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Recently, we have proved a main theorem dealing with the absolute Norlund summability factors
of infinite series by using 6-quasimonotone sequences. In this paper, we prove that result under
weaker conditions. A new result has also been obtained.

1. Introduction

A positive sequence (b,) is said to be almost increasing if there exist a positive increasing
sequence (c,) and two positive constants A and B such that Ac, < b, < Bc, (see [1]).
Obviously, every increasing sequence is almost increasing. However, the converse need not
be true as can be seen by taking an example, say b, = ne(")". A sequence (d,,) is said to be
6-quasimonotone if d,, > 0 ultimately and Ad,, = d,,—dy+1 > —6,, where 6 = (6,) is a sequence
of positive numbers (see [2]). Let 3 a, be a given infinite series with the sequence of partial
sums (s,) and w, = na,. By u} and t5, we denote the nth Cesaro means of order a, with
a > -1, of the sequences (s,,) and (na,), respectively, that is,

1 &
u* = FZAz_;sv, (1.1)
n =0
1 n
£ = FZAZ:})W”, (1.2)
nyp=1

where

A% = <":l"‘> - ("‘*1)(“*712!)"'(“*") =0n"), A%, =0 forn>0. (1.3)
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The series >, a, is said to be summable |C, alk, k > 1, if (see [3])

1% < oo (1.4)

S

D ug — g |F = 3
n=1

n=1

If we take a = 1, then |C, ax summability reduces to |C, 1|x summability.
Let (p,) be a sequence of constants, real or complex, and let us write

Po=po+pi+p2+---+pn#0, (n20). (15)

The sequence-to-sequence transformation
1 n
Vi = P_an—vsv (16)

defines the sequence (V,) of the Norlund mean of the sequence (s,), generated by the
sequence of coefficients (p,). The series  a, is said to be summable |N, p,|x, k > 1, if (see

[4])

S nk NV, = Vi |* < oo (1.7)

n=1
In the special case when

- T(n+a)
Pn = m, a>0, (1.8)

the Norlund mean reduces to the (C,a) mean and |N,p,|r summability becomes |C, a|
summability. For p, = 1, we get the (C, 1) mean and then |N, p, |« summability becomes |C, 1|
summability. Also, if we take k = 1, then we get |N, p,,| summability. For any sequence (1,),
we write A\, = A, —A,11. Quite recently, in [5], we have proved the following theorem dealing
with the absolute Norlund summability factors of infinite series.

Theorem A. Let pg > 0, p, > 0, and (p,) be a nonincreasing sequence. Let (X,) be an almost
increasing sequence such that |AX,| = O(X,/n) and (A,) is a sequence such that

X = O(1) a5 n — co. (1.9)

Suppose also that there exists a sequence of numbers (A,) such that it is 6-quasimonotone with
> n6, X, < oo, >, ApXy is convergent, and |AL,| < |A,| for all n. If the sequence (wi) defined
by (see [6])

4], a=1,
wy = (1.10)

max|ti], 0<a<l,
1<v<n
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satisfies the condition

=~

24

=0(X,,) asm— oo, (1.11)

Mz
S :S

5
I
—

then the series >, a, Py, (n + 1) is summable IN, Pule, k > 1.

2. The Main Results

The aim of this paper is to prove Theorem A under weaker conditions. We will prove the
following theorems.

Theorem 2.1. If the sequences (Xy), (A,), and (A,) are as in Theorem A and if conditions (1.9) and

i @) 0(X,) as m— oo 2.1)

are satisfied, then the series 3, anyAy is summable |C,al, 0 <a < 1and k > 1.

Theorem 2.2. Let (py,) be as in Theorem A. If the sequences (X,,), (An), and (\,) are as in Theorem A
and if conditions (1.9) and (2.1) are satisfied, then the series Y, anPy\, (n+ 1) is summable |N, Pnlk,
k>1.

Remark 2.3. The following sequences satisfy the conditions of the theorems:

1
6n ==, A, = — A==, X,=n%5 0<e<l. (2.2)
n n

Remark 2.4. Tt should be noted that condition (2.1) is the same as condition (1.11) when k = 1.
When k > 1, condition (2.1) is weaker than condition (1.11), but the converse is not true. In
fact, if (1.11) is satisfied, then we get that

& (wp)* 1 (wp)"
;n Xk~ <x’< 1>Zw = O(Xim)- (2.3)

To show that the converse is false when k > 1, the following example is sufficient. We can
take X, = n°, 0 < € < 1, and then construct a sequence (a,) such that

wo)F
(anz—l = Xn — X1, (24)
nXy
whence
m a k
)y M — (2.5)
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and so

0(

i n) Z(X — X)Xk = Z(n — (n-1)")ne*D
n=1 n=1

n

m
>ed (n—-1)"n*D (2.6)
n=1

< g1 m*
:eZ(n—l)e_ ~ g asm— oo

This is because v¢' > n° ! forn-1<v < n.
This shows that, when k > 1, (1.11) implies (2.1) but not conversely.
We need the following lemmas for the proof of our theorem.

Lemma 2.5 (see [7]). If0<a <1land1<v <n,then

< max
1<m<v

Sy

p=0

2.7)

ZAal
p=0

Lemma 2.6 (see [8]). If -1 < a < B, k > 1 and the series >, a, is summable |C, a|, then it is also
summable |C, B|k.

Lemma 2.7 (see [9]). Let (X,) be an almost increasing sequence such that n|AX,| = O(X,).
If (Ay) is a 6-quasimonotone with 3, n6,X, < o, >, ApXy, is convergent, then

nA, X, =0(1) asn— oo,

- (2.8)
D nXulAA,| < oo.

n=1

is summable |C, 1|k, then the series . a, P, (n + 1)_1 is summable [N, pnlk, k > 1.

Lemma 2.8 (see [10]). Let po > 0, p, > 0, and (p,) be a nonincreasing sequence. If the series 3, a,

3. Proof of Theorem 2.1

Let (T) be the nth (C,a), with 0 < & < 1, mean of the sequence (na,\,). Then, by (1.2), we
have

Ty A,,LZA,, V0. (3.1)

ny=1
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First applying Abel’s transformation and then using Lemma 2.5, we have that

T ZA)L ZA"‘_ppap An ZA“ 1"(Jav,

"vl "vl

(4

1 "= 1 - |)t | n -
21 < e A S AT tpay | + Bl 3 Az
np=1 p=1 n |p=1
1 n-1
_AuZA“ W3 Ay | + [A|w0f
ny=1
=T, +T,,.

(3.2)

(3.3)

To complete the proof of Theorem 2.1, by Minkowski’s inequality, it is sufficient to show that

Zn_1|Tfl‘,r|k <o forr=1,2.

(3.4)

Whenever k > 1, we can apply Holder’s inequality with indices k and k', where (1/k) +

(1/k') =1, we get that

m+1

2

n=2

k
Zn’l(A”‘ {ZA” oA, |}
m+1 n-1 ) k1
< Zn—l ak{zvak(w |Av|k} « { 1}

v=1
= 0(1) > 0™ (w§) | Ao || A" D] @Dk
v=1 n:v+1n

o 1 ®  dx
— ak (. avk
: O<1>Zv @t il | e

( (wi)*
= O(1>ZA< 1A l);T =
a m-1
+O<1>m|Am|Z @ _ o) S a@lADIX,
v=1
m-1
+O()m|Ap|Xm = O(1) D 0| AA|X, + O(l)Z|A |Xo
v=1 v=1

+ O(1)m|Ap|Xm = O(1) as m — oo,

(3.5)
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by virtue of the hypotheses of Theorem 2.1 and Lemma 2.7. Again, we have that

m m ayk
S ral = om S @i
n=1 n=1
(w“) B (wi)*
—O<1>Z|A| O(1>ZA|A |Z g
+OM)[Am |Z (wn ) 0(1)Z|M X, (3.6
n=1
+ O(l)|~)‘m|Xm = O(l)mz_llAann + O(l)p‘mlxm
n=1

=0(1) asm— oo,

by virtue of the hypotheses of Theorem 2.1. This completes the proof of Theorem 2.1. If we
take a = 1, then we get a new result dealing with |C, 1|, summability factors.

Proof of Theorem 2.2. In order to prove Theorem 2.2, we need to consider only the special case
in which (N, p,) is (C, a). Therefore, Theorem 2.2 will then follow by means of Theorem 2.1,
Lemma 2.6 (for § = 1), and Lemma 2.8. If we take & = 1, then we get a new result for the
absolute Norlund summability factors of infinite series. O
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