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The purpose of this paper is to establish a strong convergence of a new parallel iterative algorithm
with mean errors to a common fixed point for two finite families of Ciri¢ quasi-contractive
operators in normed spaces. The results presented in this paper generalize and improve the
corresponding results of Berinde, Gu, Rafiq, Rhoades, and Zamfirescu.

1. Introduction and Preliminaries

Let (X, d) be a metric space. A mapping T : X — X is said to be a-contraction, if d(Tx, Ty) <
ad(x,y) forall x,y € X, wherea € (0,1).

The mapping T : X — X is said to be Kannan mapping [1], if there exists b € (0,1/2)
such that d(Tx, Ty) < b[d(x,Tx) +d(y,Ty)] forall x,y € X.

A mapping T : X — X is said to be Chatterjea mapping [2], if there exists c € (0,1/2)
such that d(Tx, Ty) < c[d(x,Ty) +d(y,Tx)] for all x,y € X.

Combining these three definitions, Zamfirescu [3] proved the following important
result.

Theorem Z (see [3]). Let (X, d) be a complete metric space and T : X — X a mapping for which
there exist the real numbers a, b, and c satisfying a € (0,1), b,c € (0,1/2) such that for each pair
x,y € X, at least one of the following conditions holds:

(Zl) d(TX, Ty) < ad(x/y)/
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(z2) d(Tx,Ty) < bld(x,Tx) +d(y, Ty)],
(z3) d(Tx,Ty) <cld(x,Ty) +d(y, Tx)].
Then T has a unique fixed point p and the Picard iteration {x,} defined by

Xp1=Tx, mneN (1.1)

converges to p for any arbitrary but fixed x, € X.

Remark 1.1. An operator T satisfying the contractive conditions (z1)~(z3) in the above theorem
is called Z-operator.

Remark 1.2. The conditions (z1)—(z3) can be written in the following equivalent form:

d(Tx, Ty) < hmax {d x9), d(x,Tx) +d(y,Ty) d(x,Ty) +d(y,Tx) } 12)

2 ! 2

for all x,y € X,0 < h < 1. Thus, a class of mappings satisfying the contractive conditions
(z1)—(z3) is a subclass of mappings satisfying the following condition:

d(Tx,Ty) < hmax{d(x, y),d(x,Tx),d(y, Ty), d(x Ty) ; d(y, Tx) }, (CG)

0 < h < 1. The class of mappings satisfying (CG) is introduced and investigated by Ciri¢ [4]
in 1971.

Remark 1.3. A mapping satisfying (CG) is commonly called Ciri¢ generalized contraction.
In 2000, Berinde [5] introduced a new class of operators on a normed space E satisfying

|Tx - Ty|| <pllx -yl + LITx - x|, (1.3)

foranyx,y € E,0<6<1land L >0.

Note that (1.3) is equivalent to

[T =Ty < pllx -yl + Lmin{|[Tx - ], [Ty - |}, (1.4)

foranyx,y € E,0<p<landL >0.

Berinde [5] proved that this class is wider than the class of Zamfiresu operators and
used the Mann [6] iteration process to approximate fixed points of this class of operators in a
normed space given in the form of following theorem.

Theorem B (see [5]). Let C be a nonempty closed convex subset of a normed space E. Let T : C — C
be an operator satisfying (1.3) and F(T) # 0. For given xo € C, let {x,} be generated by the algorithm

Xpi1 = (1= ap)xn +a,Tx,, n>0, (1.5)
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where {a, } be a real sequence in [0, 1]. If 3,721 a, = oo, then {x, };—, converges strongly to the unique
fixed point of T.

In 2006, Rafiq [7] considered a class of mappings satisfying the following condition:

e = Tl + ly - Ty
||Tx_Ty||§hmax{||x_y", =T -]

0 < h < 1. This class of mappings is a subclass of mappings satisfying the following condition:

|Tx - Ty|| < hmax{| } (CQ)

0 < h < 1. The class of mappings satisfying (CQ) was introduced and investigated by Ciri¢
[8] in 1974 and a mapping satisfying is commonly called Ciri¢ quasi-contraction.
Rafiq [7] proved the following result.

Theorem R (see [7]). Let C be a nonempty closed convex subset of a normed space E. LetT : C — C
be an operator satisfying the condition (CR). For given xy € C, let {x,} be generated by the algorithm

Xn+1l = ApXp + ﬁnTxn + Yulln, N2 0, (16)

where {a,}, {Pn}, and {y,} be three real sequences in [0, 1] satisfying ey + P+ yn =1 foralln > 1,
{un} is a bounded sequences in C. If 3771 Pn = o0 and y, = o(ay,), then {xn}, converges strongly
to the unique fixed point of T.

In 2007, Gu [9] proved the following theorem.

Theorem G (see [9]). Let C be a nonempty closed convex subset of a normed space E. Let {T;}~, :
C — Chbe N opemtors satzsfyzng the condition (CR) with F = Y F(T;) # 0 (the set of common fixed

points of {T;}N,). Let {a,), {Bu}, and {y,) be three real sequences in [0, 1] satisfying oy + n +yn = 1
foralln > 1 {un} a bounded sequences in C satisfying the following conditions:

D1 Pn = 0,
(ii) X2y Yn < 00 0F ¥y = 0(Bn).

Suppose further that xy € C is any given point and {x,} is generated by the algorithm

Xn+l = OpnXy + ﬂnTnxn + Yully, N2 0, (1-7)

where Ty, = Ty( mod N)- Then {x,,} converges strongly to a common fixed point of {T;} ;.

Remark 1.4. Tt should be pointed out that Theorem G extends Theorem R from a Ciri¢ quasi-
contractive operator to a finite family of Ciri¢ quasi-contractive operators.
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Inspired and motivated by the facts said above, we introduced a new two-step parallel

iterative algorithm with mean errors for two finite family of operators {S;};"; and {T; };‘:1 as
follows:

Xn+l = (1 T Yn)xn +ay Z )Lisiyn + Ynlln, N >1,
i=1
(1.8)

k
Yn = (1_ﬁn_6n)xn+ﬂn2/fiizjn+6nvnr nx>1,
=1

where {A;}2), {p;} ;-;1 are two finite sequences of positive number such that >, 1; = 1 and
Z;‘:l ui =1, {an}, {Bn}, {yn} and {6,} are four real sequences in [0, 1] satisfying a,, +y, < 1
and f3, + 6, < 1foralln >1, {u,} and {v,} are two bounded sequences in C and xy is a given
point.

Especially, if {a,}, {y.} are two sequences in [0, 1] satisfying a,, +y, < 1foralln > 1,
{Ai}i2 € [0,1] satisfying Ay + Ay +--- + Ay = 1, {u,,} is a bounded sequence in C and x is a
given point in C, then the sequence {x,} defined by

m
Xn+1 = (1 —0p — Yn)xn +ay Z XiSixy, + Ynln, n2>1 (1.9)
i=1

is called the one-step parallel iterative algorithm with mean errors for a finite family of
operators {S;}1;.

The purpose of this paper is to study the convergence of two-steps parallel iterative
algorithm with mean errors defined by (1.8) to a common fixed point for two finite family
of Ciri¢ quasi-contractive operators in normed spaces. The results presented in this paper
generalized and extend the corresponding results of Berinde [5], Gu [9], Rafiq [7], Rhoades
[10], and Zamfirescu [3]. Even in the case of f, = 6, = 0ory, = 6, = 0foralln > 1 or
m =k =1 are also new.

In order to prove the main results of this paper, we need the following Lemma.

Lemma 1.5 (see [11]). Suppose that {a,}, {b,}, and {c,} are three nonnegative real sequences
satisfying the following condition:

ap1 < (1 - tn)an + bn + Cn, Vn 2 no, (110)

where ny is some nonnegative integer, t, € [0,1], 372ty = o0, by = 0o(t,) and 352 cn < oo. Then
lim,, _, a, = 0.

2. Main Results

We are now in a position to prove our main results in this paper.

Theorem 2.1. Let C be a nonempty closed convex subset of a normed space E. Let {S;}; : C — C
be m operators satisfying the condition (CR) and {Tj};-‘=1 : C — C be k operators satisfying the
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condition (CR) with F = (N2, F(Si)) N (ﬂ;‘ 1 F(T))) ;é 0, where F(S;) and F(T;) are the set of fixed
points of S; and T; in C, respectively. Let {a,}, {Pn}, {Yn}, and {6,} be four real sequences in [0, 1]
satisfying ay +y, < land f, + 6, < 1foralln>1, {)L, }121, (il ;‘:1 two finite sequences of positive

number such that 3;"; A\; = 1 and Z;‘:l uj =1, {u,} and {v,} two bounded sequences in C satisfying
the following conditions:

(i) 355 an = oo;
(ii) lim, 6, =0;
(iii) Doprq Yn < 00 OF ¥y = 0(ay).
Suppose further that xo € C is any given point and {x,} is an iteration sequence with mane errors

defined by (1.8), then {x,} converges strongly to a common fixed point of {S;};2; and {T;} ;‘ 1-

Proof. Since {S;}"; : C — C is m Ciri¢ operator satisfying the condition (CR), hence there
exists0<h;<1(iel=1{1,2,...,m}) such that

llx = Six|| + ||y - Siy
||six—siy||smmax{ux—yn, =S s s} @)

For each fixedi € I = {1,2,...,m}. Denote h = max{hy, hy,..., hy}, then0 < h <1and

llx = Six|| + ||y — Siy
i~ < on - , WS sl y-sal} @2

hold for each fixedi € I = {1,2,...,m}. If from (2.2) we have

[|Six = Siy|| < [ P (2.3)
then
h
1S = Siy || < 5 [l = Sl + ||y = Siy ]
) (2.4)
E[Hx Six|| + ||y — x|| + lx = Six|| + || Six = Siv||]-
Hence

(1-5 ) Isix=5il < 5l -yl + e - Sixl, 25

which yields (using the fact that 0 < h < 1)

h/2

S-Sl < =55 h/2|| yll+ 1 h/2||x Sixl). (2.6)
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Also, from (2.2), if
S = Syl < hmax{ lx = S 1y - Sixl

holds, then

2.7)

(@) ISix = Siy|l < hllx — Siy|l, which implies ||S;x — S;y|| < hllx — Six|| + h||Six — S;y||

and hence,as h < 1,

|Six - Siy|| < %Hx - Six||,

or
(b) ||Six - Siyll < h|ly — Six||, which implies

|Six = Siy|| < h|ly - x|| + Allx - Six]|.

Thus, if (2.7) holds, then from (2.8) and (2.9) we have

h

ISix ~ Syl < hlly — ]| + 1

[l = Six]l.

Denote

h/2

h h h
pl_max{h,m}—h, Ll—max{h,l_h/zll_h}—l_h.

Then we have 0 < p; <1 and L; > 0. Combining (2.2),(2.6), and (2.10) we get
ISix = Syl < pull =yl + Ll = Six]

holds forall x,y € Cand i € I.

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

On the other hand, since {T; }¥,: C — Cis k Ciri¢ operator satisfying the condition

i
(CR), similarly, we can prove

ITjx = Tiyll < pallx = | + Lallx - Sixl,

forallx,yeCandje J={1,2,...,k}, where0 < p, <1land L, > 0.

(2.13)
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Letp € F = (N, F(S:) N (N, F(Tj)); using (1.8) we have

[l = pll =

(L= =) (5a =) + 0 3. A (Siva=p) +yn<un—p>H
i=1
< (1= an = ya) [0 = pll + a0 D il|Sivin = Pl + ¥ullun = p|
i1

m
< (1= a)||xu = pl| + an 35 | Sy = pl| + yaM,

i=1
where M = sup, ., {|[un — pll, |on = pll}. Now for y = y, and x = p, (2.12) gives
I1Siyn =Pl = 1Sivn = Sipll < prllyn - pll-
Substituting (2.15) into (2.14), we obtain that
[l%n1 =PIl < (1= an)|lxn = pll + @nprllyn = pl| + 12 M.

Again it follows from (1.8) that

lyn—pll =

k
(1= Bn=6n)(Xn —p) + Pn lem(zjn —p) +6u(vn - p)
<

k
< (1= Pu=60) 20 = pll + B 22 ill Tycn = pll + Sullvn - p|

j=1
k
< (1= Bu) | =Pl + Bn D i || Tjxn = pl| + 6. M.
j:l

Now for y = x, and x = p, (2.13) gives
720 = pll = ITjn = Tip|| < p2l|xn = .
Combining (2.17) and (2.18) we get
lyn =PIl < [ = Bu(L = p2)] |l =Pl + 62 M < |20 = p]| + 62 M.
Substituting (2.19) into (2.16), we obtain that

[l2¢ne1 = pl| < (1= an)|[xn = pl| + @npr (|| X0 = p| + 6.M) +y M
= [1-a,(1-p1)]||xn = p|| + @uSnp1 M + M

= (1 -tn)||xn —p|| + bn +cns

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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where
th=an(1=p1), bn=a,6up1M, c,=y,M (2.21)
or

th=an(1-p1), by=a6uptM+y,M, c,=0. (2.22)

From the conditions (i)-(iii) it is easy to see that t, € [0,1], X721ty = oo, b, = o(t,),
and >;7; ¢, < oo. Thus using (2.20) and Lemma 1.5 we have lim,,_, o||x, — p|| = 0, and so
lim,, _, o x, = p. This completes the proof of Theorem 2.1. O

Theorem 2.2. Let C be a nonempty closed convex subset of a normed space E. Let {S;}; : C — C
be m operators satisfying the condition (2.12) and let {Tj};-‘:1 : C — C be k operators satisfying

the condition (2.13) with F = (N, F(Si)) N (ﬂ;c 1F(T ) ;é(Z) where F(S;) and F(T;) are the set of
fixed points of S; and Tj in C, respectively. Let {a,}, {n}, {yn}, and {6} be four real sequences in
[0, 1] satisfying a, + v, < 1 and B, + 6, < 1 forall n > 1, {)‘z}izlr {y]-};;l two finite sequences of
positive number such that 3", \; = 1, and Z}‘:l uj =1, {u,} and {v,} two bounded sequences in C
satisfying the following conditions:

(i) X521 an = oo
(ii) limy, — 6, = 0;
(iil) >02q Yn < 00 07 ¥y = O(aty).

Suppose further that xo € C is any given point and {xn} is an iteration sequence defined by (1.8),
then {x,} converges strongly to a common fixed point of {S;}1%, and {T };‘ 1-

Theorem 2.3. Let C be a nonempty closed convex subset of a normed space E. Let {S;}i%, : C — C
bem opemtors satisfying the condition (CR) with F = "y F(S;) # @ (the set of common fixed points
of {Si}iZy). Let {a,} and {y,} be two real sequences in [0, 1] satisfying an + yn < 1 foralln > 1,
{Lh afmzte sequence of positive number such that 3,}"; \; = 1, and {u, } a bounded sequence in C
satisfying the following conditions:

(i) 2021 an = o
(ii) D2y Yn < 00 0F ¥y = 0(ay).
Suppose further that xo € C is any given point and {x,} is an iteration sequence with mane errors

defined by (1.9), then {x,} converges strongly to a common fixed point of {S

Theorem 2.4. Let C be a nonempty closed convex subset of a normed space E. Let {S;}; : C — C
bem opemtors satisfying the condition (2.12) with F = (2, F(S;) # 0 (the set of common fixed points
of {Si}iy). Let {an} and {y,} be two real sequences in [0, 1] satisfying o, + y, < 1 foralln > 1,
{Xi} 2y a finite sequence of positive number such that 3", A; = 1, and {u, } a bounded sequence in C
satisfying the following conditions:

(i) Xoiq an = ©;
(ii) X2y Yn < 00 0F ¥y = 0(ay).
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Suppose further that xo € C is any given point and {xn} is an iteration sequence defined by (1.9),
then {x,} converges strongly to a common fixed point of {S;}";.

Corollary 2.5 (see [7]). Let C be a nonempty closed convex subset of a normed space E. Let T : C —
C be an operators satisfying the condition (CR). Let {a,}, {Bn}, and {y,} be three real sequences in
[0, 1] satisfying ay, + Pn + yn = 1 for all n > 1 and {u,} a bounded sequences in C satisfying the
following conditions:

i) X2 Pn = o0;
(ii) X2y Yn < 00 0F ¥y = 0(fn).

Suppose further that xo € C is any given point and {x,} is an explicit iteration sequence as follows:

Xn+l = ApXy + ﬁnTxn +YnlUn, N > 1/ (223)

then {x,} converges strongly to the unique fixed point of T.

Proof. By Ciri¢ [8], we know that T has a unique fixed point in C. Taking m = 1 in Theorem 2.3,
then the conclusion of Corollary 2.5 can be obtained from Theorem 2.3 immediately. This
completes the proof of Corollary 2.5. O

Remark 2.6. Theorems 2.2-2.4 and Corollary 2.5 improve and extend the corresponding
results of Berinde [5], Gu [9], Rafiq [7], Rhoades [10], and Zamfirescu [3].

Acknowledgments

The present study was supported by the National Natural Science Foundation of China
(11071169, 11271105) and the Natural Science Foundation of Zhejiang Province (Y6110287,
Y12A010095).

References

[1] R. Kannan, “Some results on fixed points,” Bulletin of the Calcutta Mathematical Society, vol. 60, pp.
71-76, 1968.

[2] S.K. Chatterjea, “Fixed-point theorems,” Comptes Rendus de I’ Académie Bulgare des Sciences, vol. 25, no.
6, pp. 727-730, 1972.

[3] T. Zamfirescu, “Fix point theorems in metric spaces,” Archiv der Mathematik, vol. 23, no. 1, pp. 292-298,
1972.

[4] L. B. Ciri¢, “Generalized contractions and fixed point theorems,” Publications de I'Institut Mathémati-
que, vol. 12, no. 26, pp. 19-26, 1971.

[5] V. Berinde, Iterative Approximation of Fixed Points, Efemeride, Baia Mare, Romania, 2000.

[6] W.R. Mann, “Mean value methods in iteration,” Proceedings of the American Mathematical Society, vol.
4, pp. 506-510, 1953.

[7] A. Rafiqg, “Fixed points of Ciri¢ quasi-contractive operators in normed spaces,” Mathematical Conmu-
nications, vol. 11, no. 2, pp. 115-120, 2006.

[8] L. B. Ciri¢, “A generalization of Banach’s contraction principle,” Proceedings of the American
Mathematical Society, vol. 45, no. 2, pp. 267-273, 1974.

[9] F. Gu, “Strong convergence of an explicit iterative process with mean errors for a finite family of Ciri¢
quasi-contractive operators in normed spaces,” Mathematical Communications, vol. 12, no. 1, pp. 75-82,
2007.



10 Abstract and Applied Analysis

[10] B. E. Rhoades, “Fixed point iterations using infinite matrices,” Transactions of the American Mathemati-
cal Society, vol. 196, pp. 161-176, 1974.

[11] S. S. Chang, Y. J. Cho, and H. Y. Zhou, Iterative Methods for Nonlinear Operator Equations in Banach
Spaces, Nova Science, New York, NY, USA, 2002.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



