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Let ¥ be a family of meromorphic functions defined in D, let ¢s( ;.‘/ 0), ao, a1, ..., ax-1 be holomorphic
functions in D, and let k be a positive integer. Suppose that, for every function f € ¥, f#0,
P(f) = f® + apq f&D 4.+ a1 f' + agf #0 and, for every pair functions (f,g) € F, P(f), P(g)
share ¢, then ¥ is normal in D.

1. Introduction and Main Results

Let C be complex plane. Let D be a domain in C. Let F be a family meromorphic functions
defined in the domain D. ¥ is said to be normal in D, in the sense of Montel, if for any sequ-
ence {f,} C ¥, there exists a subsequence {fy;} such that f,, converges spherically locally
uniformly in D, to a meromorphic function or oo.

Let f(z) and g(z) be two meromorphic functions, let a be a finite complex number. If
f(z) — aand g(z) — a have the same zeros, then we say they share a or share a IM (ignoring
multiplicity) (see [1-3]).

Definition 1.1. Let ai(z), (i = 1,2,...,9 - 1), bj(z), (j = 1,2,...,n) be analytic in D, let
no, N1, ..., N, be nonnegative integers, set

P(w) =i+ ag1(z2)wi™ +-- + a1(z)w,

M(f, free s fO) = fro(f)" - (F9)™,

YMZTl0+1’l1+"~+le,

(1.1)

ITy=ng+2n +---+ (k+ 1)y,
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where M(f, f',..., f®) is called a differential monomial of f, y the degree of M(f, f',...,
f(k)), and I's the weight of M(f, f',.. .,f(k)).

From Definition 1.1, we give Definition 1.2.

Definition 1.2. Let M;(f, f',.. .,f(k)), (j =1,2,...,n) be differential monomials of f. Set

H(f,f’,...,f(k)> = bl(z)M1<f,f’,._,,f(k)> +"'+bn(Z)Mn<f,f’,...,f(k)>,

Yo = max{ym,, Ya, -+, YM, ), (12)

FH ZmaX{er,er,...,rMn},

where H(f, f/,..., f®) is called the differential polynomial of f, yy the degree of H(f,
f,..., f®),and T'y the weight of H(f, f',..., f®),

r

Y'H
G(f) = P(f<’<>> + H(f,f',...,f<’<>).

3 {FM1 ', l"Mn}
=maxy —, — — ¢,

YMl YMZ YMn (13)

In 1979, Gu [4] proved the following result.

Theorem A. Let §F be a family of meromorphic functions defined in D, let k be a positive integer, and
let a be a nonzero constant. If, for each function f € §F, f #0, f(k) #ain D, then F is normal in D.

Yang [5] and Schwick [6] proved that Theorem A still holds if a is replaced by a holo-
morphic function ¢(#0) in Theorem A.

Xu [7] improved Theorem A by the ideas of shared values and obtained the following
result.

Theorem B. Let ¥ be a family of meromorphic functions defined in D, let ¢s(#0) be a holomorphic
functions and with only simple zeros in D, and let k be a positive integer. Suppose that, for every
function f € F, f has all multiple poles and f #0. If, for every pair of functions f and g, f® and g®
share ¢ in D, then § is normal in D.

Recently, Xu [7] did not know whether the condition ¢ has only simple zero in D and
f has all multiple poles are necessary or not in Theorem B.

In 2007, Fang and Chang considered the case a = 0 in Theorem A. In this note, Fang
and Chang [8] proved the following result.

Theorem C. Let § be a family of meromorphic functions defined in D, and let k be a positive integer,
and let b be a nonzero complex number. If, for each f € F, f #0, f%) #0 and the zeros of f® —b have
multiplicity at least (k +2)/k, then § is normal in D.

Remark 1.3. The number (k + 2)/k is sharp, as is shown by the examples in [8].
In 2009, Xia and Xu [9] replaced the constant 1 by a function ¢(z) #0 in Theorem C.
They obtained the following result.
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Theorem D. Let § be a family of meromorphic functions defined in D, let ¢(#0), ap, a1, ..., ak-1
be holomorphic functions in D, and let k be a positive integer. Suppose that, for every function f € ¥,
f#0, fO+ar f&D 4o vaf'+agf #0and all zeros of fO +ar_1 f& D+ +arf' +agf —¢(z)
have multiplicity at least (k + 2)/k. If, for k = 1, ¢ has only zeros with multiplicities at most 2 and,
for k > 2, ¢ has only simple zeros, then F is normal in D.

It is natural to ask whether Theorem D can be improved by the ideas of shared values.
In this paper, we investigate the problem and obtain the following results.

Theorem 1.4. Let § be a family of meromorphic functions defined in D, let ¢s(#0), ag, a1, ..., ax-1
be holomorphic functions in D, and let k be a positive integer. Suppose that, for every function f € ¥,

f#0,P(f) = fO + a1 f&D 4+ arf + agf #0 and, for every pair functions (f,g) € F, P(f)
and P(g) share g, then § is normal in D.

By Theorem 1.4, we immediately deduce.

Corollary 1.5. Let § be a family of meromorphic functions defined in D, let ¢(#0), ag, ai1,, ..., k-1
be holomorphic functions in D, and k be a positive integer. Suppose that, for every function f € ¥,
f#0, f% 20 and for every pair functions (f,g) € F, f® and ¢® share g, then F is normal in D.

Remark 1.6. By the ideas of sharing values, Theorem 1.4 and Corollary 1.5 yield the number
(k +2)/k can be omitted.

Remark 1.7. Obviously, Corollary 1.5 omitted the conditions ¢ with only simple zeros, and, for
every function f € &, f has all multiple poles in Theorem D. But the condition for every func-
tion f € F, f® #0 is additional. Hence, Corollary 1.5 improves Theorem B in some sense.

The condition ¢ #0 in Theorem 1.4 is necessary. For example, we consider the follow-
ing families.

Example 1.8. F = {fm(z) =e™*, m=1,2,...}, obviously, any f € F satisfies f #0, f(k) #0. For

distinct positive integers m, I, f,(,,k), and fl(k)

atz=0.

share 0 IM. However, the families ¥ are not normal

Remark 1.9. Some ideas of this paper are based on [7, 9, 10].

2. Preliminary Lemmas

In order to prove our theorems, we need the following lemmas.

The well-known Zalcman'’s lemma is a very important tool in the study of normal
families. It has also undergone various extensions and improvements. The following is one
up-to-date local version, which is due to Pang and Zaclman [11].

Lemma 2.1 (see [11, 12]). Let F be a family of meromorphic functions in the unit disc A with the
property that, for each f € ¥, all zeros are of multiplicity at least k. Suppose that there exists a number
A > 1such that |f®)(z)| < A whenever f € Fand f = 0. If F is not normal in A, then, for 0 < a < k,
there exist

(1) a number r € (0,1);

(2) a sequence of complex numbers z,, |z,| < r;
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(3) a sequence of functions f, € F;
(4) a sequence of positive numbers p, — 0%;

such that §,(&) = pp* fu(zn + pué) converge locally uniformly (with respect to the spherical metric) to
a nonconstant meromorphic function g(¢) on C, and, moreover, the zeros of g(&) are of multiplicity at
least k, g*(¢) < ¢%(0) = kA + 1. In particular, g has order at most 2.

Here, as usual, g#(&) = |¢'(¢)|/ (1 +|g(&)|?) is the spherical derivative.

Lemma 2.2 (see [1]). Let f(z) be a transcendental meromorphic function in C, let k(> 1) be a in-
teger, and let b be a nonzero finite value, then f or f®) — b has infinite zeros.

Lemma 2.3 (see [7]). Let f(z) be a nonconstant rational function. Let k > 1 be an integer, and let b
be a non-zero finite value. If f #0, then f®(z) — b has at least two distinct zeros in the plane.

Lemma 2.4. Let f(z) be a nonconstant rational function. Let k > 1 be an integer, and let | be a posi-
tive integer. If f #0, f®) 20, then f®(z) - Z! has at least two distinct zeros in the plane.

Proof. Since f #0 and f® #0, then f is a nonpolynomial rational function and has the form

A
(z-2z1)"(z-2z2)"™ - (z—z)™

f(z) = (2.1)

where A #0is a constant, and m, my, ..., m; are positive integers. Set m = my + my + - - - + m;.
Then,

—A(mz! " + bzt 2+ -+ )

!
(z) = , (2.2)
f (Z—Z1)m1+1(z—zz)m2+l"‘(Z—Zt)mt+1
where b;_», ..., by are constants. For k > 2, by mathematical induction, we have
BzKk 4 ey 2Kk 4 g
f(k)(z) _ kt-k-1 0 (23)

(Z _ Zl)m1+k(z _ Zz)m2+k . (Z _ Zt)mt+k/

where B = (—1)km(m+ (m+2)---(m+k-1)A#0, Ckt—k-1,--.,Co are constants. Since f(k) #0,
we deduce that t = 1, and thus

f(z) = ﬁ, (2.4)
F®)(z) = - j)m1+k' (2.5)
Case 1 (if f® - z! has exactly one zero zp). From (2.5), we set
Oy =B B(z = z)" "™ (2.6)
(z = z0)"™* (z—z1)""

Obviously, B' is a nonzero constant and I > 1.
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From (2.6), we obtain

(z - 20)™ Py (z)

(k+1+1) —
f o (Z) - (Z _ Zl)?ﬂ1+k+l+1 (27)
where P;(z) #0. By (2.4), we deduce
AI
(k1) oy —
f (z) = (z - Z1)m1+k+1+1 ’ (2.8)
where A’ is nonzero constant.
Comparing (2.7) and (2.8), we obtain that deg A' = 0 > m; + k — 1 is impossible.
Case 2 (if f®)(z) - 2! #0). By (2.5), clearly Case 2 is impossible.
Lemma 2.4 is proved. O

Lemma 2.5 (see [7]). Let §F be a family of meromorphic functions defined in D, let k be a positive
integer, and let ¢s(#0) be a holomorphic function in D. If, for any f € §F satisfying f #0 and if
F&, g5 share g IM for every pair of functions f,g € F, then F is normal in D.

In this paper, by the same method of [7], we consider the differential polynomial in
Lemma 2.5 and prove a more general result.

Lemma 2.6. Let ¥ be a family of meromorphic functions defined in D, let k be a positive integer, and
let ¢s(#0) be a holomorphic function in D. If, for any f € ¥ satisfying f #0 and if G(f), G(g) share
g IM for every pair of functions f, g € F, where G(f) is a differential polynomial of f as the definition
1 satisfying q > yu, and I'/y|g < k + 1, then §F is normal in D, where g, I' /Y| are as in Definitions
1.1and 1.2.

Proof. We may assume that D = A = {|z| < 1}. Suppose that § is not normal in D. Without loss
of generality, we assume that ¥ is not normal at zy = 0. Then, by Lemma 2.1, there exists a
number r € (0,1); a sequence of complex numbers z;, zj — 0 (j — o0); a sequence of
functions f; € ¥; a sequence of positive numbers p; — 0" such that g;(§) = p]Tk fi(zj +
pjé) converges uniformly with respect to the spherical metric to a nonconstant meromorphic
functions g(¢) in C. Moreover, g(¢) is of order at most 2. Hurwitz’s theorem implies that
86 #0.
We have

G(f;) (=i +pi6) = P(F 23+ pi0) ) + H(fi £y £10) (21 + p3¢),

29
(k+1)yp,—T 29)

H(fi, fi £19) (7 + pié) = Zlbi(zj +pi6)p; Mi(81, 8080 ) ©):
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Considering b;(z) is analyticon D(i = 1,2,...,n), we have
1+r .
|bi (z]+p]§)|<M<— b(z)) <w, (i=1,2,...,n) (2.10)

for sufficiently large j.
Hence, we deduce from I'/y|y < k + 1 that

L (k+1)yam, T, ) k
iz +pi0)ey " Mi(g1,8 - 80) @) (2.11)

i=1

converges uniformly to 0 on every compact subset of C which contains no poles of g(¢).
Thus, we have

G(f) (=1 +pit) — P(37)(©),
G(f) (21 +pig) = (2 +pi) — P(3V) (©) - ¢(z0)

(2.12)

on every compact subset of C which contains no poles of g(¢).

Next, we will prove that G(f;)($) — ¢r(z0) has just a unique zero. By way of contradic-
tion, let §o and ¢jj be two distinct solutions of G(f;)($)—¢(z0), and choose 6(> 0) small enough
such that D (¢, 6) N D(g,6) = @ where D(Go,6) = {§ : |¢— ¢l < 6} and D(gf,6) = (¢ :
I¢— ¢l < 6}. By Hurwitz’s theorem, there exist points ¢; € D(¢o, 0), g;f € D(¢;, 0) such that, for
sufficiently large j,

G(fj)(zj +pji¢j) —w(z0) =0,

(2.13)
G(f])(ZJ +pi6 ) - ¢(z0) =0

By the hypothesis that for each pair of functions f and g in ¥, G(f) and G(g) share
¢ (zo) in D, we know that, for any positive integer m,

G(fm) (2 +pjgi) — ¢(20) =0,

(2.14)
G(fm) <Z] +pj6 ) - ¢(z0) =0
Fix m, take j — oo, and note z; + p;j{; — 0, z; + p]-g;f — 0, then
G(fm)(0) — ¢(20) = 0. (2.15)

Since the zeros of G(f)(0)~¢(z0) = 0 have no accumulation point, so zj+p;¢; = 0, zj+p]~§;f =0.
Hence,
Zj Zj

g = _;j, &= —Fj. (2.16)
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This contradicts with ¢; € D(go, 6), §; € D(g;,6), and D(g,6) N D(g;,6) = 0. So G(f;) — ¢ (zo0)

has just a unique zero. By Hurwitz’s theorem, we know P(§(k))(§) — ¢¢(20) has just a unique
Zero.

By Lemmas 2.2 and 2.3, we know §(k) (¢) — ¢ (z0) has at least two distinct zeros. From
the definition of P(w), we deduce that P(§(k ) (¢)) — ¢(z0) has more than two distinct zeros, a
contradiction.

So ¥ is normal in D. Lemma 2.6 is proved. O

By Lemma 2.6, we immediately deduce the following lemma.

Lemma 2.7. Let ¥ be a family of meromorphic functions defined in D, let ¢s(#0), ao, a1, ..., ax-1 be
holomorphic functions in D, and let k be a positive integer. Suppose that, for every function f € ¥,
F#0, fO a1 f& Vi tay f'+agf #0and, for every pair functions (f,g) € F, f® +ap_s f& D+
cotarf +aof, g0+ arg®V + -+ a1g’ + aog share g, then F is normal in D.

Lemma 2.8 (see [1]). Let f(z) be a meromorphic function. Let k be a positive integer. If f(z)#0,
then f®)(z)#1, then f is a constant.

Lemma 2.9 (see [13, 14]). Let f(z) be a transcendental meromorphic function in C, and let P(#0)
be a polynomial. Let k be a positive integer. If all zeros (except at most finite zeros) of f(z) have the
multiplicity at least 3, then f®(z) — P(z) has infinite zeros.

3. Proof of Theorem 1.4

Proof. Since normality is a local property, without loss of generality, we may assume D = A =
{z:]z| <1}, and

g(2)=2p(z) (z€n), (3.1)

where [ is a positive integer, ¢(0) = 1, ¢(z)#0on A’ = {z : 0 < |z| < 1}. By Lemma 2.6, we
only need to prove that ¥ is normal at z = 0.

If f € ¥, P(f)(0)#(0), then there exists 6 > 0 such that P(f)(z) #¢(z) on As. By
condition of Theorem, for every g € ¥, we know P(g)(z) #¢(z) on As. By theorem D, ¥ is
normal on Ag, so §F is normal on z = 0.

Now, we consider P(f)(0) = ¢(0). Suppose P(f)(z) # ¢ (z) on the neighborhood |z| < 6
(where 6 is a small positive number) (otherwise, P(f)(z) = ¢(z) on the neighborhood |z| < §,
by condition of theorem, for every g € ¥, we also obtain P(g)(z) = ¢(z). So P(g)(z) # ¢ (z)+1.
By Theorem D, ¢ is normal at z = 0. So Theorem 1.4 is proved), there exists 6 > 0 such that
P(f)(z) #¢(z) on (z € A). So, for every g € ¥, we obtain

P(g)(z)#¢(z) (z€ Ay). (3.2)

By Theorem D, & is normal on A’.

Next, we will prove ¥ isnormal at z = 0. Suppose, on the contrary, that & is not normal
atz = 0 € A, then there exists a sequence functions (we also denote %) that has no any normal
subsequence on z = 0.
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Consider the family J = {g(z) = (f(2)/¢(2)) : f € ¥,z € A}.Since f #0 for f € F, we
have that g(0) = oo for each g € J.

We first prove that J is normal in A. Suppose, on the contrary, that J is not normal at
zg € A. By Lemma 2.1, there exist a sequence of functions g, € J, a sequence of complex
numbers z, — zo, and a sequence of positive numbers p, — 0, such that

gn(Zn + pnd)
k

n

Gn(§) = — G(¢) (3.3)

converges spherically uniformly on compact subsets of C where G(¢) is a nonconstant mero-
morphic function on C, and G(¢) #0.
We distinguish two cases.

Case 1 (z,/pn — o0). By a simple calculation, for 0 <i < k, we have
(@) fn (2) d j (1] ‘I’ ) (2)
o' =2 - s

w(z) g(z)
(3.4)

JJ’(z)_i[ Pz >Z oL «p”(z)]

p(z) Zit (z)

where Aj; :l(l—l)---(l—j+t+1)C;. ifl<jfort=0,1,...,j—1and Aj; = 1.
Thus, from (3.4), we have

PG (@) = g\ (20 + pué)
(1)

(zn+pn) o [ j (i) 1 0¥ (zn + pué) ]
= C n n i
(Zn + Png) ]Zl (Z o é)Z It nt Png)]_t (P(Z" + Pné) (3.5)

(i) i (i) t oot

n (Zn +Pn§) [ ]gn 1 pn(P( )(Zn +pn§):|

L A LA [« s § : .
(IJ'(Zn + Pné) j=1 p (z ! p é) ]t nt png)lit (P(Zn + P"é)

On the other hand, we have

hm ;
n= (zn/pn) +§
PhoV (zn + pnd) (30

Jim Enf = T Pro)

=0,
n=o p(zn + pud)

for t > 1. Noting that g,(f_j ) (zn + pnd)/ pi is locally bounded on C minus the set of poles of
G(¢) since g,(zn + pné)/pk — G(2). Therefore, on every subset of C which contains no poles
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of G(¢), we have
(k)

(20 +pné)

G® ,
@ (zn+ pug) ©

. (3.7)
D2y + pud) 0,

@ (2n + pn)
fori=0,1,...,k -1, and thus

2 (2 + put) + S50 ai (20 + pud) £1 (2 + pud)
‘I’(Zn + Pné)

G®(9),
_ (3.8)
2 (zn + pud) + S0 ai (20 + pud) f1 (2n + put) = 6 (20 + pud)

— Gl (@¢) -1,
¢ (2n + pnb) ©

since day, ..., ax-1 are analytic in D.
By G(¢) #0, we know G®) () #1. In fact, if G¥) (&) = 1, by Hurwitz’s theorem, then
exists ¢, — &, for n sufficiently large,

P(f)(zn + puén) = ¢(2n + puén). (3.9)

By the condition of theorem, for every positive number m, we obtain P(f,) (zy+pnén) = ¢(zn+
Pnén). We know z, + pné, — zo € As, and, for sufficiently large n, z, + puén € As. However,
Zn + pnén #0 (otherwise, z, + puén = 0, 50 & = —(24/pn) — oo, a contradiction), so for suf-
ficiently large n, z, + pné, € Aj. This contradicts with (3.2).

So G(¢) #0 and G (¢) #1, by Lemma 2.8, we obtain G is a constant, a contradiction.

Case 2. z,/pn — ais a finite complex number. Then,

gu(Pnd) _ 8n(zn+ a8~ (20/pn)) !
ok ok =Gn (é - f,‘) — G(§ - a) =G(9). (3.10)

n

Obviously, G(¢) #0, and ¢ = 0 is a pole of G with order at least [.
Set

Ho(@) = L ”/Skpf) . (3.11)

Then,

¢ (Pug) fulpng) _ ¢ (pnb) gn(pnd)

Hn(g): =
pu o prw(pnd)  ph pa

(3.12)
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Noting that ¢s(pué)/pl, — &', thus
H,(¢) — §G(¢) = H@), (3.13)

uniformly on compact subsets of C. Since G has a pole of order at least at { = 0, we have
H(0) #0, so that H(¢) #0.

From (3.11), we get

(@)
HY = (Pns) — HD (@), (3.14)

k+l-i
n

spherically uniformly on compact subsets of C minus the set of poles of G(¢). As the above,
on every compact subset of C minus the set of poles of G(¢), we have

S (pnd) + 2 ai(pud) f” (pnd)

l H® (¢), (3.15)
Pn

W (png) + =0 ai(pul) £ (pnd) — ¢ (pud)

J — HW() -¢, (3.16)

locally uniformly on C.

By the assumption of Theorem and (3.16), Hurwitz’s theorem implies H® (¢) #0.
Next, we proof that if ¢ € C/{0}, then H® (¢) # ¢

First, H® (&) #¢&!, otherwise H® (&) = ¢!, which contradicts with H (&) #0. If there
exists a &y #0 such that H® (&) = §(l), by Hurwitz’s theorem and (3.16), there exists ¢, — ¢o

such that f,(lk) (pnén) + Zf:‘olai(pngn) fy(li) (pnén) = @(pnén). By the assumption of Theorem 1.4,

for every positive m such that P(fm)(pnén) = ¢(pnén). However, for n sufficiently large,
pnén € Ay, all of these contradict with (3.2). So if § € C/{0}, then H® (&) £

Noting H(¢) #0, By Lemma 2.9, we know H must be a rational function. If H is not a
constant, By Lemma 2.4, we know H (k) (&) — & has at least two distinct zeros, a contradiction.
So H must be a nonzero constant, also contradicts with H® (¢) #0. Now, we have proved the
Jis normal on As.

It remains to show that ¥ is normal at z = 0. Since J is normal in A, then the family J
is equicontinuous on A with respect to the spherical distance. On the other hand, g(0) = oo
for each g € 7, so there exists & > 0 such that |g(z)| > 1 for all g € J and each z € A =
{z : |z| < 6}. Suppose that ¥ is not normal at z = 0. Since & is normal in 0 < |z| < 1, the
family 1 = {1/f : f € J} isnormalin A = {z : 0 < |z| < 1}, but it is not normal at z = 0.
Then, there exists a sequence {1/ f,} C 1 which converges locally uniformly in A’, but not
in A. Noting that f, #0in A, 1/ f, is holomorphic in A for each n. The maximum modulus
principle implies that 1/ f, — oo in A’. Thus, f, — 0 converges locally uniformly in A’, and
hence so does {g,} C J, where g, = f./¢. But |g,(z)| > 1 for each z € Ag, a contradiction.
This finally completes the proof of Theorem 1.4. O
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