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Based on using suitable Lyapunov function and the properties of M-matrix, sufficient conditions
for complete synchronization of bidirectional coupled nonautonomous Cohen-Grossberg neural
networks are obtained. The methods for discussing synchronization avoid complicated error
system of Cohen-Grossberg neural networks. Two numerical examples are given to show the
effectiveness of the proposed synchronization method.

1. Introduction

It is well known that chaos synchronization has gained considerable attention due to the truth
that many benefits of chaos synchronization exist in various engineering fields such as secure
communication, image processing, and harmless oscillation generation. Since the pioneering
works of Pecora and Carroll [1], chaos synchronization has been widely investigated, and
many effective research methods such as feedback control, impulsive control, adaptive
control, and important results have been presented in [2-10] and references cited therein.
Synchronization of coupled chaotic systems also has received considerable attention [11-13].

Since Cohen and Grossberg proposed the Cohen-Grossberg neural networks (CGNNs)
in 1983 [14] and soon the networks have been the subject of active research due to their many
applications in various engineering and scientific areas such as patter recognition, associative
memory, and combination, and many dynamic analyses of equilibria or periodic solutions of
the networks with delays are investigated [15-20]. Unfortunately, so far, only a few works
have been done on synchronization of CGNNSs, which remains challenging. In 2010, Li et al.
investigated the synchronization of discrete-time CGNNSs with delays [6] and Chen discussed
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the synchronization of impulsive delayed CGNNs under noise perturbation [7], in 2010, Zhu
and Cao discussed adaptive synchronization of delayed CGNNs [21] and in 2012, Gan also
discussed adaptive synchronization of delayed CGNNs [22], and in 2011, Yu et al. discuss
synchronization of delayed CGNNSs via periodically intermittent control [23].

Note that the previous methods in [6, 7, 21-23] have obtained error dynamical system
first, and then discuss the error system, but, the error dynamical system of Cohen-Grossberg
neural network which comparing the Hopfield neural networks becomes very complex
because of existence of the amplification functions of the neural network; hence the results
above turn to be quite complex, too. Comparing with foregoing works, the objective of this
paper is to study the complete synchronization of nonautonomous CGNNs with mixed time
delays by using suitable Lyapunov function and the properties of M-matrix, and our methods
can avoid writing explicit complex error system which leads to complicated conditions for
synchronization.

The rest of this paper is organized as follows. The model, some definitions, and
assumptions are presented in Section 2. The sufficient conditions for complete synchroniza-
tion of bidirectional coupled CGNNSs are obtained in Section 3. Two examples are given in
Section 4 to demonstrate the main results.

2. Model Description and Preliminaries

Consider the following bidirectional coupled nonautonomous CGNNs with time delays:
xi(t) = - ai(xi(t)) [bi(t/ xi(t) = D uii (8) £5(x(8)) = D oi(8) fj (xj (t - ij (1))
j=1 j=1

- Dwi(t) J kij(s) fi(xj(t —s))ds - I,-(t):| (2.1)
j=1 0

+ N (1) [y (1) - x;(1)],

1

yith) = - ai(yi() [bi(t/ yi() = D (O fi (1) = Do (0 f (v (t = 75(1)))
j=1 j=1
- Dwii(t) f ) kij(s)fi(yj(t—s))ds - Ii(t)] (2.2)
j=1 0
+ D B (1) [x; (1) — y; ()]
j=1

forl1 <i < nt>0.x;(t) and y;(t) denote the state variable of the ith neuron in (2.1) and
(2.2), f;j(-) denote the signal functions of the jth neuron at time ¢; I;(t) denote inputs of the
ith neuron at time t; a;(-) represent amplification functions; b;(t, -) are appropriately behaved
functions; u;;(t), v;;(t), and w;;(t) are bounded connection weights of the neural networks,
respectively; 7;;(t) correspond to the finite speed of the axonal signal transmission, there exist
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positive 7;; and Tlf; such that 0 < 7;;(t) < 7;; and 7;(t) < T;; < 1; kij () correspond to the delay
kernel functions, coupled matrix are (;;(t)),,x,, and (Bij(t)) ., in which a;;(t) > 0 and f;(t) > 0
and a;;(t), pi;(t) are bounded on [0, +o0).

Throughout this paper, we assume for system (2.1) and (2.2) that

(Hi) amplification functions a;(-) are continuous and there exist constants g;, a; such
that0 < g, <a;(-)<aifor1<i<m;

(Hy) there exist positive continuous and bounded functions b;(t) such that

nxn

bi(t, x) - bi(t, y)

— > bi(t) > 0 (2.3)

forallx#y, 1<i<m
(Hs) for activation functions f;(-), there exist positive constants L; such that

Lj =sup
x#Y

(2.4)

fix) - fi(y) ‘
X-y

forallx#y, 1<j<m;
(Hy) the kernel functions k;j(s) are nonnegative continuous function on [0, +c0) and
satisfy

f se)‘skij(s)ds < +co,
0
(2.5)

+o0
Kij(A) = fo e**ki;(s)ds

are differentiable functions for A € [0, 7;;), 0 <7;j < +o0, K;;(0) =1 and limlﬁri}Kij()l) = +o0.

Remark 2.1. A typical example of kernel function is given by k;;(s) = (s"/ r!)ri’].”e"ifS fors €
[0, +00), where rij € (0,+0), r € {0,1,...,n}. These kernel functions are called as the gamma
memory filter [24] and satisfy condition (Hy).

For any bounded function s(t) on [0,+o0), s and s denote infic[o+00){|s(t)|} and
SUP;c(0,+00) {Is(t)|}, respectively.

For any x(t) = (x;(t), x2(t), ... ,xk ()T € RF, >0, define ||x(1)|)1 = Zle |ac; (¢)|, and for

any ¢(s) = (1(s), 92(s), ..., pk(s))" € RK, s € (~o0,0], define [|g]| = SUP s (00,01 S lpi(s)l.
Denote

C<(—oo,0],Rk> = {([I : (=o0,0] — R* | ¢s(s) is bounded and continuous for s € (~oo, 0] },
(2.6)

Then C((-0,0], R¥) is a Banach space with respect to || - ||.
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The initial conditions of system (2.1) and (2.2) are given by

xi(s) =¢i(s), -w0<s<0,1<i<mn,
2.7)
yi(s) =gi(s), -o0<s<0,1<i<n.

Definition 2.2. System (2.1) and system (2.2) are said to achieve global exponential complete
synchronization, if for any solution x (¢, ¢1) of system (2.1) and any solution y(t, ¢s2) of system
(2.2), there exist positive constants A and M such that

ly(tg2) - x(t ) [l < Mllgz - g [le™,  £20, (28)

where ¢ (5) = (61(5),62(5), - -, 61(5))", ¢1(8) = (91(5),92(5), - .., pu(s))" € C((~o0,0], R™).

Definition 2.3. A real matrix A = (a;j),, is said to be a nonsingular M-matrix if a;; <0 (i, =
1,2,...,n, i#j), and all successive principle minors of A are positive.

Lemma 2.4 (see [25]). A matrix with nonpositive offdiagonal elements A = (aj;) ., is a nonsingular
M-matrix if and only if there exists a vector p = (pi)1x, > 0 such that pA > 0 or ApT > 0 holds.

Lemma 2.5 (see [26]). Let a < b < +oo. Suppose that v(t) = (01(), v2(b), ..., va ()T satisfies the
following differential equality:

D*v(t) < Pu(t) + (Qeo(t))e, + J‘:O(R ® K(s))v(t—s)ds, te]a,b), 29)

v(a+s) € C((-»,0],R"), s€(-x,0],

where

P=(Pij) s Pij 20 for i#],
Q=(4ij) 0y 420, R= (1) s 1ii 20, (2.10)

o(t) = (vj(t-75;(1)),,., en=(L1...,)T €R, K(s) = (|kij(s)]) s
and ® means Hadamard product. If initial conditions satisfy

o(t) <xge Y, x>0, te (-0, a], (2.11)

where & = (&1,&,...,&:)" > 0 and the positive number \ is determined by the following inequality:

[AE+P+Q&e() + (RoKL(\)]E<0 (2.12)
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in which
e(d) = <g’\7’ij> ;KW = (KiiW) e Kif(N) = I " |kij(s)|ds, (2.13)
nxn 0
and E is an identity matrix. Then v(t) < xge™**% for t € [a, b).

3. Main Results

Theorem 3.1. Under assumptions (Hy)—(Hy), system (2.1) and system (2.2) will achieve global
exponential synchronization, if the following conditions hold:
(Hs) My = Ay — Cq is a nonsingular M-matrix, where

. Y. Y, y
Ay = diag( b, + =4, b, + =2,...,b, + =2 ),
a

ar ay

(3.1)
1 _
— T;]T + w1]>L7 + qij/

Cr = (Cij) o Cij = <ﬁif +Tij1

where q;j = yl]/az, j#iand q; =0, y;j(t) = a;j(t) + ;i (t), i, j = 1,2,.

Proof. Let x(t), y(t) be two solutions of system (2.1) with initial value ¢ = (¢1,¢2,...,¢n)
and system (2.2) with ¢» = (61,62,...,62) € C((—o0,0], R"), respectively.

Denote e;(t) = yi(t) — x;(t).

Note that conditions (Hs), M; is a nonsingular M-matrix implies that _/fl{ is
a nonsmgular M-matrix. From Lemma 2.4, we know that there exists a vector p =
(p1,p2, - ,pn) such that_/il p >0, that is

T v _ L Yii
Pi< ") ZP] <”;z —T +wfi> i— > P a] (3.2)
ji j=1

=Lj#i =

forl1<i<mn.
Denote

9 Il‘l . P vy eeTji rrry e 65
FI(G) = pi —; + b + = al - Zp] u]-l-Li + Uﬁm[’i + wﬁL,- J‘O kﬁ(s)e ds

j=1 ji
(3.3)

for 1 < i < n, which indicates F;(0) > 0. Since F;(0) are continuous and differential on
[0,7ji) on [0, 7};) in which 7;; are some positive constants, and limg_,rj—i Fi(0) = —oo according
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to condition (Hy), furthermore, F;(6) < 0 for 6 € [0,r);). There exist constants 8; such that
Fi(6;) =0fori=1,2,...,n.So we can choose

0<A< %isnn{ei} (3.4)
such that
Fi(A) > 0. (3.5)
Let
vi(t)

Vi(t) = eM sign(e;(t)) s fori=1,2,...,n, (3.6)

—d
xi(t) ai(s)

where e;(t) = y;(t) — x;(t).
Calculating the upper right derivative of V;(t) along solutions of (2.1) and (2.2), we
get

DVi(t) < " { L les(t)] - signe: (1)) (b (1, 34 (1) ~ butt .00

+| D (O (fi (1) -fj(xj(t)))|
=1

+ Zlvii(t)(fi(yj(t_Tii(t))) _fj(xi(t_Tii(t))))'
<

(3.7)

+ Zwij (t) <I kij(s)f]' (y] (t - s))ds - f - ki]'(S)f]' (x]' (t - s))ds)
j=1 0 0

Y. noy
- Zea®l+ 3 _;’|e;(t>|}

A Yii n _ n _
< e/\t{ <a_ -b, - _E_> |6’i(i’)| + Zuiij|€j(t)| + Zvi]-L]-|e]-(t - Tij(t))l
i =1 =1

=i

no +0o0 n ?i'
+ Zwl/L/f kij(S)|€]'(t—S)|dS+ Z ?]|6](t)|},
j=1 0 i i

where y; () = aj;(t) + Bij ().
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Now we define a Lyapunov function V (t) by

t

)LT-]-
Vi) = Zpl{V(t)+ZU” - TJ‘ lej(s)|e**ds

= T:/(t)

n +o0 t
+ Zwi]‘L]‘J‘ k,-;(s)J‘ |e,~(/4)|e*(5+")d//tds}.
j=1 0 t-s

We can obtain that

V() < e“ZPz{ <

2] =

I _—”>|€l(t)|

j=1

x Lilej()| + D] |€;(t)|}

jerjzi i

= — "> Fi(V)lei(t)| <0,
i-1

which together with (3.6) and (3.8) leads to

moe“En]Iei(t)l <V(t) <V(0) < Mo
i=1

where

my = min{%}, My = max{M;, M, M3},

1<i<n
i
M7 = max Pi ,
1<isn \ 4;

~ (e)n' 1) n Li
M2‘§22’2<TZP7 o

j=1

+o0
1
M; = Zp]max(wﬂL ) 4[0 se 5{22;5 kiji(s)ds.

1<i<n

n )LT,
+ Z<ul] +vl]1 : — + w,]f kz](s)e)‘sds>

(3.8)

(3.9)

(3.10)

(3.11)
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Hence, we obtain that the following inequality holds:

c My -\t
Dlet) < —|lgn) =g (D™, >0, (3.12)
i=1 mo
that is,
M
ly® = xOl; < 2 llea®) -, t2o0. (3.13)
This completes the proof. O

Theorem 3.2. Under assumptions (H1)—(Hy), system (2.2) and system (2.1) will achieve global
exponential synchronization, if the following conditions hold:
(He) My = Ay — Cy is a nonsingular M-matrix, where

. le 122 Inn
Az:dlag £1<Ql+—_>’22<22+—_>""’2n Qn+_— ,
@ a2 an (3.14)

Co = (Cif) ey Cij = G (Wi + 4 + W05) Lj + 5],

in which qij = ?ij/gi’ j#i,qii =0and Yij(t) = aij(t) +ﬂij(t)/ l,] =1,2,...,n

Proof. Let x(t), y(t) be two solutions of system (2.1) with initial value ¢1 = (¢1,¢2,...,¢n)
and system (2.2) with ¢» = (61,62, ...,6n) € C((-00,0], R"), respectively.

Denote e;(t) = yi(t) — x;(t).

Let

yi(t)
Vi(t) = sign(e;(t)) Lds fori=1,2,...,n (3.15)
x(t) 4i(s)

and note that

Eli|ei<t)| < Vilt) < i) (3.16)

=i
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Calculating the upper right derivative of V;(t) along solutions of (2.1) and (2.2), we can get

D+‘/i(t) < - Qi|€,’(i’)| + Zﬂl]L]le](tH + ZE,]LAe](t - Tij(t)) |
j=1 j=1

n +00 i n Yl
Sty [ kiele-las -2 e)s 3 e
=1

j=Lj# 4
(3.17)
< —biagVi(t) + DL Vi(t) + 39 Lia; Vi (¢ - 7y (1)
j=1 j=1
Yll - ? E
+ Zwl]L a]f kij(s)V;(t - s)ds — V(t) + > v (t),
e i
that is,
- +o0
D'V(t) < AV(t) + (c ® V(t))En + f (D& K(s))V(t - s)ds, (3.18)
0
where

V() = (Vi(t), Va(t),..., Va(®))', V() = (Vi(t-T5(t)), .,

xll Y xnn
A =diag| -a,( b, + = ),-a,( b, + = b, +== + H,
1 =2 a2 ap

Ay - (3.19)
hij=[1jui]'L]'+qi]', qij= al], ]#1, Qii=0/ 1[]:1,2,'”,1/1,

=i

H = (hyj)

nxn’
C= () Gj=a0ily, D= (dyj)

E,=(11,..., )" eR,  K(s)=(kj(s)),,,-

dij = ajwiL;,

nxn’

We know from (Hg) that M, is nonsingular M-matrix, which implies —(A + D + C) is also
a nonsingular M-matrix. From Lemma 2.4, there exists a vector ¢ = (&1, ¢, ... ,§n)T > 0 such
that —=(A + D + C)¢ > 0, consequently,

Y IY1
—6ia; <I—7i = > ZQ“} (ij +ij + Wi Lj + Z §j—=>0. (3.20)

G
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Consider the function

V4 [ — pr  —
Fi(e) = §i <6 -4, <Ql + ?>> + Zg]'a]‘ (u,']' + Ul']'ee i+ wl‘sz’j(e)>Lj

1 j:1

o (3.21)
L, Y
DI
i %

in which K;;(0) = [, e%7ik;;(s)ds.
We obtain from condition (Hy) that K;;(0) = 1, which, together with (3.20), leads to
Fi(0) < 0, and similar to proof of Theorem 3.1 above, there exist

O<A< {ISIiiSI;{Qi} (3.22)
such that
F;i(1) <0, (3.23)
that is,
[)LE +A+C® (Wff)nxn +D® ,/cu)]g <0, (3.24)

where K(A) = (Kjj(1)),x, in which Kj;(1) shown in (3.21).
Note that V;(s) <1/a,ll¢2 — ¢s1|| and denote « = [[¢52 — ¢s1|| /mini<i<n{a,éi}, we have

V(t) <xge™, te(-o0,0]. (3.25)

We have from Lemma 2.5, (3.18), (3.24), and (3.25) that

V() <xge™, t>0. (3.26)
It follows from (3.16) that
lei(t)] < @Vi(t) < @iki||gz — g ||e (3.27)
in which ¥ = 1/min;<,{a,é}.
Hence
ly® - x®)[|, < Mllga—ga]le™, t>0, (3.28)

where M = (X1, aiéi) /mini<ic, {a,é;}. This completes the proof. O
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Corollary 3.3. Under assumptions (H1)—(Hy), response system (2.2) will be globally exponentially
synchronized with master system (2.1) with a;; =0, i,j =1,2,...,n, if My in Theorem 3.1 and M,
in Theorem 3.2 are nonsingular M-matrices with y;;(t) = f;;(t).

Remark 3.4. If a;(-) = 1, bi(t, x;i(t)) = bi(t)x;(t) and b;(t, yi(t)) = bi(t)yi(t), system (2.1) and
(2.2) reduce to coupled Hopfield neural networks. Both Theorems 3.1 and 3.2 reduce to the
simpler cases in which a; = g, = 1.

Remark 3.5. 1f a;j(t) = pij(t) = 0, My in Theorem 3.1 and M, in Theorem 3.2 still be
nonsingular M-matrix, both theorems imply the global asymptotical stability of solutions
of system (2.1), consequently, system (2.2) and (2.1) achieve complete synchronization for
sure. In addjition, if system (2.1) and (2.2) reduce to autonomous systems, the results in both
theorems above still hold.

4. Two Simple Examples
Example 4.1. Consider the following coupled CGNNSs:

x(t) = —a(x(t)) [Ax(t) -B J:OO K(s)tanh(x(t — s))ds — I(t)] @)

+ K (8) (y(t) = x(t)),

y(t) = —a(y(t)) [Ay(t) -B fo K(s)tanh(y(t - s))ds — I(t)] w2)

+ Ka(t) (x(t) - y(t)),
where we write system (4.1) and (4.2) in the vector-matrix form and
x(t) = (x1(t), x2(1)", y(t) = (yl(f),yz(t))T, I(t) = (2,2)7,
tanh(x(t)) = (tanh(x1 (t)), tanh (x> ()7,

tanh(y(t)) = (tanh(y; (), tanh (y2(t)))",
a(x(t)) = diag(2 + sin(x1(t)), 2 + sin(xz(t))),
a(y(t)) = diag(2 +sin(y1 (1)), 2 + sin(y (1)),

Ao (é g) B (g —2(:_(68(1?))’ K(s) = (eg, e(;t>,
ki = (" )

Ky(t) = (ﬂ 15” ﬂz(z t)).

(4.3)

Let K;(t) = 0. Figure 1 shows the dynamical behaviors of (4.1) with K;(t) = 0.
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— X2

Figure 1: Time response of state x1, x, of system (4.1) with initial value (0.1,0.1) and K; = 0.

Let Ki(t) = diag(1,1) and Ky(t) = diag(5,0), it is easy to know M; = (3 7
is still a M-matrix. From Theorem 3.1, we know coupled system (4.1) and system (4.2)
achieve complete synchronization, and Figure 2 shows the dynamical behaviors of complete
synchronization with initial conditions (y1(s), y2(s)) = (2,2) and (x1(s), x2(s)) = (0.1,0.1).

Example 4.2. Consider the following Cohen-Grossberg neural network with discrete delay:

x1(t) = =3[x1(t) — 3.5sin(x,(t — 0.4))],
44
X (t) = =2[2x,(t) — 3sin(xy(t—0.4))]. 4

System (4.4) is chaotic system. Figure 3 shows the chaotic behaviors of system (4.4) with
initial condition (0.2,0.2).

For driving system (4.4), we construct the response system as follows:

]]1 (t) =-3 []/1 (t) -35 sin(yz(t — 04))] + a1 (x1 (f) - (i’)),

(4.5)
y2(t) = =2[2y2(t) = 3sin(y1 (t — 0.4))] + an(x2(t) — y2(t)),

where a1 > 0, ax > 0.
Let 11 =9, ap = 0. It is easy to know

M = (_33 ‘i'5> (4.6)

is a M-matrix. From Corollary 3.3, we know the response system (4.5) achieves complete
synchronization with system (4.4), and Figure 4 shows the dynamical behaviors of complete
synchronization with initial conditions (y1(s), y2(s)) = (2,2) and (x1(s), x2(s)) = (0.2,0.2).
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Figure 3: (a) Phase plot of system (4.4) with initial condition (0.2,0.2). (b) Power spectrums of time series
of x1 and x; for system (4.4).
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Figure 4: Complete synchronization of the response system (4.5) and the driving system (4.4).

5. Conclusions

Based on using suitable Lyapunov function and the properties of M-matrix, sufficient
conditions for complete synchronization of bidirectional coupled CGNNs are directly
obtained without writing the explicit error system. Two examples show the effectiveness of
the proposed method. Note that M; and M, must be M-matrix if we let a;; () + Bii(t), that is,
Yii(t) be big enough to a certain extent such that M; and M, are strongly diagonally dominant
matrix, this shows that our criteria are easy to verify and are useful for synchronization of
CGNNE.
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