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The authors introduce the concept of the s-geometrically convex functions. By the well-known

Holder inequality, they establish some integral inequalities of Hermite-Hadamard type related to
the s-geometrically convex functions and apply these inequalities to special means.

1. Introduction
We firstly list several definitions and some known results.

Definition 1.1. A function f : I C R = (o0, +00) — R is said to be convex if
fx+1-Ly) <Af(x)+(1-Df(y) (1.1)

forx,y e I and A € [0,1].

Definition 1.2 (see [1]). A function f : I C Ry = [0,+00) — Ry is said to be s-convex if
fOx+(1-Ny) <Lfx)+1-1)°f(y) (1.2)

for some s € (0,1], where x,y € I, and A € [0, 1].
If s =1, the s-convex function becomes a convex function on Ry.
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Theorem 1.3 ([2], Theorem 2.2). Letf : I° C R — R be a differentiable mapping on 1°, a,b € I°,
a<b.

(i) If |f'(x)| is a convex function on [a,b], then

f@+f) 1

’ b-a)(|f @] +|f®)])
5 b_a’[af(x)dx .

<
B 8

(1.3)

(ii) If | f' (x) [P/ P~V is a convex function on [a,b], for p > 1, then

b b
fl@)+/® = [ s

<

b-a |f’(a)|P/(p—1) n |f’(b)|p/(”’1) (p-1)/p
2(p+1)P < 3 > '

(1.4)

Theorem 1.4 ([3], Theorems 2.3 and 2.4). Letf : I ¢ R — R be differentiable on I°, a,b € I,
a<b. If|f'(x)| is convex on [a,b], for p > 1, then

‘f<a;b> SEINCEE b2a<pi1>l/p(|f’(0>l+|f’(b> )
‘f(“zb>—b1afjf(x>dx sb{;(pil)l/p s

X [<|f/(a)|P/(P—1) " 3|f/(b)|p/(p_1)>(p—1)/p

+ <3|f/(a)|P/(Pfl) n |f/(b)|p/(p,1)>(p—1)/p] .

Theorem 1.5 ([4], Theorem 1-4). Letf : I C R — R be differentiable on I°, a,b € I, a < b. If
|f'(x)|7 is s-convex on [a,b], for g > 1, then

b b
‘f(a);rf( ) _bia,[af(x)dx

(1.6)

b-a(1NTV 24 (/2 NV e e
=72 <§> (m) (IFf @+ )"
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Theorem 1.6 ([5], Theorem 4). Letf I — Ry be differentiable on I°, a,b € I, a < b, and f' €

L([a,b]). If | f'(x)|" is s-convex on [a, b] for some s € (0,1],and p,q > 1, such that (1/g)+(1/p) =1
then

a+b o F @I+ 6+ DIf @+ b))

((s+1)(s+2)}4

1 b
’f )-oa | Feoax

>-1/p (I ®)|" + (s + V)| ((a+b)/2)|* )W
{(s+1)(s+2))11

=2 1/P[<[5(S+1 DIf @]+ ps +2, 1)‘f<a+b>

q>1/q
)]

(1.7)

+(ps+ 12171+ s -2, 0] (457)

Theorem 1.7 ([6], Theorems 2.2-2.4). Letf : I — Ry be differentiable on I°, a,b € I, a < b, and
f' € L([a,b]).

i) If |f'(x)| is s-convex on [a,b] for some s € (0,1], then

\f<“;b> S

< e [IF@l 26 0| (2] r o]

(22_5 +1)(b-a), , :
S heey W@l Ol

(1.8)

(ii) If|f’(x)|p/(”_1) (p > 1) is a s-convex function on [a,b] for some s € (0,1], then

a+b

‘ f ﬁj:f(x)dx
sb;“<p11>“”<;1>“ (T —

(2= @I @]+ (2 s+ 1) [£() |‘7>1/q] )
(1.9)

where1/p+1/q=1.
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(iii) If | f'(x)|? (g = 1) is s-convex on [a,b] for some s € (0,1], then

a+b

b
-5 | reoax

s béa (crmerg) (@ D)ir@p21 0P o

(271 @)1 f @)+ (214 1) |f’(b)|q>1/q].

(5

Now we introduce the definition of the s-geometrically convex function.

Definition 1.8. A function f : I C R, = (0,+00) — R, is said to be a geometrically convex
function if

F(y ™) < F@I W (111)

forx,y €I and A € [0,1].

Definition 1.9. A function f : I C R, — R, is said to be a s-geometrically convex function if

F ) < @ (112)

for some s € (0,1], where x,y € I and A € [0, 1].

If s =1, the s-geometrically convex function becomes a geometrically convex function
onR,.

In this paper, we will establish some integral inequalities of Hermite-Hadamard type
related to the s-geometrically convex functions and then apply these inequalities to special
means.

2. A Lemma
In order to prove our results, we need the following lemma.

Lemma 2.1. Letf : I C R — R be differentiable on I°, and a,b € I, with a < b. If f' € L([a,b]),

then
7(57)- bi—af:f(x)dx

:b;af;[f<(l—t)a+t

i A-02b )] ar,
?)+a-nr(a-p®2 )
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f@+f) 1 (°

=b;“ﬂ[(t— 1)f' <(1—t) 12

+tf (1-t)“+b dt.
)+ ( »)]

(2.1)
Proof. Integrating by part and changing variables of integration yields
f [tf ((1—t)a+t > (t-1)f ((1—t)”+b+tb)]dt
- %[tf <(1 —t)a+ta;b> :—f:f<(1 “ha+tiE b>dt]
[(t—l)f((l—t)a+b ) ;-J:f((l—t)a;b +tb>dt]
4 f a+b biaﬂf(x)dx>,
(2.2)
J‘[(t—l)f’<( —Ha+tl ) tf( a;b+tb>]dt
_ 2 [(t—l)f (1—t)a+ta2b> :—J‘:f<(1—t)a+ta;b>dt:|
+b3a[tf<(1—t)%b+tb> :—f:f((l tb)dt]
_ bila<f(a>;f<b> ) biaJ‘:f(x)dx>.
This completes the proof of Lemma 2.1. O

3. Main Results

Theorem 3.1. Letf : I C R, — R, be differentiable on I°, a,b € I, with a < b, and f' € L([a,b]).
If | f'(x)|7 is s-geometrically convex and monotonically decreasing on [a,b] for g > 1 and s € (0,1],
then

_ 1-1/q
& 4 - G) Gi(s,4;81(a), g2(a)) (3.1)

b
'f (57) -5 | Feax <

f@)+fb)
2

b _ 1-1/q
b 1 a I f(x)dx| < b . a (%) G (s, q;gz(a),gl(a)), (3.2)
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where
%, a = ]., %/ a = ]-/
gi(@) =19 alna-a+1 o@=1a-Ina-1 (3.3)
a#l, azl,
[In ] [In a]?
a(u,v) =|f'(@)| ™| f®)|" uov>0, (3.4)
Gi(s,q; g1(a), g2(a))

(oL )] oo (oL )]

@l <1,
i@l s (a(£ SN @ o e («(£ )]
ror (1)

lF®]<1<|f (@]

1/q+|f,(a)f/(b)|1/25|: ((2(75 qu>>]1/q,

L<|f®)]

(3.5)

Proof. (1) Since |f'(x)|7 is s-geometrically convex and monotonically decreasing on [a,b],
from Lemma 2.1 and Holder inequality, we have

(%3) 5"
G - +t—>

11/4
{< tdt
< - t)dt>”/q[ [[a-nlr(a-»®
<%)1 1/q{ :J‘:t|f,<a(2_t)/2bt/2>|th:|1/q
r a1 1 (-t /2,148 /2\ |1 v
+-L(1—t)|f(ﬂ b >|dt] }

+t— 1|‘f<(1 t)—b+tb>Hd
g 1/q

dt]
”b)rdt]“"}

(1 Ha+t 2b>
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b—a/1\'"1 re 0/ o e ]
<2(3) {Uotlf(a)l"“z V| )

1 . . 1/q
" I:J‘O (1- t)lf/(a)lq((lft)/z) |f/(b)|q((1+t)/2) dt] }

(3.6)
f0<pu<1<1n,0<a,s<1,then
[las < I/lus/ qas < ﬂa/s‘ (37)
(i) If [f'(a)| <1, by (3.7), we obtain that
1 s s
I t<| F(@)| "D | ()0 ) dt
0
1
1o N1(5a/2) @) | g1 1 (5qE/2) 0 N154 59 59
< t a b dt = a a\ —, — 7
[ (17 @I @)Yt = | @)1 (a5 ) N

Il(l —1) <|f/(a)|q((1‘t)/2)5 |fr(b)|q((1+t)/2)s>dt
0

- f =01 @@ )dt = | @ O (a(5F))

(ii) If [f'(b)| £ 1 < |f'(a)|, by (3.7), we obtain that

1
’[0 t<|f/(a)|‘7((2_t)/2)s |fl(b) |q(t/2)5>dt
! ) (q/25)(2-t) | g1 (sq/2)t ) q/s q 59
<[ @1 o) ar =17 @ (a(£,F),
1
J‘ (1 _ t) <|f’(a) |q((1—t)/2)‘; |f/(b)|q((1+t)/2)g>dt
0

1
<[ a-n (i@ = @ 0 (a5 ) )

(iii) If 1 < |f'(b)|, by (3.7), we obtain that
fl {(1F @I |7 ) Yt
0
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1
fo (1 _ t) <|f'([1) |17((1—t)/2)5 |f,(b) |q((1+t)/2)5>dt

1
< fo A= (1 @] )| T de = | f @) f 6)] g (“(%’ %))
(3.10)

From (3.6) to (3.10), (3.1) holds.
(2) Since |f'(x)|7 is s-geometrically convex and monotonically decreasing on [a,b],
from Lemma 2.1 and Holder inequality, we have

5 i - ij(x)dx
—a |:<I:(1—t)dt>1 W(f 1-t) 'f <(1—t)a+t . b)

+<f: tdt)l_l/q<f:t f’<(1 -1 er b, tb>
< b :l a <%)H/q{ I:J'Ol(1 B t)|f’(a)|q((2_t)/2)s|f’(b)|q(t/2)sdt]

1/q
+ [Jd t|f,((1) |q((1_if)/2)S Ifl(b) |q((1+t)/2)sdt] }
0

' fa) +fb)

g 1/q

dt>

q 1/q

dt) ] (3.11)

1/q

(i) If [f'(a)| <1, by (3.7), we have

f:(l _ t)(lf’(a)|q((2_t)/2)s|f’(b)|q(t/2)s>dt < |f’(a)|squ<(x<%, %))/

(3.12)
1
! q((1-t)/2)° (b q((1+t)/2)° d / "b 5q/2 ﬁ’ﬂ ‘
fof(|f (@ 7@l Jat<|f@f O a(a(5.5))
(ii) If [f'(b)| < 1 < |f'(a)|, by (3.7), we have
a-o(IF @ o Yat < |f @ g (a2 5 ) ).
[ &)

9
2s’
1
! q((1-t)/2)°y q((1+t)/2)* , q/Zs 5q/2 i ﬂ
[ (@ L@ ar < | @ e (o5, 5) )
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(iii) If 1 < [f'(b)|, by (3.7), we have

ot ror=yasioro((t £)
1 (3.14)
ft<|fl(a)|q((1—t)/2)5|fl(b)|‘7((1+t)/2)5> dt < Ifl(a)fl(b)|q/25g1 <a<%,2q_s>>
0

From (3.11) to (3.14), (3.2) holds. This completes the required proof. O
Applying Theorem 3.1 to g = 1, s = 1, respectively, results in the following corollary.

Corollary 3.2. Letf : I C R, — R, be differentiable on I°, a,b € I with a <b, and f' € L([a,b]).
If|f'(x)|Tis s-geometrically convex and monotonically decreasing on [a,b] for s € (0,1], then

(i) when q = 1, one has

b _
'f a + b bi_aJ' f(x)dx| < b aG1(S/1}gl(“)/82(“))/
(3.15)
f@+f) 1 (° b-a
5 o T L f(x)dx| < Gi(s, 1; &(a), g1(a)).
(ii) when s = 1, one has
a+ b b-a -1/
‘ f S L j i <222(3) G aa@aw),
(3.16)
fla)+f(b) Sboag1\
5 J f(x)dx <§> Gi(1,q; (), g1(a)),

where g1(a), (), a(u,v), Gi(s, q; (), g1(a)) are same with (3.3)—(3.5).

Theorem 3.3. Let f : I ¢ Ry — R, be differentiable on I°, a, b € I, with a < b, and f' €
L([a,b]). If |f'(x)|7 is s-geometrically convex and monotonically decreasing on [a,b], for g > 1 and
s € (0,1], then

b 1 b b— _1 1—1/!1

‘f (40 -3 f fF)dx| < 4”(2‘2—_1) Go(s gig@),  (317)
b 1 b b— _1 11/L7

‘f(a);f( )‘b—aLf(x)dx < 4a<22——1> Co(s g:83(@)),  (318)
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where

Ga(s,q; 83(a)) =
(IF @+ £ @ @) s (a2 )] ", F@] <1,
(Ir @+ Ir@ 1) s («(L )] Irwi<i<irl
(r@ 1r@rol ) fo(«(Z AN 1sir

1, a=1,
@)= a-1
a

Ina”’ !

A

(3.19)

|\>|Q /'\Nl

and a(u, v) is the same as in (3.4).

Proof. (1) Since |f'(x)|? is s-geometrically convex and monotonically decreasing on [a,b],
from Lemma 2.1 and Holder inequality, we have

a+b

< b;afo Hf’((l—t)aﬂ?a )
s (RO

(%

+u-wf<a-w“+b+w)”m

1/q
f'((l—t)a+ta;b> th>

1 1-1/q 1 q 1/q (3.20)
_ pa/@-1) (1 _path
([Lamomera) " ([lr(a-ozztew)a) ]
b _1\1-1/q 1 s . 1/q
< 4!1(26;_1) [(L |f;(a)|q((2 1/2) |f’(b)|q(t/2) dt>
1 . . 1/q
+<f |fl(a)|q((1_t)/2) |f!(b)|q((1+t)/2) dt> ]
0
(i) If [f'(a)] <1, we have
1 s ¢ s ) s
[ @I o < @) e (o(F ).
(3.21)

1 s S
[ 1@ P ar < @ 6 (o (L D)),
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(ii) If [f'(b)| £ 1 < |f'(a)|, we have

J‘: |F/(a) |02 7)1 dt < | £ ()| g <a<i, ﬂ) >

25" 2
1 (3.22)
fo @I O dt < | @ |6 g (o))
(iii) If 1 < |f"(b)|, we have
1 s s
[ @ e < | @l (o (2 12 ).
(3.23)

! 1-4)/2)° 1+£)/2)° /2 9 49
[ @I @ < | s OF e («( 5251 ) )

From (3.20) to (3.23), (3.17) holds.
(2) Since |f'(x)|? is s-geometrically convex and monotonically decreasing on [a,b],
from Lemma 2.1 and Holder inequality, we have

(@+f) 1 (°
'f Zf —b_aff(x)dx
- 1/q
b—a/q-1\""1 b 2-1)/2)°| o (t/2)°
< Gm) | e e a (3.24)
1 1/q
+ <f |fl(a) |‘7((1_t)/2)5 |f!(b) |q((1+t)/2)sdt> ] .

0

From (3.24) and (3.21) to (3.23), (3.18) holds. This completes the proof. O

If taking s = 1 in Theorem 3.3, we can derive the following corollary.

Corollary 3.4. Letf : I ¢ R, — R, be differentiable on I°, a, b € I, with a < b, and f' €
L([a,b]). If | f'(x)|? is geometrically convex and monotonically decreasing on [a, b] for g > 1, then

E5)- st

fla)+ f(b)
2

b-a —1\"a
< 4 <2qq—_1> G2(1/ q; 83(“))/

(3.25)

1 (" b-a/g-1\""4
oz fwad <20 (1) etenw@),

where a(u,v), Ga(s, q; g3(a)), and g3(a) are the same as in Theorem 3.3.
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4. Application to Special Means

Let

a+b b-a
A(arb) = 2 L(a/b) = m (a#b)/

L,(a,b) = et v a#b, peR, p#0, -1
P 7 - (p+])(b—a) 7 7’:/]9 /p7l:/

(4.1)

be the arithmetic, logarithmic, generalized logarithmic means for a, b > 0 respectively.
Let f(x) =x°/s, x € (0,1], 0<s <1, g>1, and then the function
|f ()T = 2701 (4.2)
is monotonically decreasing on (0, 1]. For A € [0,1], we have

(s-1)gl*-1) <0,  (s—1)g((1-1)°-(1-1)) <0. (4.3)

Hence, |f'(x)|? is s-geometrically convex on (0,1] for 0 < s < 1.

Theorem 4.1. Let 0<a<b<1,0<s<1,andq>1. Then

s o (b—a)Vis 4s /g
1A, D) - [L(a b)) < 5 (5L b))

_ _ 1/q
g [a(s_l)/(ZS){ [L(s—l)q/(zs)—l (a, b)] (=Da/2) 1L(a, b) - plemDa/ 2 }
_ _ 1/q
+ b(s—l)/(Zs) {a(s—l)q/(ZS) _ [L(s—l)q/(ZS)—l (11, b)] (s-1)q/(2s) 1L(a, b) } ]

|Aa®,b%) - [Ls(a,b)]°| (4.4)

b-a)Vis/  4s a

_ ~1)g/(2s)-1 _ 1/q
% [b(s 1)/(25){ [L(s—l)q/(2s)—1(a/ b)](s )q/(2s) L(a,b) _pts 1)q/(25)}

_ _ 1/q
4+ gs/@s) { a9 L o0 1(a, )] SOV, b)} ]
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In particular, if q =1, one has

1A, b)]* - [Lu(aB)I| < 222 (L1 (a,0)] 2L, )T
|A(a®,b%) - [Ls(a,b)]°| 45)
< ;a)SL(“f b){7-[L(s—1)/s—1(a,b)](H)/s_1 ~ [Ls-nys9-1(a,0)] 2L, b)}.

Proof. Let f(x) =x°/s, x € (0,1], 0<s < 1.Then|f'(a)| = a®' > b = |f'(b)| > 1 and

o (e )]

2sL(a,b)
(1-9)g

F@F O a(( 55 55))] N

2sL(a,b)\ "' (- 1)g/(25)1 1/q
m) {a 0009 - [L 190 (@ 0] L@ ))

@ s (o (L L))"

2sL(a,b)
(1-9)q

ror (o5 )]

_ «1)/0s ( 25L(a,b) a . s s-1)q/(2s)-1 1/q
_ (b-a)Val 1)/(2)(@) [a< DA/@) Lo (a,b)] D@ L(a,b)] ‘
(4.6)

1/q _ _ 1/
— (b _ a)—l/qa(sfl)/zs < ) { [L(s—l)q/(2s)—1 (a’ b)] (s 1)‘7/(25) 1L(a, b) _ b(s—l)q/(Zs) } ql
— (b _a)—l/qb(s—l)/(25)<

1/q . B 1/
=(b- a)‘“qb“-”“zﬁ’( ) {[Leareo-1(ab)] 7 L (g, b) - ptena @) T,

By Theorem 3.1, Theorem 4.1 is thus proved. O

Theorem 4.2. Let 0 <a<b<1,s€(0,1),and q > 1. Then one has

_ -1 1-1/q
1A D) - (L@ b)) < E5P () aat e pen/e)

s-1)q/2s— 1/q
x [[L(s—l)q/(ZS)—l(a/b)]( bar2 1L(a,b)]
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_ _ 1 1—1/!1
|A(I.ls,bs) _ [Ls(a,b)]s| < (b a)5< q > A<a(s—l)/(25),b(s—l)/(Zs))

2 \29-1

s 5)- 1/q

% [ [Lis-nareo-1(a, )] 7 La,b)] .
(4.7)

Proof. Let f(x) =x°/s, x € (0,1], 0 <s < 1. Then |f'(a)| = a*! > b5 = |f'(b)| > 1 and
< <a<i, i) > = g~ (s-1)q/(29) [L(s—l)q/(ZS)—l (a’ b)] (5*1)‘1/(23)*1L(a, b) (48)
25" 2s

Using Theorem 3.3, Theorem 4.2 is thus proved. O
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