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We consider the existence of positive solutions for a class of nonlinear integral boundary value
problems for fractional differential equations. By using some fixed point theorems, the existence
and multiplicity results of positive solutions are obtained. The results obtained in this paper
improve and generalize some well-known results.

1. Introduction

This paper is concerned with the existence of positive solutions to the following boundary
value problem (BVP) for fractional differential equation:

Dgu(t) + f(tu®),w'(®),... u" (1) =0, 0<t<1,

u(0) =4/ (0) = --- = u""2(0) =0, (1.1)

um (1) = p[u(nfz)],

where plv] = fé v(t)dA(t) is a linear functional on C[0,1] given by a Riemann-Stieltjes
integral with A representing a suitable function of bounded variation, Df, is the Riemann-
Liouville fractional derivative of ordern—-1<a <n,n>2, f : [0,1] x R™! — R* satisfies the
Carathéodory type conditions, R = (-oo,+00) and R* = [0, +00).
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Fractional differential equations arise in the modeling and control of many real-
world systems and processes particularly in the fields of physics, chemistry, aerodynamics,
electrodynamics of complex media, and polymer rheology. Fractional differential equations
also serve as an excellent tool for the description of hereditary properties of various materials
and processes. Hence, intensive research has been carried out worldwide to study the
existence of solutions of nonlinear fractional differential equations (see [1-25]). For example,
by means of a mixed monotone method, Zhang [11] studied a unique positive solution for
the singular boundary value problem

DE, u(t) + q(t) f(t,u(t),u/(t),...,u(”‘z)(t)> =0, O<t<1,
(1.2)
u(0) =4/ (0) = - = u™2(0) = "2 (1) =0,

where a € (n-1,n], n > 2, D, is the standard Riemann-Liouville derivative, f = ¢ + h is
nonlinear, and g and h have different monotone properties.

Recently, nonlocal boundary value problems for fractional differential equations were
investigated intensively [13-23]. In [14], Bai concerned the existence and uniqueness of a
positive solution for the following nonlocal problem:

Dj,u(t) + f(t,u(t)) =0, 0<t<l,

(1.3)
u(0) =0, pu(n) = u(1),

where 1 < a < 2,0 < ﬁq“’l < 1,0 < n <1, D, is the standard Riemann-Liouville
differentiation. The function f is continuous on [0, 1] x R*.

In [20], El-Shahed and Nieto investigated the existence of nontrivial solutions for the
following nonlinear m-point boundary value problem of fractional type:

rDg,u(t) + f(t,u(t)) =0, t€[0,1], ac(n-1,n], n€N,

m-2 (14)
u(0) =/ (0) =--- = u"2(0) =0, u(l) = Zaiu(qi),
i=1

wheren >2,a;>0(i=1,2,.... m=2),0<y <mp <---<fma <1, f € C([0,1] xR, R). Also
the authors considered the analogous problem using the Caputo fractional derivative:

cD%u(t) + f(t,u(t) =0, te[0,1], ac(n-1,n], neN,

m-2 (15)
uw(0) =u'(0) = --- =u™2(0) =0, u(l) = Zaiu(qi).
i=1

Under certain growth conditions on the nonlinearity, several sufficient conditions for
the existence of nontrivial solution are obtained by using the Leray-Schauder nonlinear
alternative.
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Inspired by the work of the above papers, the aim of this paper is to establish the
existence and multiplicity of positive solutions of the BVP (1.1). We discuss the boundary
value problem with the Riemann-Stieltjes integral boundary conditions, that is, the BVP (1.1),
which includes fractional order two-point, three-point, multipoint, and nonlocal boundary
value problems as special cases. Moreover, the f[-] in (1.1) is a linear function on C[0,1]
denoting the Riemann-Stieltjes integral; the A in the Riemann-Stieltjes integral is of bounded
variation, namely, dA can be a signed measure. By using the Krasnosel’skii fixed point
theorem, the Leray-Schauder nonlinear alternative and the Leggett-Williams fixed point
theorem, some existence and multiplicity results of positive solutions are obtained.

The rest of this paper is organized as follows. In Section 2, we present some lemmas
that are used to prove our main results. In Section 3, the existence and multiplicity of positive
solutions of the BVP (1.1) are established by using some fixed point theorems. In Section 4,
we give four examples to demonstrate the application of our theoretical results.

2. Basic Definitions and Preliminaries

We begin this section with some preliminaries of fractional calculus. Leta > 0and n = [a] +1,
where [a] is the largest integer smaller than or equal to a. For a function f : (0,+o0) — R, we
define the fractional integral of order a of f as

t
15 f(t) = % fo (t-s)""f(s)ds, (2.1)

provided the integral exists. The fractional derivative of order a > 0 of a continuous function
f is defined by

a _ 1 ay” ' n-a-1
D0+f(t) = m <_t) J;) (t - S) f(S) ds, (22)

provided the right-hand side is pointwise defined on (0,+o0). We recall the following
properties [26, 27] which are useful for the sequel. For a > 0, § > 0, we have

818 f(0) = I5PF(),  DEIS () = f(b). (2.3)

As an example, we can choose a function f such that f, D, f € C(0,+00) N L] (0,+00).
For a > 0, the general solution of the fractional differential equation D{, u(t) = 0 with
u € C(0,1)nL(0,1) is given by

u(t) = it + ot e, (2.4)
wherec; € R (i=1,2,...,n). Hence for u € C(0,1) N L(0,1), we have

1§, DS u(t) = u(t) + et + ot 2 - 4 t™ (2.5)
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Set

H1 - a-n+l _ F— u—n+1/
Cotts) - — ! {[( 5)] (t-s)

0
INa-n+2) [t(1 - S)]a—n+]/ 0 ‘ (2.6)

Lemma 2.1 (see [11]). Let y € C,[0,1](C,[0,1] = {y € C[0,1], 'y € C[0,1], 0 < r < 1}). Then
the boundary value problem,

Dy o(t) =y(t), O0<t<l, n-l<a<nn>2,
(2.7)
v(0) =0, v(1) =0,

has a unique solution

1
o(t) = fo Go(t,s)y(s) ds. (2.8)

Lemma 2.2 (see [11]). The function Gy(t, s) defined by (2.6) satisfies the following properties:
(i) Go(t,s) 20, Go(t,s) < Go(s,s) forall t,s € [0,1];

(ii) there exist a positive function p € C(0,1) and 0 < ¢ < n < 1 such that

i >
trex[lgl’%Go(t, s) > p(s)Go(s,s), s€(0,1), (2.9)

where

[71(1 _ S)] a-n+l (11 _ s)a—n+1
[S(l _ S)]a—n+1

<§>a_n+1, s€[r1).

, se€(0,r],
(2.10)
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By (2.4), the unique solution of the problem

D™ o(t) =0, 0<t<l, n-l<a<n n>2,

v(0)=0, o(1)=plv]

(2.11)

is y(t) = t* 1, with [v] replaced by 1. As in [21], the Green’s function for boundary value
problem (2.11) is given by

y(t)

R ETy

G(s) + Go(t, s), (2.12)

where G(s) = [) Go(t, s)dA(?).

Lemma 2.3. Let 0 < B[y] < 1 and G(s) > 0 for s € [0,1], the Green function G(t,s) defined by
(2.12) has the following properties:

(i) G(t,5) 20, G(t,5) < (1+ p[1]/(1 = PlyD)Go(s, s) for all t, s € [0,1];
(11) minte[g,r]]G(t/ S) 2 minte[g,rl] GO(tr S) 2 ,D(S)GO(S/ S)/ ERS (O/ 1)
Proof. By Lemma 2.2, it is easy to prove this lemma, so we omit it. O

Let X = C[0, 1]. It follows that (X, || - ||) is a Banach space, where || - || is defined by the
supernorm ||x|| = sup,.(o |x(H)]. P = {x € X : x(t) 2 0, € [0,1]}. Clearly P is a cone of X.
Now, in the following, we give the assumptions to be used throughout the rest of this paper.

(Hy) Ais a function of bounded variation, G(s) > 0 for s € [0,1] and 0 < B[y] < 1.

(Hp) f:[0,1] x R™! — R* satisfies the following conditions of Carathéodory type:

(i) f(-,x) is Lebesgue measurable for each fixed x € R**;

(ii) f(t,-) is continuous for a.e. t € [0, 1].

In order to overcome the difficulty due to the dependance of f on derivatives, we
consider the following modified problem:

D& 20 (t) + f(t, 20 (t), 1Mo (), .. .,13+v(t),v(t)) -0, 0<t<1,
(2.13)

w0 =0, o) = plo],

wheren—-1<a<n,n>?2.
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Lemma 2.4. The nonlocal fractional order boundary value problem (1.1) has a positive solution if and
only if the nonlinear fractional integrodifferential equation (2.13) has a positive solution.

Proof. If u is a positive solution of the fractional order boundary value problem (1.1), let
v(t) = Dgfu(t). Then from the boundary value conditions of (1.1) and the definition of the
Riemann-Liouville fractional integral and derivative, we have

o(t) = D 2u(t) = u" 2 (t),

1 t
Iéﬂ)(t) = [6+u(n—2) ) = m I u(n—Z)(S) ds = u(n_3)(t),
0

1

I3o(t) = I3, u" (t) = T(2)

J‘t(t —s)u™A(s)ds =u" (1), (2.14)
0

- n-2_ (n- 1 ' n-3_ (n-
32000 = BP0 = g [ (=906 ds = ),

1 d n pt
Dac—n+2 £ = - £ 2n-a-3_ (n-2) d
0" F(2n—a—2)< t> fo( )T U (s ds

1 d\" t
= m <$> J;) (t — S)zn*a74u(n—3)(s) ds

(2.15)

= ﬁ <%>n JZ (t—s)""u(s)ds

= Dg,u(t),

which imply that ©(0) = 42 (0) = 0, v(1) = u™?2(1) = lu"™?] = p[v]. Thus v(t) is a
positive solution of the nonlinear fractional integrodifferential equation (2.13).

On the other hand, if v is a positive solution of the nonlinear fractional integrodiffer-
ential equation (2.13), let u(t) = Ig;zv(t), then by (2.3) and the definition of the Riemann-
Liouville fractional derivative, we have

u'(t) = Dy, u(t) = Dy, I 2o (t) = Dy, I, I8 50 (t) = IT 5o (t),

u'(t) = D3, u(t) = D3, I3 %0(t) = D3, I2, I o(t) = I o(t),

u"3(t) = DEPu(t) = DECIN2o(t) = DI, o(t) = 1L, o(t),

u2(t) = DE2u(t) = DIAIN o (t) = v(t),
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ar ar 2 ar 2 2 2
D8‘+u(t) = ﬁIg;“u(t) = ﬁlg;txl-g: U(t) = ﬁlof_a_ 'U(t) = Dg_:n+ 'U(t)

_— f(t, 2o (t), 1530, ... ,13+v(t),v(t)>

= —f(t,u(t),u'(t),...,u<"-3> (t),u<"-2>(t)), 0<t<1,
(2.16)

which imply that u(0) = #/(0) = --- = u™(0) = 0, u"2(0) = v(0) = 0, u"2(1) =
v(1) = lv] = p[u'"?]. Moreover, it follows from the monotonicity and property of I7';* that
Ig;zv(t) e C([0,1],R*). Consequently, u(t) = Ig;zv(t) is a positive solution of the fractional
order boundary value problem (1.1). O

By Lemma 2.4, we will concentrate our study on (2.13). We here define an operator
T:P — Pby

1
To(t) = fo Gt s)f (s, II2o(s), 1) 0(s), . ..,Ig+v(s),v(s))ds, te[0,1]. (2.17)

Clearly, v is a fixed point of T in P, and so v is a positive solution of BVP (2.13).
In order to prove our main results, we need the following lemmas.

Lemma 2.5 (see [28]). Let X be a real Banach space, Q be a bounded open subset of X, where 6 € Q,
T : Q — X isa completely continuous operator. Then, either there exist x € 0Q, p € (0,1) such that
uT (x) = x, or there exists a fixed point x* € Q.

Lemma 2.6 (see [29]). Let X be a real Banach space, P be a cone in X. Assume that Qq and €, are
two bounded open sets of X with 6 € Qq and Q1 C Qp. Let T : PN (Q, \ 1) — P be a completely
continuous operator such that either

1) ITx|| < ||x]l, x € PN0Q and ||Tx]|| > ||x||, x € PN 0Ly, or

(ii) |Tx|| > ||x|l, x € PN 0Ly and ||Tx|| < ||x||, x € PN O Q.
Then T has a fixed point in PN (Q, \ Q).
Lemma 2.7 (see [30, 31]). Let P be a cone in a real Banach space X, P. = {x € P : ||x|| < ¢},
@ be a nonnegative continuous concave functional on P such that ¢(x) < ||x|| for all x € P., and

P(p,b,d) = {x € P:b < ¢p(x),|x| <d}. Suppose that T : P. — P, is completely continuous and
there exist positive constants 0 < a < b < d < ¢ such that

(C1) {x e P(p,b,d) : p(x) > b} #¢p and p(Tx) > b for x € P(p,b,d),
(Co) |ITx|| < afor x € P,
(C3) (Tx) > b for x € P(¢p, b, c) with |Tx|| > d.

Then T has at least three fixed points x1, xp, and xs3 satisfying

lx1]l <a, b<e(x), a<|xs|| with p(x3)<b. (2.18)
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Remark 2.8. 1f d = ¢, then condition (C;) of Lemma 2.7 implies condition (C3) of Lemma 2.7.
For notational convenience, we introduce the following constants:

L= IZP(S)GO(S, s) ds, L, = <1 + n f;[;g)’] > J‘Ol Go(s,s)ds, (2.19)

and a nonnegative continuous concave functional ¢ on the cone P defined by

p(v) = minjo(t)]. (2.20)

<t<n

3. Main Results
In this section, we present and prove our main results.

Theorem 3.1. Assume that (Hi) and (Hy) hold and there exist nonnegative functions
hi,hy, ..., h,1 € L[0,1] such that

n-1
|f(t,x1, %2, .., x01) = f(byL, Y2, Y1) | < Zhi(t)|xi - Vil (3.1)
i=1

for almost every t € [0,1] and all (x1,x2,...,Xn-1 ), (Y1, Y2, -, Yn-1 ) € R 1,

If

" -1
0< JE Go(s, s)l;llhi(s) ds < <1 + 1 f[ﬁlgﬂ > , (3.2)

then BVP (1.1) has a unique positive solution.

Proof. We will show that T is a contraction mapping. For any v1,v, € Pand 1 <i <n -2, by
the definition of fractional integral, we obtain

1

t .
15,210 ~ I, 02(0)] = ‘W [ =@ e ds

<! ft(t s) Yoy (s) - va(s)| ds
S o - 1 — 02

-1, 53
1

t
i-1
< o) =9 sl

1 .
= ﬁflllvl - < flvr - 2|
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So, for any vy, v, € P, by (3.3) and Lemma 2.3, we have

1
ITo1(t) - Tos(t)| = L G(t, s) [f<s, Iggzv(s),lg;%(s),...,101+v(s),v(s))

-f (s, Ig’;zv(s), 16’;30(5), .. .,Ié+v(s),v(s)>]ds

< Jj G(t, s) |f<s, 16’;20(5), 15’;30(8), ey I&+v(s),v(s)>

(3.4)
(515009, 2 0(5) - B 0(9),0(6)) |ds
: f: <1 1 f; [;gﬂ >G0(Sf S)ghi(s) 17 01(s) = I oa(s) | ds
< <1 = f[ﬁlgy] > f: Gols, s)ghi(s) dslvr - vl
This implies that
[Tox - Toal < slor ~l, 69

where « = (1 + B[1]1/(1 - Bly])) fé Go(s, s) Z;‘;ll hi(s) ds € (0,1). By the Banach contraction
mapping principle, we deduce that T has a unique fixed point v*. Thus, by Lemma 2.4, u*(t) =
Ig;zv*(t) is a unique positive solution of BVP (1.1). O

Lemma 3.2. Assume that (Hy) and (H) hold and the following conditions are satisfied.

(Hs) There exist nonnegative real-valued functions q, p1,p2, ..., Pn-1 € L[0,1] such that

n-1

f(t,x1, %0, x01) <) + D pi(t)|xil, (3.6)

i=1

for almost every t € [0,1] and all (x1,xy,...,%Xn-1) € R 1,
ThenT : P — P is a completely continuous operator.

Proof. For any v € P, as G(t,s) > 0 for all t,s € [0,1], we have Tv(t) > 0, so T(P) C P. Let
D C P be any bounded set. Then there exists a constant L > 0 such that ||v|| < L forany v € D.
Moreover for anyv € D, s € [0,1], v(s) < ||v|| £ L. Proceeding as for (3.3), we obtain

Ig’;l’iv(s)' = o(s) <ol <L, i=1,2,...,n-1. (3.7)
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Thus,

1
ITo(t)] = L Gl(t, s) f(s, 13;20(5),13;30(5),...,13+v(s),v(s))ds

0

< <1 . [ﬁlgﬂ > fol Go(s, ) [q(s) ‘ "Z_lms)nvn]ds 69

i=1

< .[1 <1 + 1 f;[.;g)”] >G0(s, s) [q(s) + gpi(s)lgjl"iv(s)]ds

< <1 + 1 f}[ﬁl%ﬂ >(L +1) Jj Go(s, s) [q(s) + gpi(s)]ds

< +00.

Therefore, T (D) is uniformly bounded.

Now we show that T(D) is equicontinuous on [0,1]. Since G(t,s) is continuous on
[0,1]x[0,1], G(t, s) is uniformly continuous on [0, 1] x [0, 1]. Hence, for any € > 0, there exists
a constant §p > 0 such that for any s € [0,1], t,# € [0,1], when |t — #| < &y, it holds

1 n-1 -1
|G(t,s) - G(t,s)| < [1 +(L+ 1)J <q(s) + Zpi(s)>ds] €. (3.9)
0 i=1
Consequently, for any ¢,t' € [0,1] and |t - #'| < 8y, we have

1
|To(t) - To ()] < f |G(t,s) - G(t,s) |f<s, I720(s), I 30(s), . .. ,I&+v(s),v(s)>ds
0

1 n-1
N f |G(t,5) - G(t,s)| [q(S) + Zpi(s)llvll] ds
0 i=1 (3.10)

1 n-1
<(L+1) fo |G(t,s) - G(t, )] [q(s) + Zpi(s)]ds
i=1

<E.

This implies that T'(D) is equicontinuous. Thus according to the Ascoli-Arzela Theorem, T'(D)
is a relatively compact set.

In the end, we show that T : P — P is continuous. Assume that v,,,v9 € P (m =
1,2,...),vm — vy (m — +o0), then

[Om () — vo(t)| < ||om — vol| — 0, (3.11)



Abstract and Applied Analysis

11

and ||oy,|| < L (m=0,1,2,...), where L is a positive constant. Keeping in mind that f satisfies

Carathéodory conditions on [0,1] x R"*"!, we have

lim_f (t, 720 (), 2 0m(®), ., 1, 0m (), 0n (1))

m— +oo

- f<t, I200(4), T30 (1), ..., IL 0o (1), vo(t)>, for a.e.t € [0,1].

Proceeding as for (3.3), for m € N we obtain

Ig’;l‘ivm(s)| = I, (s) < |loml| <L i=1,2,...,n-1.

This together with (3.6),

n-1

0< f(£ 20, [ 0n(®), - 1, o), 0m(®)) 4() + LY pi(t).
i=1

The Lebesgue dominated convergence theorem gives

m— +0o0

lim J‘: |f<s, Ig’;zvm(s),l(’)’fvm(s), ... ,Ié+vm(s),vm(s)>
-f (s, Ig’;zvo(s),lgfvo(s),. . .,IéJrvo(s),vO(s)) |ds =0.
Now we deduce from (3.15), Lemma 2.3
[Tom(t) = Too(t)]

J‘1 G(t,s) [f <s, Ig’;zvm(s), Ig;g’vm(s), e, I&Jrvm(s), vm(s)>
0

-f (s, Ig;ZUo(s),IgJ:Svo(s), .. .,IéJrvo(s),vO(s))]ds

pli]

< <1 + T ,3[)’] ) fl Go(s, s)|f<s, Igjzvm(s),I(')’fvm(s), ... ,I(%Jrvm(s),vm(s))

0

-f (S, I520(s), I 00(s), . .. ,13+Uo(5),vo(5)) |d5

pl1]
. <1+ 1-B[y]

s€[0,1]

1
> max Gy(s, s) fo |f<s, Ig;zvm(s), Ig‘fvm(s), e, 101+Um(s), Um(s)>

(3.12)

(3.13)

(3.14)

(3.15)

- f(s, I vy(s), 300 (s), .. ,Ié+vo(s),vo(s)> |ds

(3.16)
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that || Tv,, — Tvg|| — 0,asm — +00.So T : P — P is continuous. Therefore T : P — P is
completely continuous. O

Remark 3.3. If f : [0,1] x R""! is continuous, by similar argument as above, we can show that
T is completely continuous.

Theorem 3.4. Assume that (H1)—(Hs) hold. If

1 n-1 ‘ ,3[1] -1
fo Go(s,s)izzlpl(s) ds < (1 7 —ﬁ[Y]> , (3.17)

then BVP (1.1) has at least one positive solution.

Proof. Let

(1+ 011/ (1 -B[y])) Jo Go(s, s)q(s)ds

1— (1+B[11/ (1= B[y])) J Gols, s) S5 pils)ds’
(3.18)

Q={veP:|v||<r}, wherer=

we have Q C P. From Lemma 3.2, we know that T : Q — P is completely continuous. If there
exists v € 0Q, y € (0,1) such that

v=ulv, (3.19)

then by (H3) and (3.19), we have
1
o(t) = uTo(t) = yf G(t,s) f(s, Iggzv(s),lg;%(s),...,Ig+v(s),v(s))ds
0

1
<u fo G(t,s) f(s, I%0(s), I 0(s), ... ,13+v(s),v(s))ds (3.20)

< ,u<1 + 1 f}[ﬁlg}’] > [JJ Go(s,s)q(s)ds + jl Go(s, s)nz_lpi(s)dsﬂvﬂ],

0 0 i=1

which implies that

lo] < y<1 + 1 fi[;gy] > U: Go(s,s)q(s)ds +r JZ Go(s, s)gpi(s)ds]

pl1]
) <1+ 1-p[y]

This means that v ¢ Q. By Lemma 2.5, T has a fixed point & € Q. By Lemma 2.4, BVP (1.1)
has at least one positive solution i(t) = Ig‘;zﬁ(t). O

(3.21)

1 1 n—
> U Go(s,s)q(s)ds + rf Go(s, S)le,-(s)ds] =r.
0 0 i=1
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Theorem 3.5. Assume that (H1)—(Hs) hold. If there exist two positive constants ry < ry such that
(1) f(t,x1,x2,...,%4-1) < Lglrz,for (t,x1,%2,...,%p-1) € [0,1] x [0, 7] x -+ x [0, 2],
(ii) f(t x1,%2, ..., Xn1) = L'y, for (£, 21, %2, ..., Xn-1) € [0,1] x [0,71] x -+ x [0,71],
where Ly, Ly are defined by (2.19), then BVP (1.1) has at least one positive solution.

Proof. Let Q, = {v € P : ||v]| < r}. For any v € 0, we have ||v|| = r, and 0 < v(t) < r for
every t € [0,1]. Similar to (3.7), for 0 < v(s) < 1, we have

0<

Ig;;l-iv(s)| = o(s) <ol <m, i=1,2,...,n-1. (3.22)

It follows from condition (i) that
f(s, 120(s), I 30(s), .. .,13+u(s),v(s)> <Ly'r, for (s,0)€[0,1]x[0,r2].  (3.23)

Thus, for any v € 09Q,, by (3.23) and Lemma 2.3, we have

1

ITo(t)| = f Gl(t, s) f<s, Iggzv(s),lg;%(s),...,Ig+v(s),v(s))ds

0
< f: G(t,s)Ly'rads < (1+B[1]/(1 - B[y]))Ly'r2 f; Go(s, s)ds (3.24)
=n=|vl, tel0,1],
which means that
ITol| < lofl, v € 0Lp. (3.25)

On the other hand, let Q; = {v € P : ||v|| < r1}. For any v € 0Q, we have ||v|| = r; and
0 <o(t) < forevery t € [0,1]. Similar to (3.23), from condition (ii), we can get

f(s,Ig;2v(s),Ig;3v(s),...,13+v(s),v(s)>zL;ln, for (s,0) € [0,1] x [0,r1].  (3.26)

Hence for any t € [¢, 7], v € 0Q4, by (3.26) and Lemma 2.3 we have

1

[To(t)| = f G(t, s)f(s, Ig’;zv(s),I(’)’fv(s),...,I(Lv(s),v(s))ds

0

1 1
> f G(t, s)LIlrl ds > L{lnj G(t,s)ds

1
> L{lrl f p(s)Go(s,s)ds
¢

=r = ol
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Thus we get

ITo| > [lo]l, v €. (3.28)

By (3.25), (3.28), and Lemma 2.6, T has a fixed point & € Q, \ Q; such that r; < [|3|| < r;. By
Lemma 2.4, BVP (1.1) has at least one positive solution () = I;20(t). O

Theorem 3.6. Assume that (H1)—(Hs) hold. If there exist constants 0 < a < b < ¢ such that
(I) f(t/x1/x2/ cee rxn—l) < Lgla,for (t/ X1,X2, .. /xn—l) € [Or 1] x [01 a] X X [0/ a]r
(1) f(t,x1,x2,...,%n-1) < Lglc,for (t,x1,x2,...,%,-1) € [0,1] x [0,¢c] x---x [0,c],

() f(t,x1,%2, ..., %p-1) > Li'b, for (t,x1,%2,...,%4-1) € [&,7] x [(b/(n —2)1)¢"2,c] x
[(b/(n—=3))¢"3,c] x---x [bE,c] x [b,c],

where Ly, Ly are defined by (2.19), then BVP (1.1) has at least three positive solutions uy, up, and u3
satisfying

DSIZWH <a, b< (p(Dg;2u2> < |

D(r)llzuz” <c, 529)
Dn—2 .
0+ U3

a< | , (p(D6‘;2u3> <b.

Proof. We will show that all conditions of Lemma 2.7 are satisfied.
First, if v € P, then ||v|| < ¢. So we have 0 < v(f) < ¢, t € [0,1]. Similar to (3.23), it
follows from condition (II) that

f(s,Ig;ZU(s),Ig‘fv(s),...,Ié+v(s),v(s)> <Lj'c, for (s,v) € [0,1] x [0,c]. (3.30)

Thus, for any v € P., by (3.30), we have

1

ITo(t)] = f G(t, s) f<s, I"u(s), I'0(s), ..., ILv(s), v(s))ds

0

! 1 ! 3.31
< fo G(t, s)Lglc ds < <1 + 1 fEﬁgY] >L£1CJ‘0 Go(s,s)ds (3.31)

=C,

which means that | Tv|| < ¢, v € P,. Therefore, T : P, — P.. By Lemma 3.2, we know that
T:P, — P.is completely continuous.

Next, similar to (3.30) and (3.31), it follows from condition (I) that if v € P, then
[|[Tv|| < a. So the condition (C;) of Lemma 2.7 holds.
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Now, we take v(t) = (b+c)/2,t € [0,1]. Itis easy to see that v(t) = (b+c)/2 € P(¢p,b,c),
and so

9(0) = minfo(t) - bre

>b, (3.32)

where ¢(v) is defined by (2.20). This proves that {v € P(p,b,c) : ¢(v) > b} #¢.
On the other hand, if v € P(y,b,c), then b < v(t) < ¢, t € [¢,71]. By the definition of
fractional integral, for any t € [¢,7], 1 <i < n -2, we obtain

_51 <o 1)' f (t- s)’ lds < I(l)+v(t) 1)' j (t- s)’ 1v(s)ds
c i 3.33
Smfo(t—s) 1dS ( )
<Spi<c

It follows from (3.33) and condition (III) that

f<s, Ig;zv(s),Ig;3v(s),...,I&+v(s),v(s)> >L'b, forse[¢n], veP(pbc). (3.34)

Hence we have

p(Tv) = m1r1|Tv(t)|

1
= g?tlgr}l —[0 G(t, s)f(s, I'2o(s), I 30(s), . ..., I&+v(s),v(s)>ds (3.35)

1 Ui
>L7 1bg£unJ‘ G(t,s)ds > L;lbf p(s)Go(s,s)ds = b,
< ¢

which implies that ¢(Tv) > b, for v € P(¢p, b, ¢). This shows that condition (C;) of Lemma 2.7
is also satisfied.

By Lemma 2.7 and Remark 2.8, BVP (2.13) has at least three positive solutions vy, vy,
and o3 such that |[v1|| < a, b < ¢p(v2) < ||v2]| € ¢, and a < ||lvs]|, p(v3) < b. By Lemma 2.4,
BVP (1.1) has at least three positive solutions u;(t) = Ig’;zvi(t), (i=1,2,3). By (2.3), we have
Dg;zui(t) = Dg;zlg;zvi(t) =v;,i=1,2,3. 50 uy,uy, u3 are three positive solutions of BVP (1.1)
satisfying

Dg;zuln <a, b< q)(D(’)‘;zuz) < |

ngzuz” <c,
(3.36)

a< | D(')‘;zu3 ,

0] <D8;2u3> <b.

The proof of Theorem 3.6 is completed. O
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4. Examples
Example 4.1. Consider the following problem:

1-t)%et 1 1
(ti +tsin’u/ + ~tu" =0, O0<t<l,
A+eh(d+u) 2 4 (4.1)

u(0) =u'(0) =u"(0) =0, u"(1) = p[u"].

D} %u(t) +

Let f[u"] = (1/2) u"(1/2). Then

Go(t,s) =

1 {[t(1-s)]1/2—(t—s)“2, 0<s<t<l, (42)

I'3/2) | [t1-5)]"?, 0<t<s<l.

1 1
G(s) = %G()(%,S) >0, Bll]= IO dA(t) = % Bly] = L tY2dA(t) = g <1. (43)

Let

o 1-telx 1, , 1
fhxy.2) = (+eh(T+x) plsiy + gtz @)
(1-1)%t .

) =7

_1, _1
() =58, () = gt

Then f is a nonnegative continuous function on [0, 1] x (R*)? and, for any (t,x1,11,z1) and
(t, x2, Y2, 22) € [0,1] x (R+)3, satisfies

|f(t,x1, 51, 210) = (%2, 2, 22) | < B (B)|x1 = x| + ha(8) | y1 — y2| + 3 (t)|2z1 — 22 (4.5)
So we have

1 3 1 1
fo Go(s, s)ghi(s) 45 < fry fo (s(1 - s))1/2<(1 —s)P s+ s)ds

_ B(3/2,9/2)+ B(7/2,3/2) + B(5/2,3/2) _ 38 e 04569608

r'(3/2) 128
-1
< <1 * 7 f [;gﬂ ) = 2:£ ~ (0.5638901,

(4.6)

where B(:,-) denotes a Beta function. So all conditions of Theorem 3.1 are satisfied. Thus, by
Theorem 3.1, BVP (4.1) has at least one positive solution.
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Example 4.2. Consider the following problem:

1 1
DY 2u(t) + §<t - t2> In(1+u) + Etzu’ ++sint=0, 0<t<l,

(4.7)
u(0)=u'(0)=0, ' (1)=p[u],
where f[u'] = f; u'(s)dA(s) with
( 1
0, S e 0, ZL)/
A(s) =42, se€ %,%), (4.8)
[ 9
\ ]., S € _E, 1]
Set
f(tx,y) = 1(t—tz) In(1 + %) + 2y + £ + sint (t) = 1(t—tz)
7 /]/ - 2 2 ]/ 7 pl - 2 7 (4 9)
pa(t) = %tz, q(t) = +1.
Then f : [0,1] x [0, +o0) x [0, 400) — [0, +0o0) is continuous and
F(tx,y) <pt)x +p2(t)y +4(t). (4.10)

Asin [21], Bly] = [2 y())dA(t) = 2/1/4+ (=1) x/9/16 = 1/4 < 1, G(s) = [) Go(t, s)dA(t) > 0,

Jj Go(s,s)(pi(s) + pa(s)) ds < ﬁ J: (s(1- s))1/2(<s - 52> + sz>ds

_ B(5/2,5/2) +B(7/2,3/2) _ 1
B I'(3/2) -8

) <1+ 153[;EY]>_1 i

where B(,:) denotes a Beta function and Gy(t,s) is defined by (4.2). So all conditions of
Theorem 3.4 are satisfied. Thus, by Theorem 3.4, BVP (4.7) has at least one positive solution.

Vo = 0.22155673 (4.11)

=~ 0.42857143,

N @
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Example 4.3. Consider the following problem:

2 tetu' sint 1
D>2u(t) + — In(1 —+ —— + = =
0+ u()+5 n( +u)+10+103f+ 20 +2 0, O0<tx<l1, (4.12)

u(0)=u'(0)=0, u'(1)=p[],

where g[u'] = 3 u'(s)dA(s) with A(s) as given by (4.8). Set

t? tely sint 1 t2
flbxy) =5n(+0+oa+t 55ty nB=3
(4.13)
(t) = tet ) = sint 1
P = T0v10e 1YW T 20 T2
Then f : [0,1] x [0, 4+o0) x [0, 400) — [0, +00) is continuous and
ftxy) <pi)x +p2(t)y +q(). (4.14)

By Example 4.2, f[y] = [} y(NdA(t) = 1/4 < 1, G(s) = [; Go(t, s)dA(t) > 0, where Go(t,s) is
defined by (4.2). Asin [1, 3], we also take ¢ = 1/4, 11 = 3/4, then

3/4 -1
Lil — ( p(S)Go(S, S) dS> = 136649,
1/4

. G, T (4.15)
L' = (1 + =[] > <f0 Go(s,s) ds) = NG = 0.967182.
Choosing r1 = 1/30, r, = 1, we have
f(t,x,y) <0.85< Ly'ry, for (t,x,y) €[0,1] x [0,1] x [0,1],
(4.16)

_ 1 1
f(t,x,y)>05> Lllrl, for (t,x,y) €[0,1] x [0,%] X [O, %]

So all conditions of Theorem 3.5 are satisfied. Thus, by Theorem 3.5, BVP (4.12) has at least
one positive solution.

Example 4.4. Consider the following problem:

DY u(t) + f(tu(t), ' () =0, 0<t<1,
(4.17)
u(0) =4'(0) =0, u'(1) =pu],
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where f[u'] = é u'(s)dA(s) with A(s) as given by (4.8). Set

2

In(1+x) +15y% + —— (t,x,y) €[0,1] x [0,1] x [0,1],

(bx,y) = 100 1000’
Fh2n) = 29 t ) )
o In(+x) + =+ 2y Toagr (bxv) €[0,1]x (®)\[0,1%), (418)
2 t 29
P =155 PO=15 4B =155+
Then
f(tx,y) Spr®)x +p2(t)y +q(t). (4.19)

By Example 4.3, f[y] = fé y(H)dA(t) =1/4<1,G(s) = fg Go(t,s)dA(t) >0,

1/4

3/4 -1
L{l = < p(s)Go(s, s)ds> = 13.6649,

) ) (4.20)
1 B 1 -
Lgl =(1+ pLL] J Go(s, s)ds = 12 =~ 0.967182.
1-py] 0 e
Choosing a =1/20,b =1, ¢ = 100, we have
1 1 1
f(t,x,y) <0.044845 < L;'a = 0.048359, for (t,x,y) € [0,1] x |0, 20 x |0, 20|
(4.21)

1 1
f(t,x,y) >14.5025 > L;'b = 13.6649, for (t,x,y) € IZ’ Z] x [Z,IOO] x [1,100],
f(t,x,y) <65501 < L,'c=96.7182, for (tx,y) € [0,1] x [0,100] x [0, 100].

So all conditions of Theorem 3.6 are satisfied. Thus, by Theorem 3.6, BVP (4.17) has at least
three positive solutions u1, up, and us, satisfying

1
<
5r<1[a<>1<|u1(t)| L 1< 1/&%/4'“2(”' < max|u2(t)| 100,
: (4.22)
I < .
50 < grsl_x|u3 (H)] <100  with /mlr;/4|u3 ] <1
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