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We study the existence of at least one monotonic positive solution for the nonlocal boundary value
problem of the second-order functional differential equation x”(t) = f(t, x(¢(t))), t € (0,1), with
the nonlocal condition X' arx(7x) = xo, x'(0) + Z;;l bjx'(nj) = x1, where 7 € (a,d) C (0,1),
nj € (c,e) C (0,1), and xo,x; > 0. As an application the integral and the nonlocal conditions

jj x(t)dt = xg, x'(0) + x(e) — x(c) = x1 will be considered.

1. Introduction

The nonlocal boundary value problems of ordinary differential equations arise in a variety of
different areas of applied mathematics and physics.

The study of nonlocal boundary value problems was initiated by II'in and Moiseev
[1, 2]. Since then, the non-local boundary value problems have been studied by several
authors. The reader is referred to [3-22] and references therein.

In most of all these papers, the authors assume that the function f : [0,1] x R¥ — R*
is continuous. They all assume that

lim & =0 or oo,
xX—o X

(1.1)
lim@ =0 or oo.

x—=0 X
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These assumptions are restrictive, and there are many functions that do not satisfy these
assumptions.

Here we assume that the function f : [0,1] x R* — R* is measurable in t € [0, 1] for
all x € R* and continuous in x € R* for almost all t € [0,1] is and there exists an integrable
function a € L1[0,1] and a constant b > 0 such that

|f(t,%)| <la(t)] +blx], V¥(tx)e[0,1]xD. (1.2)

Our aim here is to study the existence of at least one monotonic positive solution for the
nonlocal problem of the second-order functional differential equation

x"(t) = f(t,x(p(t))), te(0,1), (1.3)
with the nonlocal condition
iﬂkx(Tk) =xo,  x(0)+ ibjx’(ﬂj) =X, (1.4)
k=1 j=1

where 7 € (a,d) € (0,1),7; € (c,e) € (0,1), and xo, x1 > 0.
As an application, the problem with the integral and nonlocal conditions

d
f x(Hdt =xy,  x'(0) +x(e) — x(c) = x1, (1.5)

a

is studied.
It must be noticed that the nonlocal conditions

x(1t) =x9, TE (ad), x'(0)+x'(n) =x1, n€(ce),

Zakx(Tk) =0, 7€ (al d)l x'(O) + Zb]x,(ﬂ]) =0, nj € (Cl 6),
k=1 =1 (1.6)

d
f x(t)dt =0, x'(0) + x(e) = x(c)

a

are special cases of our the nonlocal and integral conditions.

2. Integral Equation Representation

Consider the functional differential equation (1.3) with the nonlocal condition (1.4) with the
following assumptions.
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(i) f : [0,1] x R* — R* is measurable in t € [0,1] for all x € R* and continuous in
x € R* for almost all t € [0,1] and there exists an integrable function a € L;[0,1],
and a constant b > 0 such that

|f(t,x)| <la()| +blx|, V(tx)e[0,1] xD. (2.1)
(ii) ¢ : (0,1) — (0,1) is continuous.
(i) b<1/(3-B), B= (3} b; + 1)L

(iv)

m n
>ar>0, Vk=1,2,...,m, >bj>0, ¥j=12,...,n (2.2)
k=1 j=1

Now, we have the following Lemma.

Lemma 2.1. The solution of the nonlocal problem (1.3)-(1.4) can be expressed by the integral equation

x(t) = A{xo - zm:ak J‘:(Tk - s)f(s,x((j)(s)))ds}
k=1

k=1

+ B<t - Aiakrk> {x1 - ibf J:j f(s,x(gb(s)))ds} (2.3)
p=1
+ I (t=3)f(s,x(9(s)))ds,
0

where A = (31, ay)”', B= (2?21 b; + H

Proof. Integrating (1.3), we get
t
x'(t) = x'(0) + j f(s,x(¢(s)))ds. (2.4)
0
Integrating (2.4), we obtain
t
x(t) = x(0) + x'(0)t + Jl)(t -5)f(s,x(¢(s)))ds. (2.5)
Let t = 7, in (2.5), we get

iakx(rk) = zn:akx(O) + zn:akrkx’(O) + iak J‘Tk(Tk -s)f(s,x(¢(s)))ds, (2.6)
k=1 k=1 k=1 k=1 0
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and we deduce that

m m T m -1
x(0) = A{xo - Zakax'(O) - Zak Io (T — s)f(s,x((i)(s)))ds}, A= <Zak> . @7
k=1 k=1

k=1

Substitute from (2.7) into (2.5), we obtain

x(t)= A {xO—Zakf (T —8) f (s, x(¢(s)))ds}+x(0)<t AZaka>

2.8
+f (t=s)f (s, x(¢(s)))ds. )
0
Lett =7, in (2.4), we obtain

n n n 7j

DX (1) = X bix'(0) + Db L f(s,x(¢(5)))ds,

=1 =1 =1
(2.9)

x1 - x'(0) —x(O)Zb +Zb f f(s,x(p(s)))ds,

j=1

and we deduce that

-1
x'(0) = B<x1 - ib,» fm f(s,x(<,b(s)))ds>, B= <§n:bj + 1> , (2.10)
j=1 0 =

Substitute from (2.10) into (2.8), we obtain
x(t) = A{xo - Zm:ak qu (T — s)f(s,x(qb(s)))ds}
k=1 0

+ B<t - Aiam> {x1 - ib]. f:] f(s,x(d)(s)))ds}, (2.11)
j=1

k=1

N f (t=9)f (5, x($()))ds,
0

which proves that the solution of the nonlocal problem (1.3)-(1.4) can be expressed by the
integral equation (2.3). O
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3. Existence of Solution

We study here the existence of at least one monotonic nondecreasing solution x € C[0, 1] for
the integral equation (2.3).

Theorem 3.1. Assume that (i)—(iv) are satisfied. Then the nonlocal problem (1.3)-(1.4) has at least
one solution x € C[0,1].

Proof. Define the subset Q, ¢ C(0,1) by Q, = {x € C : |x(t)] < r,v = (Axo+ Bx; + (3 -
B)llall)/ (1 - (3 = B)b),r > 0}. Clear the set Q, which is nonempty, closed, and convex.
Let H be an operator defined by

(Hx)(t) = A{xo - iak J?(Tk - S)f(srx(¢(5)))ds}
k=1

k=1

+B<t—Aiaka> {xl _ibf I:jf(s,x(¢(s)))ds} (3.1)
j=1
[ a9 x @) ds.
0

Let x € Q,, then

|(Hax) ()] < A{xo + > ax fokm - s>|f(s,x(¢<s>>>lds}

k=1

+B<t—Aiaka>{x1+ZbI |f(s,x(¢(s)))|ds}

k=1

+ f0<t—s>|f<s,x<¢<s>>>|ds

< A{xo . Zakf la(s)] +b]x(¢(s))|]4 }

k=1

+B{x1+2b f [la(s)| +b|x($(s))|]d }

[ la@1+ ol s

< Axo + ||al| + bsup|x(gb(t))| + Bx; + BZb llall
j=1

+ bBijs:1¥>|x(¢(t))| +|la| + bstu?|x(gb(t))|
im1 te €
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< Axo + Bxy + 2]l +2bl|x][ + (1 = B)lla] + b(1 - B)||x|
< Axg+ Bxy+ (3-B)|la|]| + 3-B)br <r,

(3.2)

then H : Q, — Q, and {Hx(t)} is uniformly bounded in Q,.
Also for t1,t; € [0,1] such that t; < t,, we have

k=1

(Hx)(t2) — (Hx)(t) = B<t2 - Aiak’rk> {x1 - ibj J:j f(s,x(gb(t)))ds}
j=1
v fz(tz - 5)f (5, x(§(1)) )ds
0
m n nj
- B<t1 - AZaka> {xl - ijf f(s,x(gb(t)))ds}
k=1 j=1 0
f (b1~ 5)f (s, x(§(1))ds (33)
n nj
= B(t, - tl){xl - ijf f(s,x(qb(t)))ds}
=1 70

+f1(t2 —h)f(s,x(p(D))ds
0

+ Lz (ta = 8) f (s, x(p(t)))ds.

Then

|(Hx)(t2) - (Hx)(t1)] < Blt> - t1|{x1+2bf [la(s)] + b|x(¢(s))|]d }

t
+|ta — 1] . [la(s)| +b|x(¢(s))|]ds

t
), (t2 = s)[la(s)| + b|x(¢(s)) ] ds
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< Bty — t1Jxr + D bj[[lall + br]
j=1

ty
+t2 —ti|[llall +br] + | llallds + br[tz - £1].
t

(3.4)

The above inequality shows that

|(Hx)(t2) = (Hx)(t))| — 0 as t; — . (3.5)

Therefore {Hx(t)} is equicontinuous. By the Arzela-Ascoli theorem, {Hx(t)} is relatively
compact.

Since all conditions of the Schauder theorem hold, then H has a fixed point in Q,
which proves the existence of at least one solution x € C[0, 1] of the integral equation (2.3),
where

Jim () = A{xo - iak qu (Tk = s)f(s,x(d)(s)))ds}
- k=1 70
m n 1j
_ BAZaka{xl - ijf f(s,x(¢(s)))ds} = x(0),
k=1 j=1 0
lim x(t) = A{xo - iak JTk (T — s)f(s,x(¢(s)))ds} (3.6)
t—1 1 0
" n 1j
+ B<1 - AZaka> {xl - ijf f(s,x(d)(s)))ds}
k=1 j=1 0

1
[ =97 (5 26 ds = x(1),

To complete the proof, we prove that the integral equation (2.3) satisfies nonlocal problem
(1.3)-(1.4). Differentiating (2.3), we get

x'(t) = B{x1 - Zn:bj Jqu f(s,x(gb(s)))ds} + J‘ f(s,x(p(s)))ds, (3.7)
j=1 0 0

x'(t) = f(t,x($(1)))- (38)
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Let t = 74 in (2.3), we obtain
x(m) = A{xo - kik [ - s)f(s,x(qb(s)))ds} o[- 9se @) G9)
which proves
kZiakx(Tk) = xp. (3.10)

Also lett = 77; in (3.7), we obtain

n 7 j
¥ () = B{n -S| f(s,x<¢<s>>>ds} o[ fex@enas, e
j=1 0 0
then
n n n 7j n 1j
Nbix' (1) = BZb]-{xl - Zb,-f f(s,x(¢(s)))ds} + Zb]f f(s,x(¢(s)))ds. (3.12)
j=1 j=1 =70 EE
Let t = 0in (3.7), we obtain
n 1j
x'(0) = B{x1 —Zb]- Jo f(s,x((])(s)))ds}. (3.13)
=1
Adding (3.12) and (3.13), we obtain
x'(0) + ibjx’(ﬂj) = x1. (3.14)
=1

This implies that there exists at least one solution x € C[0, 1] of the nonlocal problem (1.3)
and (1.4). This completes the proof. O
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Corollary 3.2. The solution of the problem (1.3)-(1.4) is monotonic nondecreasing.

Proof. Let t; < t;, we deduce from (2.3) that

et = A{xo Saf —s>f<s,x<¢<s>>>ds}
k=1

k=1

+ B<t1 - Aiaka> {xl - Zn;bj f:j f(S/x(¢(S)))dS}

ty
+| (t1=s)f(s,x(¢(s)))ds
’ (3.15)

k=1

< A{xg - iak J‘:(Tk - s)f(s,x(gb(s)))ds}

+ B<t2 - Aiaka> {xl - éb]. f:j f(S,x(¢(5)))ds}

k=1

ty
+ fo (t2=35)f(s,x(¢(s)))ds = x(t2),

which proves that the solution x of the problem (1.3)-(1.4) is monotonic nondecreasing. [

3.1. Positive Solution

Letb; =0,j=1,2,...nand x; = 0, then the nonlocal problem condition (1.4) will be

iakx(rk) = X0, x'(0) = 0. (3.16)
k=1

Theorem 3.3. Let the assumptions (i)—(iv) of Theorem 3.1 be satisfied. Then the solution of the
nonlocal problem (1.3)—(3.16) is positive t € [d, 1].

Proof. Let bj = 0,j = 1,2,...n and x; = 0 in the integral equation (2.3) and the nonlocal
condition (1.4), then the solution of the nonlocal problem (1.3)—(3.16) will be given by the
integral equation

x(t) = A{xo - iak J‘Tk(Tk - s)f(s,x(rb(s)))ds} + f (t=s) f(s,x(9(s)))ds, (3.17)
k=1 0 0

where A = (37, ax) ™.
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Lett € [d,1], then

JZk (T =) f (s, x(p(s)))ds < J;)(t -s)f(s,x(¢(s)))ds, T <t,

(3.18)
m Tk m t
> ax f (i = 5) f (5, x(p(s)))ds < > ay f (t=s)f(s,x(¢(s)))ds.
k=1 0 k=1 0
Multiplying by A = (31", ax)~", we obtain
m Ti m t
A [ 057 (s, x(@6)ds < AYan [ (1-9)7 (s, x(p())ds
e e (3.19)

- f()(t —5)f (5,x($(s)))ds,

and the solution x of the nonlocal problem (1.3) and (3.16), given by the integral equation
(3.17), is positive for t € [d, 1]. This complete the proof. O

Example 3.4. Consider the nonlocal problem of the second-order functional differential
equation (1.3) with two-point boundary condition

x'(0) =0, x(n) =x0, ne€(ad)c(,1). (3.20)

Applying our results here, we deduce that the two-point boundary value problem (1.3)-
(3.20) has at least one monotonic nondecreasing solution x € C[0,1] represented by the
integral equation

n t
x(t) = xo — j (m—s)f(s,x($(s)))ds + J (t=s)f(s,x(P(s)))ds. (3.21)
0 0
This the solution is positive with ¢ > 7.
4. Nonlocal Integral Condition
Let x € C[0, 1] be the solution of the nonlocal problem (1.3) and (1.4).

Let ax = tx — tk-1, Tk € (tk-1,tk) C (a,d) C (0,1) and let b; = &; — ;1,1 € (¢j-1,4)) C
(c,e) c(0,1), then

> (b — te)x(Tk) = xo, x'(0) + D (& — &)X (1) = x1. (4.1)
k=1 j=1



Abstract and Applied Analysis 11
From the continuity of the solution x of the nonlocal problem (1.3) and (1.4), we obtain

m d
n}iian(tk —tr1)x(Tk) = J x(s)ds,
k=1

a

c

n e
X0+ fim 35~ 5% () =X O + [ (),
=1
and the nonlocal condition (1.4) transformed to the integral condition

d
f x(s)ds = xy, x'(0) + x(e) — x(c) = x1, (4.3)

a

and the solution of the integral equation (2.3) will be
d ot
x(t) = (d-a)™ {xo - J f (t=s)f(s,x(¢(s)))ds dt}
a0
+((b-o)+ D)7 (t-1) {x1 - fe ft f(s,x(¢(s)))ds dt} (4.4)
c /0

[ st xtpen)as

Now, we have the following theorem.

Theorem 4.1. Let the assumptions (i)—(iv) of Theorem 3.1 be satisfied. Then the nonlocal problem
x"(t) = f(t,x(p(t))), te(0,1),

d (4.5)
f x(s)ds = xo, x'(0) + x(e) — x(c) = x1

a

has at least one monotonic nondecreasing solution x € C[0, 1] represented by (4.4).
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