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An equilibrium problem and a strictly pseudocontractive nonself-mapping are investigated.
Strong convergence theorems of common elements are established based on hybrid projection
algorithms in the framework of real Hilbert spaces.

1. Introduction

Bifunction equilibrium problems which were considered by Blum and Oettli [1] have
intensively been studied. It has been shown that the bifunction equilibrium problem
covers fixed point problems, variational inequalities, inclusion problems, saddle problems,
complementarity problem, minimization problem, and the Nash equilibrium problem; see
[1-4] and the references therein. Iterative methods have emerged as an effective and
powerful tool for studying a wide class of problems which arise in economics, finance,
image reconstruction, ecology, transportation, network, elasticity, and optimization; see [5-
16] and the references therein. In this paper, we investigate an equilibrium problem and a
strictly pseudocontractive nonself-mapping based on hybrid projection algorithms. Strong
convergence theorems of common elements lie in the solution set of the equilibrium problem
and the fixed point set of the strictly pseudocontractive nonself-mapping.

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-, -) and the norm || - ||. Let C be a nonempty closed convex subset of H and F a
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bifunction of C x C into R, where R denotes the set of real numbers. In this paper, we consider
the following equilibrium problem:

Find x € C such that F(x,y) >0, VyeC. (1.1)

The set of such an x € C is denoted by EP(F), that is,
EP(F)={xeC:F(x,y) >0, Vy e C}. (1.2)

Given amapping T : C — H,let F(x,y) = (Tx,y — x) forall x,y € C. Then z € EP(F) if and
only if (Tz,y — z) > 0 for all y € C, that is, z is a solution of the variational inequality.

To study the equilibrium problem (1.1), we may assume that F satisfies the following
conditions:

(A1) F(x,x) =0forallx € C;
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forallx,y € C;
(A3) foreach x,y,z € C,

limsupF(tz + (1 -t)x,y) < F(x,vy); (1.3)
t10

(A4) for each x € C, y — F(x,y) is convex and lower semicontinuous.

If H is an Euclidean space, then we see that F(x,y) = x — y is a simple example
satisfying the above assumptions. See [2] for more details. Let S : D(S) — R(S), where
D(S) and R(S) denote the domain and the range of the mapping S. If D(S) = R(S), then the
mapping S is said to be a self-mapping. If D(S) # R(S), then the mapping S is said to be a
nonself-mapping. Let S : C — H be a nonself-mapping. In this paper, we use F(S) to denote
the fixed point set of S. Recall the following definitions. S is said to be nonexpansive if

[[Sx =Syl < [lx -y

, VYx,yeC. (1.4)
S is said to be strictly pseudocontractive if there exists a constant x € [0, 1) such that
1Sx = Syll> < lx-yl* +x||T-S)x - I -S)y|>, VxyeC. (15)

For such a case, S is also said to be k-strict pseudocontraction. It is clear that (1.5) is equivalent
to

1-x
(Sx-Syx-y) < x-y|’ - ="l w-50-(y-Sy)l, veyec — (16)

S is said to be pseudocontractive if

ISx = Syll* < lx-yl* + |- S)x - (I - S)y|*>, Vx,yeC. (1.7)
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It is clear that (1.7) is equivalent to
(Sx-Sy,x-y)<|x-y|’, VxyeC (1.8)

The class of x-strict pseudocontractions which was introduced by Browder and Petryshyn
[17] in 1967 has been considered by many authors. It is easy to see that the class of strict
pseudocontractions falls into the one between the class of nonexpansive mappings and the
class of pseudocontractions. For studying the class of strict pseudocontractions, Zhou [18]
proposed the following convex combination method: define a mapping S; : C — H by

Six=tx+(1-t)Sx, VxeC. (1.9)

He showed that S; is nonexpansive if t € [k, 1); see [18] for more details.

Recently, many authors considered the problem of finding a common element in the
fixed point set of a nonexpansive mapping and in the solution set of the equilibrium problem
(1.1) based on iterative methods; see, for instance, [19-27].

In 2007, Tada and Takahashi [23] considered an iterative method for the equilibrium
problem (1.1) and a nonexpansive nonself-mapping. To be more precise, they obtained the
following results.

Theorem TT. Let C be a closed convex subset of a real Hilbert space H, let f : C x C — R
be a bifunction satisfying (A1)—(A4), and let S be a nonexpansive mapping of C into H such that
F(S)NEP(f)#0. Let {x,} and {u,} be sequences generated by x1 = x € H, and let

u, € C such that f(un,y)+rl<y—un,un—xn>20, Vy eC,

wy = (1-a,)x, + a,Su,,

1.10
Co={z€H: wy 2l < | 2]}, (1.10)
Qn={z€eH:{(x,—2z,x-x,) >0},

Xns1 = Pc,n0, X,

for every n € N, where {a,} C [a,1], for some a € (0,1) and {r,} C (0, c0) satisfies liminf, _, 1, >
0. Then the sequence {x,} converges strongly to Pr(s)nep(f)(x).

We remark that the iterative process (1.10) is called the hybrid projection iterative
process. Recently, the hybrid projection iterative process which was first considered by
Haugazeau [28] in 1968 has been studied for fixed point problem of nonlinear mappings and
equilibrium problems by many authors. Since the sequence generated in the hybrid projection
iterative process depends on the sets C,, and Q,, the hybrid projection iterative process is also
known as “CQ” iterative process; see [29] and the reference therein.

Recently, Takahashi et al. [30] considered the shrinking projection process for the
fixed point problem of nonexpansive self-mapping. More precisely, they obtain the iterative
sequence monontonely without the help of the set Q,; see [30] for more details.

In this paper, we reconsider the same shrinking projection process for the equilibrium
problem (1.1) and a strictly pseudocontractive nonself-mapping. We show that the sequence
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generated in the proposed iterative process converges strongly to some common element in
the fixed point set of a strictly pseudocontractive nonself-mapping and in the solution set of
the equilibrium problem (1.1). The main results presented in this paper mainly improved the
corresponding results in Tada and Takahashi [23].

2. Preliminaries

Let C be a nonempty closed and convex subset of a real Hilbert space H. Let Pc be the metric
projection from H onto C. That is, for x € H, Pcx is the only point in C such that ||x — Pcx|| =
inf{||x - z|| : z € C}. We know that the mapping Pc is firmly nonexpansive, that is,

| Pex = Pey||* < (Pex - Py, x —y), Vx,y € H. (2.1)

The following lemma can be found in [1, 2].

Lemma 2.1. Let C be a nonempty closed convex subset of H, and let F : C x C — R be a bifunction
satisfying (A1)—(A4). Then, for any r > 0 and x € H, there exists z € C such that

F(Z,y)+%<y—z,z—x>20, Vy eC. (2.2)
Further, define
Trxz{zeC:F(Z,y)+%<y—Z,z—x>20, VyeC} (2.3)

forallr > 0and x € H. Then, the following hold:

(a) T, is single valued;

(b) T, is firmly nonexpansive, that is,

ITox - Ty|* < (T,x-T,y,x-y), Vx,yeH; (2.4)

(c) F(T;) = EP(F);
(d) EP(F) is closed and convex.

Lemma 2.2 (see [18]). Let H be a real Hilbert space, C a nonempty closed convex subset of H, and
S : C — H a strict pseudocontraction. Then the mapping I — S is demiclosed at zero, that is, if {x,}
is a sequence in C such that x, — X and x, — Sx, — 0, then x € F(S).

Lemma 2.3 (see [18]). Let C be a nonempty closed convex subset of a real Hilbert space H and
S : C — H a «-strict pseudocontraction. Define a mapping Spx = ax + (1 —a)Sx forall x € C. If
a € [k, 1), then the mapping S, is a nonexpansive mapping such that F(S,) = F(S).
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3. Main Results

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let Fy and F, be
two bifunctions from C x C to R which satisfy (A1)—(A4), respectively. Let S : C — H be a x-strict
pseudocontraction. Assume that F := EP(F1) N EP(F,) N F(S)#0. Let {ay}, {Pn}, and {yn} be
sequences in [0,1]. Let {x,} be a sequence generated in the following manner:

x1 € H,
Ci=H,
Zn = YnUn + (1 - Yn)vn/ (A)
Yn = AnXy + (1 - “n)(ﬂnzn + (1 - ﬁn)szn)/
Cp = {w €Cy: ”yn - ZU” < Hxn - w“}/
xn+1 = PC,,Hxl/ n 2 0/
where u,, is chosen such that
1
Fr(u,,u) + r—(u — Uy, Uy —xy) >0, YuecC, (3.1)
n
and v,, is chosen such that
1
Fz(vn,v)+s—(v—vn,vn—xn> >0, VveC (3.2)
n

Assume that the control sequences {a,}, {Pn}, {yn}, {rn}, and {s,} satisfy the following restrictions:
(@)0<a,<a<1, k<P, <b<1,0<c<y, <d<;
(b)0O<e<r, 0<f<s,

forsome a,b,c,d,e, f € R. Then the sequence {x,} generated in the (A) converges strongly to some

point x, where X = Pgx;.

Proof. First, we show that C, is closed and convex for each n > 1. It is easy to see that C,, is
closed for each n > 1. We only show that C, is convex for each n > 1. Note that C; = H is
convex. Suppose that C,, is convex for some positive integer m. Next, we show that C,,.; is
convex for the same m. Note that ||y, — w|| < ||x, — w|| is equivalent to

2(xn = Yn, ) < [12ll” = [lyal|- (3.3)
Take wy and w; in Cyy41, and put w = twy + (1 — t)w,. It follows that wy € Cyy, wy € Cp,

2<xn_ymW1> S ||xn“2_ ||yn||2l (3 4)

2(xn = Y, 02 < |12l = |||
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Combining (3.4), we can obtain that 2{x, —y,, @) < ||xu||* = |ly.?, that s, ||y, -] < ||x,—@|.
In view of the convexity of C,,, we see that w € C,,. This shows that w € C,,.1. This concludes
that C,, is closed and convex for each n > 1.

Define a mapping S, : C — H by S,x = f,x + (1 - f3,)Sx for all x € C. It follows
from Lemma 2.3 that S,, is nonexpansive and F(S,) = F(S) for all n > 1. Next, we show that
¥ Cc Cy, for all n > 1. It is easy to see that F ¢ C; = H. Suppose that F C Ci for some integer
k > 1. We intend to claim that F C Ci. for the same k. For any p € ¥ C Cx, we have

v = pll < al|xe = pl| + (1= an) || Sz - p|
< ap||lxe = pl| + (1 - @)z - p|
< ap||xie = pl| + (1 - @) (k|| = pl| + (1= i) [|ox = p|) -
= ae||xe = p|| + (1 = i) (| Trxie = p | + (1 = 7)) | Tox = )
< agel|lxi = pl| + (1 - ao) Ol = pll + @ =y0) [ = )

=[x =pll

This shows that p € Ck.1. This proves that ¥ ¢ C,, foralln > 1.
Since x,, = Pc,x1 and x,41 = Pc,,,x1 € Cy4q1 C Cp,, we have that

n+l

0 < (o1 = Xn, X — Xpa1)

= (X1 = X, X = X1+ X1 = Xp41) (3.6)

IN

2
=l = xull” + llen = xnllllcr = Xpea [l

It follows that

1261 = x| < [l21 = 2 - (3.7)

On the other hand, for any p € F C C,,, we see that ||x1 —x,|| < ||x1 —pl|. In particular, we have

ll2¢1 = 2] < |21 = Pgxy |- (3.8)
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This shows that the sequence {x,} is bounded. In view of (3.7), we see that lim,, _, o, ||x,, — x1]|
exists. It follows from (3.6) that

”xn - xn+1||2
= |0 = X1 + X1 = X |)?

= ||xn = 21 [1* + 2(20 = X1, X1 = X1 ) + |21 = X ||

= [y — 21 [P + 2(x — X1, X1 = X + X — X1 ) + |21 = Xt || 32
= [lacw = x1[1* = 2l|2cn = 21 [|* + 2(2 = X1, % = X1 ) + |21 = Xt ||
<l = e ? = flan = 21
This yields that
Jim [|x, = 251 ]| = 0. (3.10)
Since x,41 = Pc,,,x1 € Cy41, we see that
lyn = xnar || < N2 = X - (3.11)
It follows that
lyn = %]l < ||yn = xnsa || + %001 = 20l < 2[l260 = 21 - (3.12)
From (3.10), we obtain that
lim [|x, — | = 0. (3.13)
On the other hand, we have
260 = Y|l = ll26n = anxn = (1 = @) Suzall = (1 = @) || X0 = Suzall- (3.14)

From the restriction (a), we obtain from (3.13) that

nli_r)r;”xn = Szl = 0. (3.15)
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For any p € ¥, we have that

[ = pII* = | T 200 = T oI’
S <Tr,,xn - Tr,,P/ Xn — P)

3.16
= (Un =P, Xu = p) (3.16)
1
= 5 (ltn =PI+ 10 = I = Nt = a]7).
This implies that
e = p1I* < 10 = pII* = l1en =l (317)
In a similar way, we get that
2 2 2
lon = pII” < |20 = pII” = llon = xall™ (3.18)
It follows from (3.17) and (3.18) that
= plI* < @ullxa = pII* + (1 = @) |Suza - P’
< | = pl* + (1= an) |20~ p|°
5 5 5 (3.19)
< = I+ 1 = t0) (il = I+ (L= 1) o =)
<l = pII* = (1 = @)yl =l = (1 = @) (1 = y2) [0 =
This implies that
1-a, nun—anS Xn — = n— 2
(1= an)yall 1" < llxn = pII” = [y — 2 (320)
< (llen =PIl + lyn = 2D 1200 = yall
In view of the restriction (a), we obtain from (3.13) that
Jim fJuy = xa]| = 0. (3.21)
It also follows from (3.19) that
1_an 1_n 'Un_xnzs Xn — 2_ n - 2
(1= an) (1=l 1" < llxn = pII” = ly= - pl (322)

< (Ien =2l + llyn =PI 160 = yall-



Abstract and Applied Analysis 9

In view of the restriction (a), we obtain from (3.13) that
Jim [|o, = x| = 0. (3.23)

Since {x,} is bounded, there exists a subsequence {x,} of {x,} such that x,,, — g. From (3.21)
and (3.23), we see that u,, — g and v,, — g, respectively. From (3.21) and the restriction (b),
we see that

Jim 1 = %all _ (3.24)

n—oo Tn

Now, we are in a position to show that g € EP(F;). Note that
1
Fr(u,,u) + r—(u — Uy, Uy —Xp) >0, YueC. (3.25)
n

From (A2), we see that

rl<u = Un, Un — Xn) > F1(1, Uy). (3.26)

Replacing n by n;, we arrive at

<u — U, unir_ X > > F1(u, uy,). (3.27)

In view of (3.24) and (A4), we get that

Fi(u,q) <0, VueC. (3.28)

Forany twithO <t<landu € C,letu; = tu+(1-t)q. Sinceu € Cand g € C,wehaveu; € C
and hence F; (14, q) < 0. It follows that

0 = Fy(u, u) < tFy(up,u) + (1 - t)F1(ug, q) < tFy(ug,u), (3.29)
which yields that
Fi(us,u) >0, YueC. (3.30)
Letting t | 0, we obtain from (A3) that

Fi(qu) >0, VueC (3.31)
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This means that g € EP(F;). In the same way, we can obtain that g € EP(F;). Next, we show
that g € F(S). Note that

Iz = Xl < Yullten = xnll + (1 =) |00 = xXall. (3.32)
It follows from (3.21) and (3.23) that
im [z, — x| = 0. (3.33)
On the other hand, we have

lxn = Snxall < (|Snxn = Snzall + [|1Snzn — Xall

(3.34)
< Nxn = zall + [|Snzn — xall-
It follows from (3.15) and (3.33) that
nlijr;”xn = Suxa|l = 0. (3.35)
Note that
1Sxn = xu|l < [1Sxn = Spxnl| + [|Snxn = xull
(3.36)
< PullSxn = xnll + |Snxn — xull,
which yields that
(1= Bu)lISxn = Xl < [1SnXn = Xnll- (3.37)
This implies from the restriction (a) and (3.35) that
lim [|Sx, — x| = 0. (3.38)

It follows from Lemma 2.2 that g € F(S). This shows that g € ¥. Since X = Pgx, we obtain
that

e =¥ < [lxr = qll < lim infllx; - x|
(3.39)

< limsupl|x; — xy, || < [lx1 - X,
i— oo

which yields that

lim [l = 2| = [|x1 = g]| = llx1 - %l (3.40)
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It follows that {x,,} converges strongly to x. Therefore, we can conclude that the sequence
{x,} converges strongly to x = Pgx;. This completes the proof. O

From Theorem 3.1, we have the following results.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from Cx C to R which satisfies (A1)-(A4). Let S : C — H be a x-strict pseudocontraction.
Assume that F := EP(F)NF(S) #0. Let {a, } and {B,,} be sequences in [0,1]. Let {x,} be a sequence
generated in the following manner:

x1 € H,

Ci=H,
Yn = anXn + (1= ) (Buttn + (1 = Bu) Suty), (3.41)
Cri={weCy: |lyn—w| <llxn—wl},
x1, n=0,

Xni1 = Pc

n+l
where u,, is chosen such that

1
F(u,,u) + r—(u —Up, Uy — Xy >0, YueC. (3.42)
n

Assume that the control sequences {a,}, {Pn}, and {r,} satisfy the following restrictions:

(@0<a,<a<l k<P, <b<1;
(b)0<e<r,

for some a, b, e € R. Then the sequence {x,} converges strongly to some point X, where X = Pgx;.

Proof. Putting F; = F, = F and r,, = s,, in Theorem 3.1, we see that z, = u,. From the proof of
Theorem 3.1, we can conclude the desired conclusion immediately. O

Remark 3.3. Corollary 3.2 improves Theorem TT in the following aspects.

(1) From the viewpoint of mappings, the class of nonexpansive mappings is extended
to the class of strict pseudocontractions.

(2) From the viewpoint of computation, the set Q,, is removed.
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Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S : C — H
be a x-strict pseudocontraction with fixed points. Let {a,} and {f,} be sequences in [0,1]. Let {x,}
be a sequence generated in the following manner:

x1 € H,
Ci=H,
Yn = tnxn + (1 = ) (BnPexn + (1 - Bn) SPexy), (3.43)
Crs1 = {w € Cpt |lyn —wl| < llxn —wll},

Xns1 = Pc,,x1, n2>0.

n+l

Pn < b <1 for some a,b € R. Then the sequence {x,} converges strongly to some point X, where
x = Pp(s)xl.

Assume that the control sequences {a,} and {f,} satisfy the restrictions 0 < a, < a < 1 and x <

Proof. Putting F; = F, = 0 and r, = s, = 1, we can obtain from Theorem 3.1 the desired
conclusion easily.
If S is nonexpansive and f, = 0, then Corollary 3.4 is reduced to the following. ]

Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S : C — H
be a nonexpansive mapping with fixed points. Let {a,} be a sequence in [0,1]. Let {x,} be a sequence
generated in the following manner:

x1 € H,
Ci=H,
Yn = anXn + (1 — ay) SPcxy, (3.44)
Cot = {w € Cy [y — 0] < llxu =},

Xne1 = Pc,,x1, n2>0.

n+l

Assume that the control sequence {a,} satisfies the restriction 0 < a, < a < 1 for some a € R. Then
the sequence {x,} converges strongly to some point x, where X = Pr(s)x1.

Recently, many authors studied the following convex feasibility problem (CFP):

N
finding an x € n Cum, (3.45)

m=1

where N > 1 is an integer and each C,, is a nonempty closed and convex subset of a
real Hilbert space H. There is a considerable investigation on CFP in the setting of Hilbert
spaces which captures applications in various disciplines such as image restoration, computer
tomography, and radiation therapy treatment planning.

Next, we consider the case that each C,, is the solution set of an equilibrium problem.
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Theorem 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F,, be a
bifunction from C x C to R which satisfies (A1)-(A4) for each 1 < m < N. Assume that F =
NN_ EP(Fy,) #0. Let {an}, {Yu)}, - - and {ym,n) ) be sequences in [0,1]. Let 1y, - .., and r,n)
be sequences in (0, o). Let {x,} be a sequence generated in the following manner:

x1 € H,
Ci1=H,
Fm(u(n,m>,u) + <u — Um,m), Unm) — xn> >0, VuedcC,
T(n,m)
N (3.46)
Yn = anXn + (1= ) D Youm)Uinmy,
m=1

Cu1 = {w €Cy: ”yn - w” < Jn _w”}r

Xn41 = Pc,,,x1, n2>0.

n+l

Assume that the control sequences satisfy the following restrictions:
(a)0<a,<ax<l, Z%zl Yom) =1,0 < Cm < Yum) < dm < 1
(b) 0 < em < Tum),

where a, ¢1,...,Cm, d1,...,dm, €1,...,em € R. Then the sequence {x,} generated in the above
iterative process converges strongly to some point X, where X = Pgx;.

Proof. Let S be the identity mapping and f, = 0, then we can obtain from Theorem 3.1 the
desired conclusion easily. O
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