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Here, we give explicit formulae for solutions of some systems of difference equations, which
extend some very particular recent results in the literature and give natural explanations for them,
which were omitted in the previous literature.

1. Introduction

Recently, there has been a great interest in difference equations and systems (see, e.g., [1-25]),
and among them in those ones which can be solved explicitly (see, e.g., [1-5, 9-11, 15, 16, 18—
24] and the related references therein). For some classical results in the topic see, for example,
[7].

Beside the above-mentioned papers, there are some papers which give formulae of
some very particular equations and systems which are proved by induction, but without
any explanation how these formulae are obtained and how these authors came across the
equations and systems. Our explanation of such a formula that we gave in [10] has re-
attracted attention to solvable difference equations.
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Our aim here is to give theoretical explanations for some of the formulae recently
appearing in the literature, as well as to give some extensions of their equations.

Before we formulate our results, we would like to say that the system of difference
equations

ax,-1 aAYp-1

Xpyl = — 1=
" b+ cynxna’ Yn B+ yXnYna'

n €Ny, (1.1)

where a,b,c,a, p, and y are real numbers, was completely solved in [15], that is, we found
formulae for all well-defined solutions of system (1.1).

2. Scaling Indices

In the recent paper [25] were given some formulae for the solutions of the following systems
of difference equations:

Xn-3 Yn-3

- = € Np. .
+1+ Xn-3Yn-1 Ynut +1+ Yn-3Xn-1 " 0 (2 1)

Xn+l =

Now we show that the results regarding system (2.1) easily follow from known ones.
Indeed, if we use the change of variables

Xon+i = ug)r Yonvi = vﬁli)/ n> _2/ i= 1/ 2/ (22)

then the systems in (2.1) are reduced to the next systems

" u(i) " U(i)

1 n—1 i n—1 .

W =m0 o Tnl s =12, 2.3)
4@ L0 g o uld

n-1 n

This means that (uff),v,(f))nz_z, i = 1,2, are two (independent) solutions of the systems of

difference equations

Xn-1 Yn-1

X = = —_—
n+l :|:1 + xn_lyn 7 yn+1 :l:]. + yn_lxn 7

n>-1,1=1,2. (2.4)

However, all the systems of difference equations in (2.4) are particular cases of system (1.1).
Hence, formulae for the solutions of systems (2.1) given in [25] follow directly from those in
[15].

2.1. An Extension of Systems (2.1)

Systems (2.1) can be extended as follows:
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aAXpn-2k+1 AYn-2k+1
Xn+l = — s Yn+1 = Yn-2les , ne NO, (25)
b+ cxyooks1Yn-ks1 B+ YYn-2k+1Xn-k+1
where k is a fixed natural number.
If we use the change of variables
Xmk+i = u:‘:l)/ ymk+i = U‘r(rll)/ m 2 _2/ l = 1/ .. '/k/ (26)

then system (2.5) is reduced to the following k systems of difference equations:

(i) (i)
@i _ au, (i) _ av, 4
Uy = m, U1 = W’ n>-1, (27)
+ Cun—lv" ﬂ + Yvnflun

i=1,..., k. This means that (us ), vﬁli) Jns—2,1=1,...,k, are k (independent) solutions of system
(1.1), and solutions of system (2.5) are obtained by interlacing solutions of systems (2.7),
i=1,...,k

For example, a natural extension of the systems in (2.1) is obtained for taking k = 3,
b/a=+1,c/a=4+1, p/a=+]1,and y/a = £1 in (2.5), that is, the system becomes

Xn-5 Yn-s

P — =— 2" __ neN, .
+1 £ X 5Yn2 Yl = A Y 5Xn2 n< o (2.8)

Xn+l =

In this way it can be obtained countable many, at first sight different, systems of
difference equations. Systems of difference equations in (2.1) are artificially obtained in this
way. This method can be applied to any equation or system of difference equations, and one
can get papers with putative “new” results.

3. Some Third-Order Systems of Difference Equations Related to (1.1)

The following third-order systems of difference equations

_ Xn-1 _ ]/n—l _ 1
Xn+l = —ynxn—l _1’ Yna1 = —xnyn—l 1’ Zn+l = Zn]/n’ (3.1)
= L = L = L
xn+] - ynxn_l _ 1/ yn+1 xnyn_l _ 1/ Zn+1 ynzn_l _ 1 7 (32)
_ Xp—1 _ Yn _ Xn
Xn+l = YnXn 1 — 1/ Yn+l XnlYnt — 1 s Zp+l anlyn, (33)

n € Ny, have been studied recently (see [6] and the references therein).

As is directly seen, the first two equations in systems (3.1)—(3.3) are the same, and they
form a particular case of system (1.1) which is solved in [15].

Since we know solutions for x, and vy, it is only needed to find explicit solutions for z,
in the third equations in systems (3.1)—(3.3), that is, in all three equations, the only unknown
sequence is z,. The joint feature for all three cases is that z,, can be solved in closed form.

Now we discuss systems of difference equations given in (3.1)—(3.3).
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Case of System (3.1)

From the third equation in (3.1), we get

1 _
Zpe1 = =, neN,
ZnYn Yn
from which it follows that
n
2j+i-2 .
Zon+i = Zi y I 7 ne NO/ 1= 0/1

j=1 Y2j+i-1

Case of System (3.3)

From the third equation in (3.3), we get

Xn _ xnyn—2
Zp-1Yn Xn-2Yn

Zn+1 = Zp3, N2,

from which it follows that

n
X4j+i-1Y4j+i-3 .
Zin+i = Zi — neNy, i=-10,1,2.
j=1 X4j+i-3Y4j+i-1

(3.4)

(3.5)

(3.6)

(3.7)

Remark 3.1. The third equations in systems (3.1) and (3.3) are particular cases of the following

difference equation (up to the shifting indices):

a
z, = ——, neN,
Zn—k

where k € N. From (3.8), it follows that

an
Zn = Zn-2k, N2k,
an-k
and consequently,
2k ,
Zomksi = Zi-2k M, meNy, i=kk+1,...,3k-1.
j=0 A2kj-k+i

Case of System (3.2)

If we use the change of variables v, = 1/z,, the third equation in (3.2) becomes

Upsl = —Op-1+Yn, NEN.

(3.8)

(3.9)

(3.10)

(3.11)
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Hence,

Vonsi = —U2(n-1)+i + Yonsicl, M ENg, i=1,2,

from which it follows that

n
Voei = (1) 0 + Z(_l)n_]ijﬂ'—lr
=0
so that

Zi-2
(D" +zi2 By (1) Tyjuina '

Zon+i =

(3.12)

(3.13)

(3.14)

Remark 3.2. The third equation in system (3.2) is a particular case of the following difference

equation:

AnZn—k
Zy =

=——, neNy,
bnzn—k +Cn

which, by the change of variables z, = 1/v,, is transformed into

o b
Up= —Upg+—, NEN,
a, a,
from which it follows that
Clkm+i bkm+i .
Okm+i = — Ok(m-1)+i T , meNy, i=0,1,...
km+i km+i

so by a well-known formula, we have that

uu Ckj+i uu bkj+i M Chkl+i
Vkm+i = Ui—kl | + ,

]':O akj+i ]':0 akj+i l=j+1 Akl+i

formeNpandi=0,1,...,k -1, and consequently,

Zi-k

/k_lr

Zmk+i =

formeNypandi=0,1,...,k—1.

170 (cxjei/ anjsi) + zik 2ito (brjri/ aijri)H;:]'Jrl (Ckivi/ aisi)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Remark 3.3. Note that (3.16) suggests that the third equation in (3.2) can be also of the form

Zy = AnZpy-k + bn/ ne NO/

(3.20)
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where k € N is fixed, that is, to be an equation which consists of k (independent) linear first-
order difference equation, which is solvable. In fact, the third equation in systems (3.1)—(3.3)
can be any difference equation which can be solved in z,, and in this way we can obtain
numerous putative “new” results.

4. A Generalization of System (1.1)
Consider the following system of difference equations:

Xn+1 = gl< g(xnil) >, Yn+1 = h1< h(yn—l) >’ n € Ny, (4-1)

ah(yn)g(xn-1) +b cg(xn)h(yn-1) +d

where g,h : R — R are increasing functions such that

8(0) =h(0) =0, (4.2)
g(x)x >0, h(x)x >0, for x#0. (4.3)

Now we will find formulae for all well-defined solutions of system (4.1), that is, for
the solutions (x,, y,), n > —1, such that

ah(y,)g(xn1) +b#0,  cg(xn)h(yn1) +d#0, (4.4)

for every n € N.

If x.1 = 0, then from (4.1), (4.2), and (4.3), and by the method of induction, we get
Xoms1 = 0, n € Ny. Also, if xy = 0, then from (4.1), (4.2), and (4.3), and by the method of
induction, we get xp, =0, n € Ny. Similarly, if y_; = 0, then we get 12,41 =0, n € Ny, while if
yo = 0, then we get y», =0, n € No.

If x,, = 0 for some ny € N, then from (4.1)—(4.3) it follows that x,,_ox = 0, for each
k € Ny such that ny — 2k > —1. Hence, in this case we have that x_; = 0 or x¢ = 0. Similarly, if
Yn, = 0 for some n; € N, then from (4.1)-(4.3) it follows that y,, o« = 0, for each k € Ny such
that n; — 2k > —1. Hence, in this case we have that y_; = 0 or yy = 0. Thus, in both cases we
arrive at a situation explained in the previous paragraph.

Hence, from now on, we assume that none of the initial values x_1, xp, y-1, and yy is
equal to zero. Then, for every well-defined solution of system (4.1), we have that x, #0 and
Y #0, for every n > -1, and consequently g(x,) #0 and h(y,) #0, for every n > —1.

Let

1 1

U ) T g () (45)

then by taking function g to the first equation in system (4.1) and function h to the second
one, then multiplying the first equation in such obtained system by h(y,) and the second by
g(xy), system (4.1) is transformed into:

Ups1 = buy, + a, Ups1 =dv, +¢c, neN, (4.6)
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from which it follows that

Ups1 = bdv,_1 +bc+a, neN,

Ups1 = bdu,1+ad+c, neN.

Hence, if bd #1, we have that

3 (bd)"
"7 g(x0)h(y-1)
R G
g(xl)h(yo)

while if bd = 1, we have that

1
Uon

1- (bd)"
+(bc+a)—1_(bd) , neNy,
1-(bd)"
+(bc+a)ﬁ, n € Ny,

=————+(bc+a)n, neNy,
g(x0)h(y-1) ’

1
Uyl = ———— + (bc+ a)n, n €Ny.
i g(xl)h(yo)
We have also that
(bd)" 1- (bd)"
Uy, = ——————+ (ad + c)—————, neN,
" h)gGn 1-bd ’
(bd)" 1-(bd)"
il = ——————— d T € Ny,
Udp+1 h(yl)g(xo) + (Cl +C) 1-bd n 0

while if bd = 1, we have that

1

Uop

Uopsl =

From (4.5), we have that

1

" (o) g(x1)

1
h(y1)g(xo)

+(ad+c)n, neNy,

+ (ad+c)n, neNj.

_ Un

g(xn) = Unh(yn—l)

h(yn) = !

- —z)r El\I/
Oy g(xn 2) n

_ On-1

Ung(Xn-1)

h(yn>), mneN.

Un

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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Using the relations (4.12), we get

Xop = @1 g N
m =g g(xo)l_[ o0 )’ n € Ny,
=1 Y2

X X_ P ne N ,
2n+l = <g( 1)]]:_0102]+1> 0

<h( O)Hv2] 1>r n € Ny,
j=1

n+l = h , € Np.

Yont1 = < (]/ 1)g”2]+1> n 0

Example 4.1. 1f we choose g(t) = t**! and h(t) = **! for some k, I € Ny, then conditions (4.2)
and (4.3) are obviously satisfied, and system (4.1) can be written in the form

xzk_i_l 1/(2k+1) y2l+11 1/(2[+1)
n— n—
g = —l , o Y= —Se— neN, (414)
n ay,%’” ;211«{1 N b> n < Cx%k+1 yﬁlfl d> ’ ’

(4.13)

and from (4.13), we have that its solutions are given by

y 1/(2k+1)
2j-1
= XOH< - > , neN,

212]
; 1/(2k+1)
> , neN,

V2j+1

1/(21+1)
> , né€Ny,

‘ 1/(20+1)
> , mneéeN.

x2n+1—x1| |<

(4.15)

Yon = y0H<

u2]

u2]+1

Yo+l = Y- 11_[ (

Remark 4.2. System (4.1) can be generalized by using the method of scaling indices from
Section 2.1, that is, the following system is also solvable:

o = g1 g (Xn-2k+1) , Yoo = h(Yn-2k+1) ’
ah(Yn-k+1) §(Xn-2k+1) + b cg(Xn-ks1)h(Yn-2ks1) +d

(4.16)
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n € Ng, where k € Nand g,h : R — R are increasing functions satisfying conditions (4.2)
and (4.3).

It is easy to see that the change of variables in (2.6) leads to the following k systems of
difference equations:

— h—l h <’U£21>

i _ 1 g<”521> 0 _
i cg(uif)>h<vflizl>+d ' B

(4

fori=1,...,k.

Remark 4.3. Well-defined solutions of the following system of difference equations:

Xpi1 =g ! 8n1) Ynr1 = h! hyc1) neN
anh(yn)g(xn—l) + bn Cng(xn)h(yn—l) + dn ’
(4.18)

where g,h : R — R are increasing functions satisfying conditions (4.2) and (4.3) and ay, b,
cn, and d,, n € Ny, are real sequences, can be found similarly. We omit the details.

5. Solutions of a Generalization of a Recent Equation

Explaining some recent formulae appearing in the literature, in our recent paper [24], we
have found formulae for well-defined solutions of the following difference equation:

XnXn-k
4
Xn-k+1(a + bxnXn-k)

Xn+l = n € Ny, (51)

where k € N and the parameters a, b as well as initial values x_;, i = O,_k are real numbers.
Equation (5.1) can be extended naturally in the following way:

XnXn—k

Xp+l = n € Ny, (5.2)

Xn—k+1 (an + bnxnxn—k) ’

where k € N and the sequences (an) en,, (bn)en,, as well as initial values x_;, i = 0, k, are real
numbers.
Employing the change of variables

1
Yn = , neNy, (5.3)
XnXn-k

Equation (5.2) is transformed into the linear first-order difference equation

Yni1 = QnlYn + b, ne No, (54)
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whose general solution is

Yn = yo]_[az + Zb Haz, n e Np. (5.5)

s=0 I=s+1
From (5.3), we have that
1 -k

Xn = = In Xn-2k, (56)

YnXn—k Yn

for n > k, which yields
@j-1)k

Xokm+i = Xi- Zkgy;TLH’ (5.7)

foreveryme Ngandie€ {k,k+1,...,3k-1}.
Using (5.5) in (5.7), we get

(2j-1)k+i-1 2j-1)k+i-1 2j-Dk+i-1
vol 1.2 a+ 30 bIT1,,

I=s+1
X2km+i = Xi- Zkl_[ 2jk-+i- 1 2]k+1 1 2jk-+i— 1 ’ (58)
j=0 OH Z b Hl s+1

foreveryme Ngandie {k,k+1,...,3k-1}.
Formula (5.8) generalizes the main formulae obtained in our paper [24].
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