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The purpose of this paper is to investigate some properties of g-Euler numbers and polynomials
with weight 0. From those g-Euler numbers with weight 0, we derive some identities on the g-Euler
numbers and polynomials with weight 0.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper Z,, Q,, and C, will denote the
ring of p-adic rational integers, the field of p-adic rational numbers, and the completion of
algebraic closure of Q,. The p-adic absolute value is defined by |x|, = 1/p” where x = p"s/t
for s,t € Z with (p,t) = (p,s) = 1 and r € Q. In this paper, we assume that « € Q and g € C,
with |1 - g, < 1. As well-known definition, the Euler polynomials are defined by
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et +1

(oo} tn
ot = pE@ _ %E”(x)ﬁ’ (1.1)
P

with the usual convention about replacing E"(x) by E,(x) (see [1-15]).
In this special case, x = 0, E,(0) = E, are called the nth Euler numbers (see [1]).
Recently, the g-Euler numbers with weight a are defined by

E(()[’X; = 1, q<qﬂé‘(qﬂ') 4 1)” + Ef/l‘/’; =0 ifn> 0, (12)

with the usual convention about replacing (E,(f))" by E% (see [3, 12]). The g-number of x

is defined by [x]q = (1-g%)/(1 - q) (see [1-15]). Note that limq_q[x]q = x. Let us define
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the notation of g-Euler numbers with weight 0 as ESZ = En,q- The purpose of this paper is to
investigate some interesting identities on the g-Euler numbers with weight 0.

2. On the Extended g-Euler Numbers of Higher-Order with Weight 0

Let C(Z,) be the space of continuous functions on Z,. For f € C(Z,), the fermionic p-adic
g-integral on Z, is defined by Kim as follows:

L) = | Fean g

o, ) (2.1)
= i 2 S
(see [1-12]). By (2.1), we get
n-1
q"Iy(fa) + ("I (f) = [21, 21" F (4,
1=0 (2.2)
where f,(x) = f(x +n) and n € N (see [4, 5]).
By (1.2), (2.1), and (2.2), we see that
- (2] L /n 1
n _pla _ 9 _1)!
sz [x]jdpq(x) = Eyg = a _q>n[a]g§<l>< D5 g (2.3)
In the special case, n = 1, we get
. (2] l+gt & Nt
ff g (x) = et = ZOH (-a") = (2.4)

where H,(—g™!) are the nth Frobenius-Euler numbers. From (2.4), we note that the g-Euler
numbers with weight 0 are given by

Enrq = le x"dp_q(x) = Hy (—q_1>, forneZ,. (2.5)

P

Therefore, by (2.5), we obtain the following theorem.

Theorem 2.1. For n € Z., one has

En,q = H, <_q_1>/ (2.6)

where H,(—q™") are called the nth Frobenius-Euler numbers.
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Let us define the generating function of the g-Euler numbers with weight 0 as follows:
~ S
F,(t) = ZOE"'@' (2.7)
P

Then, by (2.3) and (2.7), we get

Fy(h) = [21,,;( 1) = qlef A 2)
Now we define the g-Euler polynomials with weight 0 as follows:
Thus, (2.4) and (2.9), we get
f ) ey (y) = qet K 1 ZEn q(x) —. (2.10)

P

From (2.10), we have
1+ q Xt _ o 1 "
ZE”‘?( ) <et+q_1>e _HZ=0H"<_q ,x)m, (2.11)

where H,(—q7!, x) are called the nth Frobenius-Euler polynomials (see [9]).
Therefore, by (2.11), we obtain the following theorem.

Theorem 2.2. For n € Z., one has

En,q(x) = IZ (x+y)"du_g(x) = Hy <—q’1,x>, (2.12)

where H,(—q~*, x) are called the nth Frobenius-Euler polynomials.

From (2.2) and Theorem 2.2, we note that
n-1
q"H (g7, n) + Hy(=q7") = (21, 2,(-)'1"q, (213)
1=0

where n € N with n =1 (mod 2).
Therefore, by (2.13), we obtain the following corollary.

Corollary 2.3. For n € N, with n =1 (mod 2) and m € Z,, one has

q"Hy(-q7n) + Hu(=7) = [ qZ( 'mg. (2.14)



4 Abstract and Applied Analysis

In particular, g = 1, we get E,,,(n) + E,, =23 1(=1)!1™, where E,, and E,,(n) are called
the mth Euler numbers and polynomlals which are defmed by

et+1 Z " .' et+1 ZE (x)— (2.15)

By (2.2), we easily see that

qf Flx+Ddu q<x>+f F)d_g(x) = [2],£0). (2.16)

Thus, by (2.16), we get

[2L,=qf ey () + [ ety (x)

p

= < f (x+1)"dp_g(x) +f x"dy_ q(x)>—n (2.17)
n=0

(oo (-a71) + Ho (7))

Therefore, by (2.16), we obtain the following theorem.

5'48

=0

:

Theorem 2.4. For n € Z,, one has
1+q, ifn=0

an(—q_l,l> +H, <—q-1> - { T (2.18)

0, ifn>0,

where H,(-g7!, x) are called the nth Frobenius-Euler polynomials and H,(—q™") are called
the nth Frobenius-Euler numbers. In particular, g = 1, we have

2, ifn=0,
E,(1)+E, = (2.19)
0, ifn>0,

where E,, are called the nth Euler numbers.
From (2.5) and Theorem 2.2, we note that

Epq(x) = f (x+y) dpq(y) = Z< > f y'dpq(y)x"" = En]<7>fn,qx"‘l = (x+E)",

Zyp 1=0
(2.20)
where the usual convention about replacing (Eq)l by Equ. By Theorems 2.2 and 2.4, we get

2], ifn=0,
2l ifn (2.21)

GEn(1) + Ep g =
0, if n>0.
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From (2.20) and (2.21), we have
‘1<Eq + 1)" * E",q = {
For n € N, by (2.20) and (2.22), we have
. . no &N\ I ~ ) no I\ ~
PEng(2) = (Eg+1+1) =Y, 1 (Eg+1) +q(1+9-Eoq) =q+a* -4, B
=1 1=0

=q +q2 - q(Eq + 1> =q +q2 + En,q - q[2]q60/n.

[Z]q, if n=0,
(2.22)
0, if n>0.

(2.23)
Therefore, by (2.23), we obtain the following theorem.
Theorem 2.5. For n € N, one has
GEng(2) = q+q* + Epyg. (2.24)
Forn € Z,, we have
Enqu(l -x) = § 1-x+ xl)"d‘u_qq (x1) = (-1)" J; (x1 +x)"dp_g(x1) = (—1)"En,q(x).
4 P
(2.25)
Therefore, by (2.25), we obtain the following theorem.
Theorem 2.6. For n € Z., one has
Enqi1(1-x) = (-1)"Epq(). (2.26)
From (2.20), we have
[ =0, = | =1 = 7 Eue. (2.27)
P P
By Theorem 2.6 and (2.27), we get
J’ (1= %)"dp_g(x) = Epgr (2) =1+ g+ ¢ Ep i 1> 0. (2.28)
ZP
Therefore, by (2.28), we obtain the following theorem.
Theorem 2.7. For n € N, one has
'[ (1-x)"dp_g(x)=1+qg+ qZEWﬂ. (2.29)

Zy
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Let C(Zy) be the space of continuous functions on Z,. For f € C(Z,), p-adic analogue
of Bernstein operator of order n for f is given by

Bu(f | x) = kz:])Bk,n(x)f(S) - kZJ(S) <Z> (1= 2, (230)

where n,k € Z, (see [1,6,7]).
For n, k € Z,, p-adic Bernstein polynomial of degree n is defined by

B — <Tl> k(1 _ ,\nk
n () = . X(1-x)"", x€Z, (2.31)

(see [1,6,7]).
Let us take the fermionic p-adic g-integral on Z, for one Bernstein polynomials in
(2.31) as follows:

[ Bty - (")f (1~ )" dp_y(x)
Zy k) )z

P

n-k -k
_ (Z) 3 <" l > (-1)! IZ iy (x) (2.32)
1=0 p
n\ "=k /n-k I~
(R e

By simple calculation, we easily get

[ Buno)ti ) = [ Bun(1 =00t 0

P ZP

k /k
= <:>Z< l><—1>"+’ _ (1=0)"dpy(x)
1=0 p
k [k ~
OBt
1=0

k
= <">Z (k> ()G Ep g + (2], (") (-1)*60x if n> k.
k/ 1o \1 k

Therefore, by (2.32) and (2.33), we obtain the following theorem.

(2.33)

Theorem 2.8. Forn € Z, withn > k > 0, one has

n-k -k - k /k ~
> <" l > (-1)'Exang = 3, < l > (DG Eporg- (2.34)
1=0

1=0
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In particular, k = 0, we get

n

> C) (-1)'Eig = @Epg + 2], (2.35)

1=0

By Theorems 2.1 and 2.2, we get

n-k -k k k
Z<n l >(—1)1Hk+l<_q_1> = <l>(—1)k+lq2Hn1(—q), (2.36)
1=0

1=0

where n,k € Z, withn > k > 0.
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