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The bifurcations near a primary homoclinic orbit to a saddle-center are investigated in a 4-
dimensional reversible system. By establishing a new kind of local moving frame along the
primary homoclinic orbit and using the Melnikov functions, the existence and nonexistence of
1-homoclinic orbit and 1-periodic orbit, including symmetric 1-homoclinic orbit and 1-periodic
orbit, and their corresponding codimension 1 or codimension 3 surfaces, are obtained.

1. Introduction

In recent years, there are much interest in the phenomenon of homoclinics and heteroclinics
in reversible dynamical systems because of their extensive applications in mechanics, fluids,
and optics [1-10]. For example, Klaus and Knobloch [4] considered a homoclinic orbit to
saddle-center with two-parameter families of non-Hamiltonian reversible vector fields by
Lin’s method. They derived the occurrence of 1-homoclinic orbits to the center manifold.
Liu et al. [6] studied a singular perturbation system with action-angle variable and the
unperturbed system was assumed to possess a saddle-center equilibrium in a general system
without reversible or Hamiltonian structure. Mielke et al. [7] investigated bifurcations
of homoclinic orbit to saddle-center in 4-dimensional reversible Hamiltonian systems. By
using the Poincaré map and a special normal form, they detected the existence of N-
homoclinic orbits to the equilibrium, N-periodic orbits, and chaotic behavior near the
primary homoclinic orbit. As for purely Hamiltonian system in R?, similar results are known
from Koltsova and Lerman [2, 5]. In all of these papers the underlying Hamiltonian structure
was heavily considered. Especially it was used to detect multiround orbits. Note that, the
Hamiltonian can make the dynamics constrict in three-dimensional manifold in a zero level
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set. In this paper, we use the method originated by Zhu [9], by constructing a local moving
coordinate system and Poincaré map near the primary homoclinic orbit, the existence of
transversal homoclinic orbits and periodic orbits bifurcated from the primary homoclinic
orbit are obtained in a 4-dimensional reversible system. It is worth to mention that a new kind
of moving coordinates is introduced firstly in our paper in order to simplify and facilitate the
reversible system.

The remainder of this paper is organized as follows. Section2 contains the
assumptions for the perturbed and unperturbed system. The local coordinate moving frame,
cross sections, and Poincaré map are set up in Section 3. Finally, we obtain the existence and
nonexistence of 1-homoclinic orbit and 1-periodic orbit, including symmetric 1-homoclinic
orbit and 1-periodic orbit, and their corresponding surfaces with different condimensions in
Sections 4 and 5.

2. The General Setup

Consider the following system
z=f(z)+eg(z;p), z€R, peR! (2.1)
and the corresponding unperturbed system
2= f(2), (22)

where0<e <« 1,I1>1, f:R* 5 Rtand g: R*xR — R*are C'(r > 4), f(0) = g(O;u) =0
and p is a parameter. Also, we need the following assumptions.

(Al) System (2.1) is reversible with respect to the linear involution R such that
dim(FixR) =2, f(Rz) + Rf(z) = g¢(Rz; u) + Rg(z; ) =0 forall z € R* and y € R..

Note that, throughout the paper, we will denote R-symmetric orbit as symmetric orbit.

(A2) The origin O is a saddle-center equilibrium of (2.2), O € Fix R. More precisely, the
Jacobian matrix A £ D f(0) has a pair of purely imaginary eigenvalues +iw and two nonzero
real eigenvalues, that is, 0(A) = {+iw, £1} with w, A > 0.

(A3) System (2.2) has a symmetric homoclinic orbit I' = {z = r(t) : t € R}, where
7(+o0) = O.

Note that, O is a symmetric equilibrium, and the eigenvalues of the Jacobian matrix
A are symmetric with respect to the imaginary axis. Thus, assumption (A2) describes a
scenario that is structurally stable. Furthermore, the saddle-center O has one-dimensional
stable manifold W¢,(O) and one-dimensional unstable manifolds W¢,(O) (abbr. W* and
W* as e = 0), and a two-dimensional center manifold W¢ ,(O) (abbr. W€ as e = 0) for e
close to 0. All of them are C". Confined to W¢ ,(O), O is a center. The reversibility implies
that WE”,#(O) = RW:,#(O) and W¢ #(O) = RWSC,#(O), and hence, the homoclinic orbit I' is
symmetric, thatis, RI' =T

3. Local Moving Frame and Poincaré Map

Suppose the neighborhood U, of O is small enough, we can firstly straighten the center-
stable manifold, the center-unstable manifold, subsequently, then the stable manifold and
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the unstable manifold in Uy by using the method introduced in Zhu [9]. According to
the invariance and symmetry of these manifolds, we can deduce that system (2.1) has the
following form in Ul:

x=x(A(e, pu) +0O(1)),

y=y(=Mep) +0)),

3.1
i=v(w(e,n) +O01)) +u(O(x) + O(y) + O(u)) + O(xy), D

0 =u(-w(e,p) +0(1)) —v(0(x) + O(y) + O(v)) - O(xy),

where A(0, u) =\, w(0, u) = w, O(1) = O(x) + O(y) + O(u) + O(v), the system is C"2, and the
corresponding involution acts as R(x, y,u,v) = (y,x,v,u).

In fact, by a linear transformation, system (2.1) takes the form in a small neighborhood
of Uy as follows:

x=MA(e, p)x+0(2),

y=-AMen)y+0(Q2),

(3.2)
iw=w(e p)v+0(2),

0 =-w(e,p)u+0(2),

and R(x,y,u,v) = (y,x,v,u). By the invariant manifold theorem, we know that there exist
a local C" center-stable manifold ngl ={z=(x,yuv) :x = ng#(y, u,v),xgjl (0,0,0) =
0, ngf‘#(O, 0,0) =0,z € Up}, alocal C" center-unstable manifold ngj ={z=((xyuv):y=
ygf/‘l(x, u,v),ygffl(o, 0,0) =0, Dygffl(O, 0,0) =0,z € Up} and RW(;, = Wel.

By the straightening coordinate transformation which is similar to that of [1, 6, 9], now
we straighten the local manifolds W¢3, and W¢l, such that We5, = {z e Up: x =0}, W(J, =
{zely: y= 0}.

Notice that the invariance of W¢5, and W(j, implies the local invariance of {z € U :
x =0} and {z € Uy : y = 0}, respectively, which produces that, in Uy,

x=x(A(e pu) +0O(1)),

(3.3)
y=y(-Me p) +O(1)).

Now the system is C"! and still reversible. By using a similar procedure to straighten
the local C™! stable manifold W¢, and unstable manifold W¢, and the invariance and
symmetry of these two local manifolds (that means the transformation is also symmetric),
we get system (3.1). Clearly, corresponding to system (3.1), the center manifold W¢ , is locally
in the u-v plane, and the stable manifold W, (resp., unstable manifold W¢ ) is locally the
y-axis (resp., x-axis) when they are confined in U).

Define r(-T) = (6,0,0,0)*, r(T) = (0,6,0,0)* for T > 1, where 6 > 0 is small enough
such that {(x,y,u,v)* : |x|,|y|, [? + v?|'/? < 26} C U,.
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Consider the linear variational system
z=Df(r(t))z, (3.4)
and its adjoint system
¢ =—(Df(r(t)) ¢ (3.5)

Based on the invariance and symmetry of manifolds W< and W<, it is easy to know
that system (3.4) has a fundamental solution matrix Z(t) = (z1(t), z2(t), z3(t), z4(t)) satisfying
z1(t) € (T,yW™)", za(t) = =7 (£) /|7(T)| € Tyey (W NW™), z3(t), za(t) € T,y W and

-1

o O O

Z(-T) = ;2T =

0
0
1 (3.6)
0

S O = O
o O O

—_— O O O
S O O
S O = O
|

—_

o - O O

Actually, in the resulting coordinates, W* N Uy and W* N Uy are y-axis and x-axis,
respectively, combining with the symmetry, it follows that

z,(T) = (0,1,0,0)%, z(-T) = (-1,0,0,0)". (3.7)

On the other hand, in a small tubular neighborhood of the homoclinic loop I, the
center-unstable manifold W** (resp., center-stable manifold W) can be foliated into a family
of leaves, each is a 2-dimensional surface and asymptotic to W¢ as the base point z = r(t) € I’
tends to O as t — —oo (resp., +oo). Notice that the limit of the linearization (3.4) of system
(2.2) with respecttoI"as t — oo is

X = Ax, y=-\y, il = wo, U = —WU. (3.8)

When confined on W¢, it becomes the following subsystem

i = wo, U= —wi, (3.9)

which is reversible with the involution (1,v) — (v, u). Obviously, for any a > 0 and ¢y € R,
u = u(t) = asinw(t —ty), v = v(t) = acosw(t — ty) is a solution of (3.9), which defines
a closed orbit I on W¢. More precisely, its tangent vectors u;(t) = u(t) = awcosw(t - ty),
v1(t) = 0(t) = —awsinw(t — ty) and its normal vectors uy(t) = —0(t) = awsinw(t — ty),
vo(t) = u(t) = awcosw(t — ty) are the solutions of (3.9). Choose some appropriate a and
to such that aw = 1, w(-T — ty) = 2kar for some k € Z, then (u(-T),v(-T)) = (0,a) =
0,w™), Z3(-T) = (u1(-T),v1(-T)) = (1,0), Z4(-T) = (uz(-T),v2(-T)) = (0,1). Based
on the reversibility, we have (u(T),v(T)) = (a,0) = (w™1,0),z3(T) = (w(T),v:1(T)) =
(0,-1), z4(T) = (ua2(T),v2(T)) = (1,0) (see Figure 1 for details). Thus, if we take solutions
z3(t) and z4(t) in T, () W satisfying z3(-T) = (0,0,1,0)", z4(-T) = (0,0,0,1), then, restricted
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zy(-T)

Figure 1: The geometry of vectors on the center manifold.

to the u-v plane, z3(~T) is the unit tangent direction of the closed orbit T at (u,v) = (0,a) =
(0,™). In addition, the restriction of z4(~T) is its unit exterior normal direction at the same
point. By the reversibility, it is easy to obtain z3(T) = (0,0,0,-1)", z4(T) = (0,0,1,0)".

Finally, if we choose a solution z(t) € (T, W) with z;(-T) = (0,1,0,0)", then the
symmetry says that z1(T) = (1,0,0,0)".

Therefore, we have demonstrated the existence of the fundamental matrix Z(t) with
the specified properties.

Remark 3.1. In the following, we will regard (z1(t), z2(t), z3(t), z4(t)) as a moving coordinate
in a small tubular neighborhood of I'. This new kind of moving frame is firstly introduced
for the homoclinic orbit to a saddle-center, which is the extension of the corresponding
coordinates built in [1, 6, 9] for the homoclinic orbit to a saddle. The explicit advantage is
that, these coordinate vectors inherit and exhibit the geometrical and dynamical properties
of those invariant manifolds. As mentioned above, they will greatly simplify the original
reversible system.

Let 3 = {(x,y,u,v) | x = &,|y|, |u> + v*|/2 < 6/2} c Ugand =° = {(x,y,u,v) | y =
6, |x|, [u? + v?|/2 < 6/2} c Uy be the cross sections of I at t = —T and t = T, respectively.

Now we turn to seek the new coordinates of gy € X* and q; € X° (see Figure 2 for
details) under the transformation z(t) = r(t) + Z(t) - N, where N = (n1,0,n3,n4)". Take

go = (x0, Yo, to,v0) = r(-T) + Z(-T) - <n‘1), 0,1, n2> ,
’ (3.10)
q1 = (x1,y1,u1,01) =r(T) + Z(T) - <n%,0,n§,ni> ,

which are solved by

0 0 0 .
X0 =6, ny = yo, 15 = U, n, = vo;
(3.11)
-5 1_ 1_ 1_
Y1 =0, n; =X, ny = -0, n, =uj.
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Figure 2: Setup of cross sections and Poincaré map.

Putting the transformation z(t) = r(t) + Z(t) - N into (2.1), we get

P+ Z(t)-N+Z(t)-N = f(r(t)+ Z(t) - N) + eg(r(t) + Z(t) - N, )
(3.12)
= f(r())) + DF(r()Z(H) - N + g (r(), ) + O((e + N)?).

That implies Z(t)-N = eg(r(t), u) +O((e+ N )2), which is C". Then multiplying the resulting
equation by Z7!(t) = (¢}, 3, ¢35, ¢5)" and integrating it on both sides from —T to T, we have
the regular map I'lg : X% — X7

ni(T) = ni(=T) + eM;(T, ) + O<(e + N(—T))2>, i=1,3,4, (3.13)

where M;(T, p) = f_TT ¢:gi(r(t), p)dt are the Melnikov functions.
For conciseness, we will denote (e, ) = A, w(e, p) = w. Now we consider the local
map I1s induced by the flow (3.1) in Uy, where

[Mg:3° — 3%, g1 = <n%,0, né, ni) —qo = <n(1),0, ng, n0>. (3.14)

Let 7 be the flying time from g; to qo, by variation of constants formula, we can get the
following expression:
x| = _x(T) = xoe_)LT(l + Pl),
=y(T+7) =y1e " (1+py),
Yo =y(T+7) =yie " (1+p2) (315)
ug = u(T + 1) = [ug cos(wt) + vy sin(wt)] (1 + p3) + ps,
vy = v(T +7) = [~uy sin(wr) + v1 cos(wT)] (1 + ps) + pe,

where p; = pi(xo,y1,u1,v1,7,€, 1), pi € cY%i=1,...,6 and pi = O(6) fori =1,2,3,4, p; =
O(6%e77) for j = 5,6.
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Denote s = e™7, then we get [1s : =¥ — X* defined by

nd = 6s(1+ p),

ng = [n}1 cos(% log s> +ny sin(% log s)] (1+p3) +ps, (3.16)

ng = [n}1 sin(% log s> -nj cos(% log s>] (1+ pa) + pe.

Combining the maps (3.13) and (3.16), we obtain the Poincaré map IT = ITg o Is :
2° — X° defined as
i (T) = 6s(1+ p2) + eMy (T, p) + h.o.t.,
d -

n3(T) = [n}1 cos( 1 log s) + 1 sin< 1 log s)] (1+p3) +eM3(T,p) +ps +h.o.t., (3.17)

ny(T) = [n}1 sin(% log s> -nj cos(% log s)] (1+ps) +eMy(T, ) + pe + h.o.t.

4. Existence of 1-Homoclinic Orbit and 1-Periodic Orbit

Let G(q1) £ T1(q1) — q1 be the displacement function. Based on (3.11), (3.17), and the new
coordinate of q; = (n%,O, né,n}l), we see the small zero point (s, u1,v1) of G will satisfy the
following equations:

65(p2 — p1) +eMi (T, ) + O(Is, e*) =0,
w
X
w
A

vy + [u1 cos( log s> -0 sin<% log s)] (1+p3) +eMs(T, p) +ps +h.o.t. =0, (4.1)

u - [ul sin( log s) + 01 cos(% log s)] (1+ps) —eMy(T, p) — pe + h.o.t. = 0.

Due to the coordinate transformations introduced in U at the beginning of Section 3,
the unstable manifold and the stable manifold are locally x-axis and y-axis, respectively, so
it is evident that, near I', system (2.1) has a symmetric 1-homoclinic orbit to O if and only if
(4.1) have a solution (s,u1,v1) with s = w3 = v1 = 0, and system (2.1) has an 1-homoclinic
orbit to a periodic orbit on the center manifold and an 1-periodic orbit if and only if (4.1)
have a solution (s, u1,v1) with s =0, u3 + v2 > 0 and s > 0, 13 + v} > 0, respectively. Clearly,
system (4.1) is C' in (s,u1,v1) as 0 < s < 1,15 + v] < 1, and C? in (g, y), and has a solution

s=u; =v; =0as e =0, thus we can rescale s = €’5, u; = €’u, v1 = €°v, such that system (4.1)
is reformulated as

M, (T, 1) +O(e) =0,
M;(T, ) + O(e) = 0, (4.2)
M, (T, p) + O(e) =0,

where O(e) depends on €,5,u, v and p.
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Now the following results are verified directly by the implicit function theorem.

Theorem 4.1. Assume (A1)—(A3) are satisfied, M1(T, po) = Ms(T, po) = Mu(T, o) = 0 and
Rank(0(M1, M3, My) /o) (T, po) = 3 for 1 > 3 and py € R, then, for any given ro > 0, 59 > 0
and €y > 0 small enough, there exist a single-parameter family of codimension 3 surface X and a
four-parameter family of codimension 3 surface Zeyws near pg such that Xy = X5 = {plp = po},
lims — 0Zeuvs = Seuvo for 0 < € < €9, 0 < u? + 0% <13,0 <5 < 5o, and system (2.1) has a symmetric
1-homoclinic orbit to O as p € ., a 1-periodic orbit with approximate period 2T — \"!log €75 as
U € Zeys, and a 1-homoclinic orbit to a periodic orbit on the center manifold with u%(t) + v% (t) =
e (U5 +03) as p € Zevyuy0, Seugwo0— o} #0, 0 < ud+v3 < 3. Moreover, these codimension 3 surfaces
are either coincident, or tangent to each other at y = po, and they have a common 3-dimensional normal
space spanned by M1, (T, po), M3, (T, po), and My, (T, po) as 1 > 3.

In order to study the existence of the 1-periodic orbit bifurcation surface with lower
codimension, we reconsider (4.1). Let s = e~/ @@k7=a) "y ¢ [—(;r/2), (37 /2)) and H be the
vector defined by the left hand side of the last two equations of (4.1), then, by using

oH
0(uy,v1)

W = det [ o 0]
i (4.3)

= —[2+ps+ps+p3ps— (2+ps+ps)sinal w=mi=e=0,

it follows that, for 6 > 0 so small that |p3 + ps| < 0.1, |p3s + ps + p3ps| < 0.1, we have W #0
for a € [-(or/4), (5or/4)]. Therefore, there is a unique pair (#1,v1) which solves the last two
equations as k > —(w/\xr) log e and e > 0 is small enough.

Substituting this solution (u1,v;) into the first equation of (4.1), and using s = O(e?)
for k > —(w/Air) log e, it produces

M; (T, u) + O(e) =0, (4.4)

where the term O(e) depends on ¢, k, a and p.
At this stage, we have actually demonstrated the following existence theorem.

Theorem 4.2. Suppose (A1)—(A3) are satisfied, Mq(T, po) = 0, (OM1/0u)(T, po)#0as 1 > 1
and py € R, then for eg > 0,6 > 0 small enough, 0 < € < €y, k > —(w/\xr)loge and
a € [—(r/4), (5 /4)], there exists a 3-parameter (resp., 2-parameter) family of codimension 1 surface
Zeka (tesp., Zeq = Zeooa) near pg satisfying Xoee = {Ho}, such that system (2.1) has one 1-periodic
orbit L(e, k, a) (resp., 1-homoclinic orbit L(e, oo, a)) near I as p € Zepq(resp., p € Zey), and L(e, k, )
has an approximate period 2T + ((2kor — &) /w). In addition, if My (T, ) #0 for any p € R, then
system (2.1) has not any 1-periodic orbit near T".

Remark 4.3. When confined in a neighborhood of the local center-manifold, the (u,v)-
coordinates of 1-periodic or 1-homoclinic orbit guaranteed by Theorem 4.1 as pt € Zyp5 Or p €
Seuyvo0 satisfying ud+v? = O(e*), whereas, these coordinates of the corresponding orbits given
in Theorem 4.2 as yt € Zekq OF i € S, have the scale O(e?) in case M3(T, po) + M3(T, o) #0
and k > —(w/ ) loge.
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5. Existence of Symmetric 1-Periodic Orbit

In this section, we turn to seek the existence of symmetric 1-periodic orbit. Note that, a 1-
periodic orbit L near I' is symmetric if and only if R(L N X°) = L N X¥, equivalently LN X° =
(x1,0,u1,v1) and LN X = (6, yo, up, vo) should satisfy

X1 = Yo, Ui = vy, U1 = Up. (5.1)
Due to (3.15), it is equivalent to

p1—p2=0,
Uy — [u1 sin<% log s) + 01 cos(% log s)] (1+ps) —pe=0, (5.2)

vy — [u1 cos(%logs) -0 sin(%logs)] (1+p3)—ps=0.

Using (5.2) and rescaling u; = eu, v; = €v, s = e-W@UEkT+20) = O(€2) for k > —(w/2\r) loge,
0 € [0,2xr), system (4.1) reads as

M; (T, u) + O(e) =0,

20+ M3 (T, 1) + O(e) =0, (5.3)
My (T, u) +O(e) = 0.

Solving the second equation of (5.3), we have
1
v= —§M3 (T, u) + O(e). (5.4)

On the other hand, L N 2° and L N X* are symmetric if and only if their middle point
(x(T+ 1/2)7),y(T+ (1/2)7),u(T + (1/2)7),v(T + (1/2)7)) lies on the plane Fix(R), that is,
(5.1) is equivalent to

x<T+%T) =y<T+%T>, u<T+%T> =U<T+%T>, (5.5)
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where
x(T+57) =6vs(1L+pu),

( ;r) 5v5(1+ par),
(5.6)

u(T + %T) = [u1 cos(%) + 01 sm( >] (1+ps1) + ps1,

1 . /WT
U<T + ET) = [—ul sm<7> + 01 cos( )] (1+ pa1) + por,
and pjy = pin (o1, y1,u1,01, 7,6, ) fori = 1,...,6, py = O(x1/+/5) + Oi(y1) + O(\/u? +v2) =

0(6), Ol(y1) = O(y1) fori= 1,. . .,4, p]'1 = O(xlyl) = 0(625) fOI‘j = 5,6.
Explicitly, (5.5) can be formulated as

pi1—pa =0,
7 [cos(%) + sin(%)] -0 [cos(%) - sm<a; )] +0(6) + O<62 )

Due to (5.4) and (1/2)wT = 2kar + 6, 6 € [0,2r), we can uniquely solve the second equation
in (5.7) by

(5.7)

€(cos 6 — sin 0)

" 2(cos 0 + sin 0) Ms(T, 1) (1+0(6)) + O<€2) (5.8)

U =

as 0#(3/4)or, (7/4)mr, and 6, € small enough.
Up to now, there are three equations

p11—p21 =0,
M (T, u) +O(e) =0, (5.9)
My (T, 1) +O(e) =0

left which should be fulfilled, where v; = ev and u; are given by (5.4) and (5.8).
Applying the implicit function theorem to (5.9), where O(e) depends on ¢, 6, k and
U, we derive the following result.

Theorem 5.1. Suppose that (A1)—(A3) hold, My (T, po) = 0, My(T, po) = 0 and

o(pu1 — pa1) a(er My)
op e=0,u= ,uo

k=00

Rank (T, Ho) ¢ =3 (5.10)
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as po € R > 3), there exist g > 0, 6y > 0 small enough, and a 3-parameter family of
codimension 3 surface Zeor near po, such that, system (2.1) has a symmetric 1-periodic orbit L near
I' with approximate period 2T + (1/w)(4kar + 20) as p € Zeox for €,0,k satisfying 0 < € < ey,
0 € [0,(3/4)mr — 6y) U ((3/4)r + 6y, (7/4)r — 6) U ((7/4)7r + 600,27), k > —(w/2)r)loge.
Moreover, if there is no po € R! satisfying

M%(TIFO) + MZ(T,#O) + (Pu - P21)2

e=0,u=po = 0’ (511)
k=co

then system (2.1) has no symmetric 1-periodic orbit in the small neighborhood of T.
Remark 5.2. Similarly, if we take s £ e =u; =v; =0in (3.15), then x; = Yo=U) =0y =Uj| =
v1 = 0 (i.e., condition (5.1)), it means that there is a symmetric 1-homoclinic orbit to O if and
only if s = u; = v; = 0 in Section 4.

Remark 5.3. In Theorem 4.2 (resp., Theorem 5.1), the geometric meaning of k is that, confined
in Uy, the u-v component of the above 1-periodic orbit bifurcated from I' makes circle k (resp.,
2k) times around the saddle-center.

Remark 5.4. From x1/+/5 = 6+/5(1 + O(6)), s = O(€?) and the constitution of p1; and pay, it is
easy to know that the necessary condition for pi1 = p21 is O1(y1) = O2(y1).
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