*u(t),u(t) € C[0,1], Then (1.1) can be transformed into (2.26).
Moreover, if u € C([0,1], [0, +o0) is a solution of problem (2.26), then, the function x(t) = I* u(t)
is a positive solution of problem (1.1).
Proof. Substituting x(t) = I*u(t) into (1.1), by the definition of the Riemann-Liouville
fractional derivative and Lemmas 2.10 and 2.11, we obtain that
ar ar
Z e _In & [Hn-1
SR () = u(t)
dTl
— I atpn- a—Hn-1
= o u(t) =9 u(t),
PHix(t) = DM IFu(t) = M Hu(t),
Dt2x(t) = D2 IFu(t) = IF7F2u(t),

Dx(t) =

(2.27)

DHn2x(t) = P2 [Hn-1yy(t) = [He17He2y(t),
PHr-tx(t) = DF-1 -1y (t) = u(t),
Dty (f) = [DHn1 1y (1)] = 1 (F).
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Also, we have D#+1x(0) = u(0) = 0, D*1*1x(0) = u'(0) = 0, and it follows from D#1x(t) =
u(t) that u(l) = Z’;:lz aju(¢;). Hence, by x(t) = I*u(t),u € C[0,1], (1.1) is transformed into
(2.14).

Now, let u € C([0,1,0,+00)) be a solution of problem (2.26). Then, by Lemma 2.10,
(2.26), and (2.27), one has

_an(t) = — %In—:xx(t) — _%IH_“I””’lu(t)
= — ﬂ[ﬂ*aﬁun—hu(t) - _%a—yn_1u(t)
dt (2.28)

= p(t) f (8, T (), P Fu(t), ..., I 72y (E), u(t))
=pH) f(t, x(t), Dx(t), Dx(t),..., D' x(t)), 0<t<l.

Noticing that

a _ 1 ' a-1
TI*u(t) = T“) fo (t—s)""u(s)ds, (2.29)

which implies that I“u(0) = 0, from (2.27), fori=1,2,...,n -1, we have
p-2

DHx(0) =0, D" x(0)=0,  Dx(l) =D @D x(g)). (2.30)
j=1

Moreover, it follows from the monotonicity and property of I#! that

Iy € C([0,1], [0, +00)). (2.31)

Consequently, x(t) = I"*u(t) is a positive solution of problem (1.1). O

In the following let us list some assumptions to be used in the rest of this paper.
(H1) p: (0,1) — [0, +o0) is continuous, p(t) #0 on any subinterval of (0,1), and

1
J p(s)ds < +oo. (2.32)
0

(H2) f:[0,1] x R* — (—o0,+00) is continuous.

In order to use Lemma 2.5, let E = C[0,1] be our real Banach space with the norm
lue]| = maxeqoy|u(t)| and P = {u € C[0,1] : u(t) >0, for all t € [0,1]}, then P is a total cone
in E.

Define two linear operators L, ] : C[0,1] — CJ[0,1] by

(Lu)(t) = Jj K(t,s)p(s)u(s)ds, tel0,1], ueC[0,1], (2.33)

1
(Ju)(t) = -[0 K(s,t)p(s)u(s)ds, te[0,1], ueC[0,1], (2.34)
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and define a nonlinear operator A : C[0,1] — C[0,1] by

1
(Au)(t) = fo K(t, s)p(s)f (t, I u(s), I Hu(s),..., IF7#2y(s),u(s))ds, te[0,1].
(2.35)

Lemma 2.15. Assume (H1) holds. Then

(i) L,J : C[0,1] — C[0, 1] are completely continuous positive linear operators with the first
eigenvalue r > 0 and A > 0, respectively.

(ii) L satisfies L(P) c P(g1,6).

Proof. (i) By using the similar method of paper [22], it is easy to know that L, J : C[0,1] —
C[0,1] are completely continuous positive linear operators. In the following, by using the
Krein-Rutmann'’s theorem, we prove that L, J have the first eigenvalue r > 0 and A > 0,
respectively.

In fact, it is obvious that there is t; € (0,1) such that K(¢1,t)p(t1) > 0. Thus there exists
[a,b] c (0,1) such that t; € (a,b) and K(t,s)p(s) > 0 for all t,s € [a,b]. Choose ¢ € P such
that ¢(t;) > 0and ¢s(t) =0 for all t & [a,b]. Then for t € [a,b],

1 b
(Lg)(t) = fo K(t,s)p(s)p(s)ds > f K(t, s)p(s)y(s)ds > 0. (2.36)

So there exists v > 0 such that v(Ly) (t) > ¢ (t) for t € [0,1]. It follows from Lemma 2.3
that the spectral radius r; #0. Thus corresponding to r = r;, the first eigenvalue of L, and L
has a positive eigenvector ¢; such that

rLep; = ¢1. (2.37)

In the same way, J has a positive first eigenvalue A and a positive eigenvector ¢,
corresponding to the first eigenvalue A, which satisfy

Mpa = @a. (2.38)

(ii) Notice that K(t,0) = K(t,1) =0 for t € [0,1], by AJ¢, = ¢, and (2.12)-(2.16), we
have ¢,(0) = ¢»(1) = 0. This implies that ¢, (0) > 0 and ¢, (1) < 0 (see [29]). Define a function
yon [0,1] by

(P/Z(O)/ s=0,
x(s) = (;”2_(35, O<s<l1, (2.39)
-¢5(1), s=1

Then y is continuous on [0, 1] and y(s) > 0 for all s € [0,1]. So, there exist 61,62 > 0
such that 61 < y(s) < 6, for all s € [0,1]. Thus

61(1—5)s < ¢pa(s) < 62(1 —s)s, (2.40)

forall s € [0,1].
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Let L* be the dual operator of L, we will show that there exists g1 € P*\ {6} such that

.)LL*gl = g1- (241)
In fact, let
1
gi(u) = J p(H)p2(Hu(t)dt Yu e E. (2.42)
0
Then by (H1) and (2.40), we have
1 1 1
J‘ p()pa(Hu(t)dt < 6| |ul| f t(1 - t)p(t)dt < &||ull f p(t)dt < +oo, (2.43)
0 0 0

which implies that g is well defined. We state that g of (2.42) satisfies (2.41). In fact, by
(2.40), (2.41), and interchanging the order of integration, for any s, t € [0,1], we have

1 1
Vg = [ p@ (1 ga0)urdt = [ p6) (e it
0 0

1 1
- [ P [ K npipatsidsar
0 0

= j: p(s)pa(s) f: K(s, Hp(t)u(t)dtds (2.44)

1
- fo p(8)9a(s) (L) (s)ds
=gi(Lu) = (L*g1)(u) Yu€kE.

So (2.41) holds.
In the following we prove that L(P) C P(gi,06). In fact, by (2.41) and & — pt,-1 =1 > 1,
we have

92(s) > 61(1=5)s > 6,(1-5)" "1 1s > 6, M'K(t,s), t,s€l0,1]. (2.45)

Take 6 = 5;M 117! > 0in (2.2). For any u € P, by (2.44), (2.45), we have
1
g1(Lu) = A7l gy (u) = A7 f p(s)pa(s)u(s)ds
‘ (2.46)

1
> 61M‘1)f1f K(t,s)p(s)u(s)ds = 6(Lu)(t) Vte[0,1].
0

Hence, g1 (Lu) > 6||Lu||, thatis, L(P) C P(g1,6). The proof is completed. O
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3. Main Result

Theorem 3.1. Assume that (H1)(H2) hold, and the following conditions are satisfied.
(H3) There exist nonnegative continuous functions b,c : [0,1] — (0, +o0) and a nondecreas-
ing continuous function h : R* — [0, +o0) satisfying

h(x11x2/-"/le) _
im @———>=0,
Shilkl—ove Xk |xil (3.1)

f(tl X1,X2,-- '/xn) 2 _b(t) - C(t)h(xll X2, .- -/xn)/ in eR.

(H4) f also satisfies

t/ 4 s n . tl 7 VA4 n
lim inf fltx,x: *n) >\ lim sup |f( X2 X )|

<A
Zilyximre S xi i lxil—=0 i lxil ’ (3:2)
5 x>0

uniformly on t € [0, 1], where A is the first eigenvalue of the operator | defined by (2.34).
Then the singular fractional-order boundary-value problem (1.1) has at least one nontrivial
solution.

Proof. According to Lemma 2.15, L satisfies L(P) C P(g1,6). Let

(Tu)(t) = ch(I* u(t), I Fu(t), ..., I F=2y(t), u(t)) for u € E, (3.3)

where ¢ = maxejpc(t). It follows from (H3) that T : E — P is a continuous operator. Note
that

t _ ‘u,,,]—l
o T(un) T (pn-1)

t ) (3.4)

_ g \Hn-17Hi—
ety = [ 29 W) gge Ml i g o aa
o T(pn-1-pi) T (1 = i)
Thus from the monotone assumption of h on x;, we have
(It u(t), P Fu(t), ..., I 2 (t), u(t))
(3.5)

] ([l [l
<h , e, Jull ), foranyueE,tel0,1],
<T (n1) T(una = )" Tpns = pn2)
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which implies that

| Tu|| = max {ch(IF1u(t), I Hu(t), ..., TP 2y (t), u(t)) )

€[0,
bl Ju (36)
<ch , e, ,||u||> for any u € E.
<F(#n1) T(pn1 =) " T(pna = pn-2)
Let
T = ! + ! +oo __ +1 (3.7)
L(pn1)  T(pnr = ) T(pn1 = pn2) '
then
ITull _ fim ch(llull /T (pn-1), |ull /T (pn-r = p1), - - Null /T (pne1 = pn2), llul])
lull = -+oo [[2]| " Jlull = +oo [lul|
- lim eth(|lull /T (pn-1), [l /T (pna = 1), -, |ull /T (pn-1 = pn2), ]l
llul| = +o0 7||ul|
i cth(|[ull /T (pn—), [ull /T (pns = 1), -, ull /T (ne1 = pn2), llull)
=l = oo [[ul| /T (pne1) + Nall /T (ptnr = pa) + -+ + |l /T (ptn-1 = pin2) + ||u]
. h(xlleI"‘lxn)
=¢cr lim —————~=0,
Shll—re XX
(3.8)
that is,
Tl _ (3.9)

lull—-+oo [l
Hence T satisfies condition (A1) in Lemma 2.5.
Next take uo(t) = b(t), and (Fu)(t) = f(t, IF1u(t), I "Fu(t),. .., [P 7F2u(t), u(t))
for u € E. Then it follows from (H3) that

Fu+ug+Tu = f(t, " u(t), " Fu(t),..., I 7F2u(t), u(t))
(3.10)
+b(t) + ch(IFu(t), M= "Hu(t), ..., IF= P2y (), u(t)) >0,

that yields

Fu+uy+TueP, VYu€eE, (3.11)

namely, condition (A2) in Lemma 2.5 holds.
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From (H4), there exists € > 0 and a sufficiently large I; > 0 such that, for any f € [0,1],

f(t/x1/x2/~-'/xn) > -)‘(1 +5)(x1 + X + ---+xn)

(3.12)
2A(1+£)xn, x1+x2+--~+xn>ll.
Combining (H3) with (3.12), there exists b; > 0 such that
Fu = f(t, 1" u(t), I 1u(t), ..., TP F2u(t), u(t))
(3.13)
> A1+ e)u(t) — by — ch(IFu(t),..., IF"F2u(t),u(t)), Yu€ekE,
that is,
Fu>\M1l+é&u—-by-Tu VueE. (3.14)
As L is a positive linear operator, it follows from (3.14) that
(LFu)(t) > A1 + &) (Lu)(t) — Lby — (LTu)(t), Vte[0,1]. (3.15)

So condition (A3) in Lemma 2.5 holds. According to Lemma 2.5, there exists a sufficiently
large number R > 0 such that

deg(I — A, Bg,0) = 0. (3.16)

On the other hand, it follows from (H4) that there exist 0 < ¢ < 1 and 0 < r < R, for
any t € [0,1], such that

1-¢
(1] + |oc2| + -+ + |xaul),

|f(t,x ;X ""’x")l <
o Mr [y p(s)ds 617)

1] + || + -+ |xu| <7

Thus for any u € E with ||[u]| < r/T < r <R, we have

[Tt ()] + [T t) |+ + | TP P2t | + u)

Jul Wl
T T(pna)  T(pna =) T (pn1 = pn-2)

+ [lul] (3.18)

<Tlull <.
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By (3.17), for any t € [0, 1], we have
| f (&, (), I (), . T 2 (F), () |

< 11;5(|Iun—1u(t)| + [T ()| + - | TRy ()] + u(t)]). (3.19)
Mt [ p(s)ds

Thus if there exist u; € 0B,/, and p; € [0,1] such that u; = p3 Auy, then by (3.19), we have

gi(lluall) = g1 (uallAwa|l) = pagr (|| Awa])

1
- g <Io“?¥ [ K917 (5 115 115, () s >
s__l:;_g<rﬂm@MVﬂmwn+~+U“”“W“””m“m%>
Mt f; p(s)ds 0

1

1-¢
1o ) o |
SMTIS;o(s)als Tfop(s) sgi(lml) = (1 - &)gi (i)

(3.20)

Therefore, g1 (||u1]]) < 0.
But ¢,(t) > 0 for all t € (0,1) by the maximum principle, and u; (t) attains zero on
isolated points by the Sturm theorem. Hence, from (2.42),

1
g () = fo P (D2 (8]t > . (3.21)

This is a contradiction. Thus
u#uAu, YueoB,, puel0,1]. (3.22)
It follows from the homotopy invariance of the Leray-Shauder degree that
deg(I - A,B,/7,0) =1. (3.23)
By (3.16), (3.23), and the additivity of Leray-Shauder degree, we obtain
deg(I — A,Br\ B,/z,0) = deg(I — A, Bg,0) —deg(I - A, By/7,0) = -1. (3.24)

As a result, A has at least one fixed point u on Bg \ B,/,, namely, the BVP (1.1) has at least
one nontrivial solution x(t) = I#1u(t). O

Corollary 3.2. Assume that (H1), (H2), and (H4) hold. If the following condition is satisfied.
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(H*3) There exists a nonnegative continuous functions b : [0,1] — (0, +oo) such that

f(t,x1,x2,...,%x,) > =b(t), forany te[0,1], Vx; € R, (3.25)

then the singular higher multipoint boundary-value problems (1.1) have at least one nontrivial solu-
tion.

Corollary 3.3. Assume that (H1), (H2), and (H4) hold. If the following condition is satisfied.
(H3**) There exist three constants b > 0,¢ > 0, and a; € (0,1) such that

flt,x1,x2,...,%,) > b - chxi|“", for any t € [0,1], Vx; €R, (3.26)
i1

then the singular higher multipoint boundary-value problems (1.1) have at least one nontrivial solu-
tion.

Remark 3.4. Noticing that the Green function of the BVP (1.1) is not symmetrical, which
implies that the existence of nontrivial solutions of the BVP (1.1) cannot be obtained by
Theorem 2.1 in [22] and Theorem 1 in [20]. It is interesting that we construct a new linear
operator | instead of K in paper [22] and use its first eigenvalue and its corresponding
eigenfunction to seek a linear continuous functional g of P. As a result, we overcome the
difficulty caused by the nonsymmetry of the Green function. In [24], the nonlinearity does not
contain derivatives and a stronger condition is required, that is, h must be an even function;
here we omit this stronger assumption.

Remark 3.5. The results of [20-22] is a special case of the Corollary 3.2 and Corollary 3.3 when
a1 (i=1,2,...,n) are integer and the nonlinear term does not involve derivatives of unknown
functions.
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