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We discuss the asymptotic behavior of solutions for semilinear parabolic equations on the
Heisenberg group with a singular potential. The singularity is controlled by Hardy’s inequality,

and the nonlinearity is controlled by Sobolev’s inequality. We also establish the existence of a global
branch of the corresponding steady states via the classical Rabinowitz theorem.

1. Introduction

In this paper, we study a class of parabolic equations on the Heisenberg group H“. Let us
recall that the Heisenberg group is the space R?**! of the (noncommutative) law of product

(x,y,8) - (x,y,s)=(x+x,y+y,s+s+2((y | x) - (v | x))). (1.1)
The left invariant vector fields are

. 1
X]' = 6x/. +2y]-as, Y] = ay/. —ijas, ] = 1,. ..,d S = as = Z[YI’ X]] (12)

In the sequel we will denote, we will denote Z; = X; and Z;,4 = Yj for j € {1,...,d}. We fix
here some notations:

1/4
z=(x,y) e R¥, w = (z,5) € HY, p(z,s) = <|z|4 + |s|2> , (1.3)
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where p is the Heisenberg distance. Moreover, the Laplacian-Kohn operator on H¢ and
Heisenberg gradient is given by

n
Apa = ZX]Z + Y]2, Ve = (Za,...,2Z24)- (1.4)
j=1

Let Q be an open and bounded domain of H“, we define thus the associated Sobolev
space as follows

H! <Q,Hd> = {f € LX(Q); Vyaf € LZ(Q)}, (1.5)

and H}(Q, H?) is the closure of CZ(Q) in H(Q, HY).
We are concerned in the following semilinear parabolic problem
2
O — Agaut — ‘u|Z

—u=Au+ [uf?u, weQ, t>0,
p

u(w,0) = up(w), weQ, (1.6)
u|aQ = 0/ t > 0,

where 1 is a real constant and 2 < p < 2%; the index 2* = 2 + 2/d is the critical index of
Sobolev’s inequality on the Heisenberg group [1, 2]:

lull 2 @ < Callullin o, w, Y€ HY(QH). (17)

D’Ambrosio in [3] has proved Hardy’s inequality: let u € H} (Q, H?), it holds that

2
— z
i fg p'(u'))4 u(w)Pdw < [|Vaaul|} - (1.8)

And by the work of Dou et al. [4], we have the following Hardy inequality with remainder
terms for all u € C(Q\ {0}):

1 R 2 |zf 2 — |2 2 2
4 fg <ln<p(w))> p(w)4|u(w)| dw+‘uIQ p(w)4|u(w)| oo < IVmesligy (42

for any R > Ry, where Ry = sup,,op(w), and fi = d*. Moreover J is optimal and it is not
attained in HJ (Q, H?).

Stimulated by the recent paper in the Euclidean space RY of Karachalios and
Zographopoulos [5] which studied the global bifurcation of nontrivial equilibrium solutions
on the bounded domain case for a reaction term f(s) = As — |s|?s, where \ is a bifurcation



Abstract and Applied Analysis

3

parameter; our focus here is devoted to some results concerning the existence of a global
attractor for the (1.6) and the existence of a global branch of the corresponding steady states

2
—Apaut — yﬂzlu =\u+|uf?uin Q,
p(w)

Ulyo =0,

with respect to . Let us recall some definitions on semiflows.

(1.10)

Definition 1.1. Let E be a complete metric space, a semiflow is a family of continuous maps

S(t) : E — E, t >0, satisfying the semigroup identities
S30)=1,  S(t+t)=S3(1)S(t).

ForBCcEandt >0,

S(H)B := {u(t) = S(H)ug; ug € B}.
The positive orbit of u through uy is the set

" (o) = {u(t) = S(t)uo, t20},
then the positive orbit of B is the set y*(B) = U;»0S(t) B. The W-limit set of uy is

W(uo) = {p € E:u(t;) = S(tj)ug — ¢, tj — +oo}.

The a-limit set of ug is

a(ug) = {¢p € E:u(tj)) — ¢, tj — —oo}.

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

The subset f attracts a set B if dist(S(t)B,&#) — 0, t — +oco. & is invariant if S(t)e# = A4

and for all t > 0.
The functional 2 : E — R is a Lyapunov functional for the semiflow S(t) if

(i) 2 is continuous.
(ii) 2(S(t)uo) < 2(S(H)ug) for 0 < #' < t.
(iii) 2(S5(t)) is constant for some orbit u and for all t € R.

We have the following theorem from Ball [6, 7].

Theorem 1.2. Let S(t) be an asymptotically compact semiflow, and suppose that there exists a
Lyapunov functional 2. Suppose further that the set & is bounded, then S(t) is dissipative, so there

exists a global attractor HA(t).

For each complete orbit u containing ug lying in H4(t), the limit sets a(ug) and W (ug) are

connected subsets of & on which 2 is constant.
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If & is totally disconnected (in particular countable), the limits
b= ), o= lim 116

exist and are equilibrium points. furthermore, any solution S(t)uq tends to an equilibrium point as
t — +oo.

The outline of the paper is as follows. In Section 2, we study the existence of an
unbounded connected branch of positive solutions of (1.10) with respect to the parameter
A by using global bifurcation theorem introduced by Lépez-Gémez and Molina-Meyer in [8].
In Section 3, we describe the asymptotic behavior of solutions of (1.6) when u has low energy
smaller than the mountain pass level.

2. Existence of a Global Branch of the Corresponding Steady States

From the study of spectral decomposition of H] (€2, HY) with respect to the operator —Ays —

pt(lzl2 / p(w)4), where the singular potential V satisfies Hardy’s inequality (1.8), we have the
following.

Proposition 2.1. Let 0 < p < p. Then there exist 0 < Ay < Ay < A3 <+ <A <o+ — +oo, such
that for each k > 1, the following Dirichlet problem

KR .
(w)4¢k = )Lk(i)k, in Q
1Y

¢k|ag =0

~Auir—p 2.1)

admits a nontrivial solution in Hé(Q, H4). Moreover, {Pr} k1 constitutes an orthonormal basis of
Hilbert space H} (Q, H?).

For the proof of this proposition, we refer to [9].
Remark that the first eigenvalue 1y, characterized by

Jo (1) = u(I21/p(w)* ) lu(w) ) duw
)LL# = inf 5 , (2~2)
ueHg (QH?)\(0) ”u”LZ(Q)

is simple with a positive associated eigenfunction ¢, .

We discuss the behavior of Ay, when 0 <y <pand u T p.
Proposition 2.2. Let 0 <y < pand p T p. Then,

(i) (M) uisa decreasing sequence, and there exist A, > 0 such that 11, — \..

(ii) The corresponding normalized eigenfunction ¢, converging weakly to 0, in H} (Q, H?).
Proof. (i) Let p1 < po. The characterization (2.2) of Ay, implies that A1, > Ay ,.

The improved Hardy inequality (1.9) implies that 1, , is bounded from below by Cq =
1/4 supg (In(R/p(w))) 2(12*) / (p(w)*). So, there exist A, > 0 such that Aj, — A..
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(ii) The eigenfunction ¢y, satisfies, for any v € C5°(£2):

f VHd¢1#VHdwa #J 4(])1# vdw = )q#f ¢1, vdw. (2.3)

We still denote by ¢, the sequence of normalized eigenfunction, forming a bounded
sequence in H} (Q, H?). Then there exists u € H} (Q, H?) such that

$1, — uin HY(Q,H7),

(24)
$rp — uin LY(Q), forany 2<g<2".
For some fixed small enough £ > 0 and any v € C{°(Q2), we have
Q-2-¢/Q-¢
f ,0|( 7 (P10 — u)0dw < |[v]| 12 () (I |1, — u|Q €/Q-2- ‘gdw)
0-¢ 2/Q-¢ (2.5)
X J 12l 5 dw .
o \p(w)
Thus,
£ B _
——P1u Vdw — quvdw, as p 1 Q. (2.6)
o p(w)’ o p(w)

We assume that 1 #0, so passing to the limit in (2.3), we get that u is a nontrivial solution of
the problem

|2

_ |z 1 d
—Agau -l u=\Au, u€H;QH"). (2.7)
p(w)* (05
However, i is not achieved in HO1 (Q,H%), sou =0. O

Thanks to Hardy’s inequality (1.8) and Poincaré’s inequality,

2 |Z|2 2 v
lluell,, = <’[Q [|VHdu(w)| —#WW(WN ]dw> , (2.8)

is equivalent to the norm on Hj(Q,H) for all 0 < y < j, so that we will use || - ||, as the
norm of Hy (Q, H).

Theorem 2.3. Let Q € H a bounded domain and assume that 0 < p < f. Then, there exists an
unbounded component CXW C R x H(Q,H?) of the set of positive solutions of (1.10) bifurcating

from (Ay,,0).
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Proof. We introduce the Banach space X = H} (Q, H?), and the inner product in X is given by

lz> _ My _
(u,v)x = VigauVyav - p——uv |dw - —= | uvdw. (2.9)
o p(w) 2 Jo
Let
a(u,v) = J‘ uvdw, Yu,v e X. (2.10)
Q

The bilinear form a(u, v) is continuous in X, so the Riesz representation theorem implies that
there exist a bounded linear operator L such that

a(u,v) = (Lu,v), VYu,veX. (2.11)
The operator L is self-adjoint and compact and its largest eigenvalue is characterized by

(Lu,u) Il 20

V1 = sup = sup =—. (2.12)
uex (U)X yex Jo [ldeu|2 - ;4<|z|2/p(w)4> |u|2]dw Mg
We define the following energy functional on H} (Q, HY):
1J 2 |2I° 2 1J )t’[ 2
Loa(u) == Vgau|” —u——|u| “|dw- = | |[uffdw- =] |ul"dw. (2.13)
(@) 2Q[|H| e o w5 |

Similar to the classical case, I, (-) is well defined on Hé(Q,Hd) and belongs to
C!(Hy(Q,H?); R), and we have

2
<I;I4,A (u),v> = J Vi uViuav — pu = U0 - |l u% — \u | dw, (214)
Q p(w)

forany v € Hy(Q,HY).Let N(\,.) : Rx X — X*, X" is the dual space of X, defined as by

2
(NOw, o= [VHdum - #pl(j} :

w0 — |ufP*uv - )LuE:I dw, (2.15)

for all v € X. Since I/’M(u) is a bounded linear functional, N(\,-) is well defined, and
N, u) =u-G(A, u), where G(A,u) = ALu + H(u),

(H(u),v) = L} luP?uvdw, Vo eX. (2.16)
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So,
-1
|(H(u),v)| < ”u“ip(g)”U”Lr’(Q)' (2.17)

By Sobolev embedding Sobolev theorem [10], we have

1 -2
[(H(u),0)| < |lulll " llo]l- (2.18)
lloellx
Then,
1 H (1) | x- : 1
— 2 = sup ——|(H(u),v)| = 0. 2.19
lullx =0 [lullx \Iu\lx~0|\v||x21||ullx|< | @19)

Consequently, hypotheses (HL) and (HR) of [8] are hold. If u € H}(Q,H") \ {0} is
a nonnegative solution of (1.10), then it follows from the strong maximum principle of J.-
M. Bony [11] and the generalization of the Hopf boundary point lemma on the Heisenberg
group [12], that u lies in the interior of the cone:

int(p) = {ueHg(Q,Hd) ‘u>0in Q, S—Z <0 on agz}. (2.20)

Hence, the assumption (HP) of [8] is fulfilled. O

Remark 2.4. According to the theory of Rabinowitz [13], we can see that there is a continuum
Cy,, of the set of nontrivial solutions of (1.10), and the continuum C,,, consists of two
subcontinua CLW and CIW. However, this does not necessarily implies that the subcontinuum
CLM satisfies the global alternative of Rabinowitz [13] by the reasons already explained
by Dancer [14], Lépez-Gémez and Molina-Meyer [8, 15]. Instead, the existence of a
global subcontinuum CL# of the set of positive solutions follows by slightly adapting [8,
Theorem 1.1].

3. Asymptotic Behavior of Solutions for Problem (1.6)

Similar to [16, 17], we are interested here in the description of the behavior of solutions of
(1.6) when ug has low energy smaller than the mountain pass level

cp = inf maidﬂrl(h(t)), where

herl te[0,1] (3 1)

r= {h € c<[0,1];H3 (Q,Hd>>;h(0) =0 and h(1) = e}.

In view of [9], since 2 < p < 2%, the functional I, satisfies the Palais-Smale condition and
admits at least a positive solution (called mountain pass solution).
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Proposition 3.1. Let ug € H}(Q,H?), A > 0, and 0 < p < i, the problem (1.6) has a unique weak
solution u such that

ue c<[o, T); H} (Q,Hd>) n C1<[O,T);H‘1 (Q,Hd>>, (3.2)
and we have
D L) = 1ol o (33)

Proof. By means of the Hill-Yosida theorem, T(t) = {e7'l#} ., is the semigroup generated by
the operator L, = —Apa — y|z|2/p(z, s)*. Let f the function defined by f(t) = At + [t|P~%t, for
t € R. Since f : H(l) (Q,HY) — H™Y(Q) is locally Lipschitz, so by Pazy [18, Theorem 1.4] or
Cazenave and Haraux [19, Theorem 6.2.2], there exists a unique solution of (1.6) defined on
a maximal interval [0, Tax), where 0 < Tyax < +00 and

ue c([o,T);Hg (Q,Hd>> ncl ([o, T);H-l(g)), (3.4)

satisfying the variation of constants formula

t

u(t) = T(t)up + I Tt —-71)f(u(r)) dr. (3.5)

0

Moreover, if Tmax < +o0, we say that Trax is blow-up time, whereas if T, = +00, we say that
u is global solution.

We will show that u satisfies (3.3): Let u € D(L,), (D(L,) is the domain of definition
of L,),and t € [0,T), T < Tpax. Since I, € C! (Hé (Q,HY); R), we have

2 5 2

<I;l,j\(u),AHdu+ﬂ 2] 4u+f(u)> - —f Ao+ p e )| duo
p(w) o p(w) 36)

= —f |0sul*dw.
Q
Set g(t) = f(u(t)), and let g, € C' ([0, T]; Hy(Q, H?)), ug, € D(L) such that
g — g in C'([0,T]; Hy (@, 1)),

(3.7)

U — U in H& (Q, Hd>.

Define u, (t) = T(t)ug, + fé T(t —7)gn(7)dT, then, u, € C'([0,T]; Hy (Q,H?)) and satisfies

Ottty — Apatty — pVuy, = gy U, — u in Hé <Q, Hd>. (3.8)
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Thus, from (3.6),
2

t
I‘u,/\(un(t)) - Iy,)t(uOn) = J‘0<I‘,’4,)L(un(7))/ Agauty + ﬂ[ﬁun + gn(T)>dT

t t
=—LMﬂﬂﬂ%@ﬂrﬂxﬂﬂww»&ﬁ%JWAﬂ»ﬁ-

(3.9)
Passing to the limit, we deduce (3.3). 0
Next, we introduce the following sets:
ot = {u € HS (Q,Hd> s (u) <cp; <I;’4,)»(u)/”> > ()}/
O™ = {ue Hy(QH') : L) < i (I, (w),u) <0}, (3.10)

N= {u € H] <Q,Hd> : <I,'M(u),u> = o}.

N is named the Nehari manifold relative to I, . The mountain-pass level ¢, defined in (3.1)
may also be characterized as

Cu = Igljvaﬂ,A (u). (3.11)

Theorem 3.2. If there exist ty > 0 such that 1, (u(to)) < 0, then u(t) blows up in finite time.

Proof. Let to > 0 such that I, (u(tp)) < 0, and we suppose that u(t) is a global solution for the
problem (1.6). Since u(t) satisfy (3.3), we have

t
() = L () + [ 10,0 g . (3.12)

Set g(t) = [, lu(t)|*dw, then

%g(t) = J‘Q u(t)omu(t)dw

- 2, 2P e
- zfg [|deu(t)| ‘uP(w)4|u(t)| ]dw
+2AI |u(t)|2dw+2f lu(t)]Pdw (3.13)
Q Q

t 2
=4 ||6Tu(T)||%2(Q)dT — 41, (u(ty)) + 2(1 - E> J‘ [u(t)|P dw
Q

to

> 2<1 - %) J; [u(t)]Pdw > 0.
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Hence, we get for t > tg, g(t) > g(to) = fQ lu(to)|>dw.
Lete € (1,p/2), so we deduce by (3.13), that for any t > to:

1 d 1-€ _ o€ i

>2(1-2 )50 [ moraw

b2 (3.14)
> g ) [ uPaw)
(p/2)-€
> C(I |u(t0)|2dw> .
Q
Hence, for any ¢ > t( sufficiently large, we have
1-€
0< (I |u(t)|2dw> =gl (t)
Q (3.15)
< g7 (to) + Cle =182 (to) (to — 1).
Then
~1< C(e-1)g" 2 (o) (ty - 1), (3.16)
and so t < to + [C(e — 1)g"/*>" (ty)] ", which is a contradiction. O

Theorem 3.3. Assume that uy € O* and \ < Ay, then the problem (1.6) admits a global solution
u(t). Moreover, there exists a positive number a such that

lu(t)| =O0(e™), ast — +oo. (3.17)

Proof. Let uy € O%, and let u(t) = u(w,t,up) be the unique solution established in
Proposition 3.1. From inequality (3.3), we have that t = I, (u(t)) is strictly decreasing, so

L (u(t)) < I, (uo) < ¢y (3.18)
Suppose there exists t* € (0, Tmax) such that u(t*) € O*. Then,

(L, (u(t")), u(t) ) <0. (3.19)

Moreover, since the application t — <I;¢, L(u(t)),u(t)) is continuous, there exists ty € (0,t*]
such that

(I, (u(to)), u(to) ) = 0. (3.20)
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Hence, u(typ) = 0in Q or u(ty) € N. If u(tp) = 0in &, then by the uniquess of u(t), we conclude
that u(t) = 0 for any t € [ty, Tmax). Thus, u(t) is global by extending to 0 for all t > Tyax, and
s0 I\ (u(t)) > 0 for any t > 0 by Theorem 3.2. But I, (u(tp)) = 0, which is a contradiction. So,
we conclude that u(t) € O for all t € [ty, Timax)-

On other hand, we can write

Lia(u(®) = (I, (u(®), u(®) )

(
(G-3)]. [|VHdu(t)|2 - ﬂp'(ZT';wa)F] dw= (53 ) [ utofau

11 2|z 2 11 2
5" r_7> fQ[|VHdu(t)| —ﬂmm(m ]dw - <§ - ;)AL lu(t)|"dw

<=

+

1 1 A )
>(=-2 - .
> (3 p) <1 M)””“”'ﬂ >0
(3.21)
Since u(t) satisfy (3.3), we have

t ) 1 1 A )

1870(7) 22 T + (5 - —) 1= = O < @) <. (322)
) p 1u

Then we have

-1
t 1 1 A
2 2
. 1071(T) ([ 12()dT < cu,s (Bl < [(5 - };) <1 - _)‘1,/4>] Curs (3.23)

which implies that u(t) is a global solution of the problem (1.6), and O* is invariant set.

Letting t — +oo in (3.23), the integral J’:O ||6Tu(7')||i2 (Q)dr is finitely determined. Therefore,

there exists a sequence (t,) n > 0 with t, — +o0asn — +oo such that

f@ 18- u(ty)Pdw — 0, u(t,) — v in H} <Q Hd>. (3.24)

Letting t, — +oo, we obtain that v € Hé (Q,H4) is a solution of problem (1.10). So
(I'ya(v),v) = 0. (3.25)
Ifv#0, then v € N, and so

Iﬂﬂ{(’()) 2 Cp,d- (3.26)



12 Abstract and Applied Analysis
Since u(t,) satisfies (3.3), it follows by Holder inequality and from (3.24), that
[ (w609 < | [ st 20)00m, )

< ”u(tnr ) ”LZ(Q) ”atu(tnr ) ”LZ(Q)

(3.27)
<A/ Allu(En, N0t )2
< Clloau(tn, )2 (o)
Therefore,
Jim (10 (u(tn), u(t) ) =0. (3.28)

We deduce by (3.22), (3.25), and (3.28) that

/11 5 |z 1 1
@ =(3-3) ], [wHw(wn o |v(w>|2] dw= (57 )4 tow)ldu

2
< lim <% - %) IQ [|VHdu(tn,w)|2 - #pzlf('lw) |v(tn,w)|2] dw

. 1 1 2 . '
~ lim (5 - E)AL} [0(tn, w) Pdw + nlgw<1#,l(u(tn)),u(tn)>
< lim I, ) (u(ty))
n—+oo

< Iya(uo) < cpn,
(3.29)

which contradicts (3.26), and so v = 0 in Q. Hence, by (3.24), we have
u(t,,.) — 0in L9(Q), 2<g<2" (3.30)
Since

||”(tm-)||,24= <I;4,)L(u(tn))ru(tn)> + )LJ; u(t,, w)|*dw + Lz lu(t,, w)Pdw — 0, asn— +oo,
(3.31)

we have

u(ty,) — 0 in H, <Q Hd>, as n — +oo. (3.32)
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For simplicity, let us denote by t the divergent sequence and by u(t) = u(t,, w). We have from
(3.29) that

1 2
Latu(t) = (5 - ;) [ [wwu(t,wnz u plz(lu) |u<t,w>|2] dw

- <% - 1)1[@ [u(t, w)|Pdw (3.33)
- (3- —)n -5 - %)nu(tmé(g)-

So, due to (3.3) we have

I = =5 o ®) + M) o
2
< P—"’I Ato) + () 22 (3.34)
< _pzc/m+o(1).

Therefore, there exists ty such that for all t > ¢,
2
lu@®)]; < rtpzc‘u,l- (3.35)
On the other hand,

p P i v p
jg|u<t,w>| dw < C, ( ﬂ) I,

tl

/2 (3.36)
ﬁ P 2P p-2/2 )
sci(iy) e o
Let Cy = CP (/7 - )P *[(2p/p - 2)cun]P2/2, we have
oM/ pH—p p/p "
(1= Co)llu®17, < @)l = @), g
(3.37)

< <IL,A(u(t)),u(t)> + Mu® 7 q)-



14 Abstract and Applied Analysis

Let us recall that if we set g(t) = fQ |u(t, w)|*dw, then

d
'y = 2 ’ 5t 7 d
dtg(t) fQ u(t, w)oru(t, w)dw

= —ZI [|VHdu(t,ZU)|2 - L i |u(t, w)| :Idw+2)tf lu(t, w)|*dw
Q () (3.38)
+ AJ [o(t,, w)|Fdw
Q
- —2<I/'1,)L(u(t)),u(t) >
So we get from (3.22) that for any ¢ > ¢y, we have
+0o0o , 1 5
L (1, (), u(r) dr = Enu(t)uLZ(Q)
(3.39)
< g IO < o)
So from (3.37) and (3.39), we have for any > f, that
+00 1 +00 9
[ natumdr < s [ juan
<(1-cC )-1L - (1, (u(r)), u(r) YT + | )y b
> 1 2)‘#,)‘ , wA s , 12(Q)
< &L V() + (1 - Cl)_lL J‘+Oo lu(T)|22 0 AT
< 2)‘,2m p-2t 2,0 ), Q)
(3.40)
Since limy _, 4o ||1()]? 1) = 0, there exists t; > ¢ such that for any t > t;, we have
vo -1
1-CG)" p
L (e $ o Ea ) (3.41)
Thus,
I I (u(t))dr < C(t)e™, (3.42)
t

with a = ((1- Cl)_l/Z)Li,)L)(p/p —2). But we remark that

t+1

L(u(t+1)) < j L a(u(T))dr < j+w L,y (u())dr, (3.43)
t

t
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hence, we deduce that for any t > t;, we have
La(u(t+1)) < C(t)e™, (3.44)
and we can conclude that for any t > t;, we have

[u®)l,= O(e™). (3.45)

Remark 3.4. for small uj, Theorem 3.3 is an immediate consequence from the fact that,
according to the linearized stability principle, the trivial solution is linearly asymptotically
stable. In other words, from the fact that the principle eigenvalue of the linearization at u = 0
is positive.

Questions of stability for nonlinear systems are frequently resolved via linearized
stability or Lyapunov-type methods. Here, we proved the asymptotic stability under
Lyapunov function to obtain estimates in L? (£2).

Corollary 3.5. Assume that ug € O™ and A < Ay ,,. Then any solution u(t) of (1.6) tends to the trivial
equilibrium point, as t — +oo.

Proof. It follows from (3.45) that the semiflow T(t) is eventually bounded, see [7]. Since the
resolvent of the operator L, is compact, T(t) is compact for t > 0 (see [20, Theorem 3.3],
thus by [18, Corollary 3.2.2], T(t) is asymptotically smooth and so by [7, Proposition 2.3] is
asymptotically compact. It remains to shows that &, the set of equilibrium points of T(t), is
bounded: u(t) € &, so u(t) € N. Then from (3.3) and Poincaré’s inequality, we have

11 1 1
<§ _ ;)””U)Hi =L (u(t) + J\<§ - ;) [IGI

1 1
< I#,J\(ug) + .}L(z - E) ||u(t)”iz(g) (346)
L /11 )
<o+ —(— - —)nu(t)u ,
12 )‘1,/4 2 p H

which implies that the set £ is bounded. Then, by Theorem 1.2, T(t) is dissipative and by
(3.45), we have dist(T(t)B,0) — 0ast — +oo, for every bounded set B ¢ H;(Q, H?). So,
we conclude that the global attractor o = 0, and that any solution u(t) = S(f)uy tends to the
trivial equilibrium point as t — +oo, when 1y € O*. O

Theorem 3.6. Assume that uy € O~. Then the solution u(t) of the problem (1.6) blows up in finite
time.

Proof. Let ug € O7, and let u(t) = u(w, t,ug) be the unique solution, the existence of which
has been proved in Proposition 3.1. From the inequality (3.3), we have that t — I\ (u(t)) is
strictly decreasing, so

L (u(t)) = I, (uo) = cya- (3.47)
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Suppose there exists t € (0, Tmax) such that u(f) ¢ O~. Then
<I}’4,A(u(t)),u(t)> > 0. (3.48)
And since the application ¢ +— (I /,4 2 (u(t), u(t)) is continuous, there exists to € (0,] such that
<I;4,A(u(t0)),u(to)> = 0. (3.49)

Hence, u(fy) = 0in Q or u(fy) € N. If u(fy) = 0in Q, then by the uniquess of u(t), we conclude
that u(t) = 0 for any t € [?0, Tmax)- Thus, u(t) is global by extending to 0 for all ¢ > Tpnay, and
thanks to Theorem 3.2, I,y (u(t)) > 0 forany ¢ > 0. But I, (u(ty)) = 0, which is a contradiction,
and so u(f) € N. But by [21],

Cu) = Efu L (), (3.50)

then ¢,y < 12 (u(ty)), which contradicts (3.47). So, we conclude that u(t) € O for all t €
[?0, Timax)- We suppose by contradiction that Trax = +oo, that is, u(t) = u(t, -) exists for all t > 0.
For u € O~, we have

d )
Sl Nz = ~2(1, ko)), ulto) ) > . (3.51)
Then t — |[lu(t, -)||12(q) is strictly increasing and so
Jm ludt, )l ) = ¢ € (0, +oo]. (3.52)

We suppose that ¢ < +o0. Following the same reasoning as in the proof of Theorem 3.3, we
deduce that we can select a divergent subsequence, still denoted by ¢, such that when t —
+00,

u(t,) —0  in H] <Q Hd>. (3.53)
Letting t — +oo in the inequality

VAvulludt )iz < llut )l (3.54)

we get that 0 < ¢ <0, which is a contradiction. So we conclude that

Hm |t )|z q) = +oo. (3.55)
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- 2
Set g(t) - ”u(t/ ')”LZ(Q)r 50

2 ) —
@S =g g0
= 2fut, ) L gy (et = et e et V) B2

By Holder inequality, we have

et M gy = 1942t ) g (3.57)

and by (3.55), there exist t; > 0 and a constant C; > 0 such that for t > t;, we have

lluet, )l 2> Cr (3.58)

Then, there exist t; > 0 and a constant C, > 0 such that for t > t;, we have

2 d -
Soa@s 02 211, Cy 7 +21QP2 2 G, (3.59)

Hence, we have from (3.59), that for any ¢ > t;,

p-2

5 Calt = 1), (3.60)

0<g(t)<glt)+

which is a contradiction if ¢ is sufficiently large. So we conclude that Trax < +o0. O
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