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The existence of periodic solutions for nonautonomous second-order differential inclusion systems
with p(t)-Laplacian is considered. We get some existence results of periodic solutions for system,
(d/dt)(lut) PO %u(t)) € oF(tu(t)) ae. t € [0,T], u(0) — w(T) = u(0) - (T) = 0, by using
nonsmooth critical point theory. Our results generalize and improve some theorems in the
literature.

1. Introduction

Consider the second-order system with p(t)-Laplacian

%(M(t)lp(t)_zu(t)) € OF (t,u(t)) ae. te[0,T], an

u(0) - u(T) = 1(0) - u(T) =0,

where T > 0, 0 denotes the Clarke subdifferential, and p(t) € C([0,T],R*) satisfies the
following assumption:

(A) p(0) = p(T) and p~ := minygcrp(t) > 1, where g* > 1 which satisfies
1/p~+1/q" =1
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Moreover, we suppose that F : [0,T] x RN — R satisfies the following assumption:
(A’) F(t,x) is measurable in t for every x € RY and locally Lipschitz in x for a.e.
t € [0,T], F(t,0) € L'(0, T) and there exist positive constants C, Cp, and a € [0, o0) such that

¢ €OF(x) = |¢] < Clx|* + Co, (1.2)

fora.e. t € [0,T] and all x € RV,
If FeCland p(t) =p > 1, system (1.1) reduces to the ordinary p-Laplacian system:

%(m(t)v’*u(t)) = VE(t,u(t)) ae.tel0,T],

(1.3)
u(0) —u(T) = u(0) —u(T) =0.
Especially, when p = 2, then system (1.3) reduces to
il(t) = VF(t,u(t)) ae tel0,T],
(1.4)
u(0) —u(T) = u(0) —u(T) = 0.
The corresponding functional ¢ on H} given by
1 (T T
o (u) = Ef |u(t)|2dt+f F(t,u(t))dt (1.5)
0 0

is continuously differentiable and weakly lower semicontinuous on Hy (see [1]), where

H% = {u :[0,T] — RY, u is absolutely continuous, u(0) = u(T),u € L2<[O, T];]RN>}
(1.6)

is a Hilbert space with a norm defined by

T T 1/2
ol = <f0 e+ | |u<t>|2dt> , (17)

foru e H}.

Since Mawhin and Willem studied the periodic solutions of Hamilton system and
obtained a series of results (see [2]). Considerable attention has been paid to the existence
of periodic and subharmonic solutions for system (1.3) and (1.4) by the use of critical point
theory in variational methods. Many solvability conditions are given, such as Ambrosetti-
Rabinowitz conditions, coercivity condition, the convexity condition, the boundedness
condition, the subadditive condition, the sublinear condition, and the periodicity condition,
see [3-7] and the references therein.
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The classical critical point theory was developed in the sixties and seventies for
C! functionals. The needs of specific applications (such as nonsmooth mechanics and
nonsmooth gradient systems) and the impressive progress in nonsmooth analysis and
multivalued analysis led to extensions of the critical point theory to nondifferentiable
functions, in particular locally Lipschitz functions. The nonsmooth critical point theory for
locally Lipschitz functions started with the work of Chang (see [8]). He was able to construct
a substitute for the pseudogradient vector field of the smooth theory and use it to obtain
nonsmooth versions of the Mountain Pass Theorem of Ambrosetti and Rabinowitz (see [9])
and of the Saddle Point Theorem of Rabinowitz (see [10]). Chang used his theory to study
semilinear elliptic boundary value problems with a discontinuous nonlinearity. Later, in 2000,
Kourogenis and Papageorgiou (see [11]) obtained some nonsmooth critical point theories
and applied these to nonlinear elliptic equations at resonance, involving the p-Laplacian
with discontinuous nonlinearities. Subsequently, many authors also studied the nonsmooth
critical point theory (see [2, 11-17]), then the nonsmooth critical point theory is also widely
used to deal with the nonlinear boundary value problems (see [11, 14, 15, 17-26]). A good
survey for nonsmooth critical point theory and nonlinear boundary value problems is the
book of Gasinski and Papageorgiou [22].

The operator (d/dt)(|u(t)[PD-2i(t)) is said to be p(t)-Laplacian and becomes p-
Laplacian when p(t) = p (a constant). The p(t)-Laplacian possesses more complicated
nonlinearity than p-Laplacian, for example, it is inhomogeneous. The study of various
mathematical problems with variable exponent growth conditions has received considerable
attention in recent years. These problems are interesting in applications and raise many
mathematical problems. One of the most studied models leading to problem of this
type is the model of motion of electrorheological fluids, which are characterized by their
ability to drastically change the mechanical properties under the influence of an exterior
electromagnetic field. Another field of application of equations with variable exponent
growth conditions is image processing (see [12, 27]). The variable nonlinearity is used to
outline the borders of the true image and to eliminate possible noise. We refer the reader to
[12, 28-33] for an overview on this subject.

In 2003, X. L. Fan and X. Fan (see [34]) studied the ordinary p(f)-Laplacian system
and introduced a generalized Orlicz-Sobolev space W;’p ® which is different from the

usual space Wl'p, then Wang and Yuan (see [35]) obtained the existence and mulplicity of
periodic solutions for ordinary p(t)-Laplacian system (1.1) with a smooth potential F under
the generalized Ambrosetti-Rabinowitz conditions. In recent years, there are some papers
discussing existence and multiplicity of periodic solutions and subharmonic solutions for
problem (1.3) and (1.4) when the potential F is just locally Lipschitz in the second variable
x not continuously differentiable. Some results were obtained based on various hypotheses
on the potential F. Here we only mention [7, 20, 21, 25, 26], and it should be noted that the
abstract result of Clarke (see [1, Theorem 2.7.5]) plays an important role in the establishment
of corresponding variational structure. However, to the best of our knowledge, few papers
investigated the existence of solutions for problem (1.1), because the main difficulty is the
abstract result of Clarke cannot be applied to system (1.1) directly. So we have to find a new
approach to solve this problem, and our main idea of the new approach comes from the
inspiration of the Theorem 2.7.3 and Theorem 2.7.5 in [1].

The main purpose of this paper is to establish the corresponding variational structure
for system (1.1), and we get some existence results of periodic solutions for system (1.1)
by using nonsmooth critical point theory. Our results are extensions of the results presented
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in [4, 26], and our results are new even in the case F € C! for system (1.1). The paper is
divided into four sections. Basic definitions and preliminary results are collected in Section 2.
We give the main results and proofs in Section 3. In Section 4, three examples are presented
to illustrate our results.

In this paper, we denote by p* := maxo<<r p(t) > 1 throughout this paper, and we use
(-,-y and | - | to denote the usual inner product and norm in RY, respectively.

2. Basic Definitions and Preliminary Results

In this section, we recall some known results in nonsmooth critical point theory, and the
properties of space W;’p(t) are listed for the convenience of readers.

Definition 2.1 (see [35]). Let p(t) satisfy the condition (A), define
T
Lp(t)<[0,T],RN> = {u € L1<[0,T],RN);I lulP®dt < oo}, 2.1)
0
with the norm
T
. u |p(h)
ful ) o= mf{A > 0; L |X| dt < 1}. (2.2)

For u € Lj ([0,T],RN), let /' denote the weak derivative of u, if ' € Lj _([0,T],RN)
and satisfies

T T
f W' pdt = —f up'dt, v¢eCy([0,T],RY). (2.3)
0 0
Define
Wir® ([o, T],RN> = {u e LP® ([o, T],RN> s u e LP® ([o, T],RN> } (2.4)
with the norm [[u|l w100 = [ty + [W]pe)-

Remark 2.2. 1f p(t) = p, where p € [1, %) is a constant, by the definition of |ul,), it is easy to
get |ul, = (j()T lu(t)|Pdt)"’?, which is the same with the usual norm in space LP.

The space P is a generalized Lebesgue space, and the space W'#® is a generalized
Sobolev space. Because most of the following Lemmas have appeared in [1, 7, 24, 34], we
omitted their proofs.

Lemma 2.3 (see [34]). LP® and W'P® are both Banach spaces with the norms defined above, when
p~ > 1, they are reflexive.
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Lemma 2.4 (see [34]). The space LP") is a separable, uniform convex Banach space, its conjugate

space is L1Y, for any u € LP® and v € L), we have

T
f uo dt
0

< 20ul, g |0l g),

where 1/p(t) +1/q(t) = 1.

Lemma 2.5 (see [35]). If we denote p(u) = fOT [ulP®dt, for all u € LP®), then
() lulppy <1 (=1>De p(u) <1 (=1,>1)

s P P p* P
(ii |u|p(t) >1= |u|p(t) <p(u) < |u|p(t)’ |u|P(t) <l= |u|p(t) <p(u) < |”|p

[ulpry — 0 p(u) — 0 |ulpypy — 00 pu) —

®
(i

)
)
)
(iv) For u € L’ and u#0, |ul,¢ = A & p(u/1) = 1.
Definition 2.6 (see [2]).

Cy=Cy (R, RN> = {u eC® <R,RN>; u is T-periodic},

with the norm ||u|o := maxse[o,)|u(t)].

(2.5)

(2.6)

For a constant p € [1, c0), using another conception of weak derivative which is called

T-weak derivative, Mawhin and Willem gave the definition of the space W;’p by the following

way.

Definition 2.7 (see [2]). Letu € L'([0,T],RN) and v € L' ([0, T], RYN), if

T T
j v dt = —f u'dt, Vo eC2,

0 0

then v is called a T-weak derivative of # and is denoted by .
Definition 2.8 (see [2]). Define

W;'p<[o,T],RN> = {u € LP<[0,T],RN>; e LP([O,T],RN) }
with the norm ||u||W;,p = (|u|£ + |u|5)”".

Definition 2.9 (see [34]). Define

WP (0118 - u e 9 (L) e L ()

and let H;’p(t)([O, T],RN) be the closure of C¥ in W) ([0, T],RN).

(2.7)

(2.8)

(2.9)
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Remark 2.10. From Definition 2.8, if u € W;’p (t)([O, T],RYN), it is easy to conclude that u €
WP ([0,T],RN).

Lemma 2.11 (see [34]).
(i) C2([0, T],RN) is dense in WP ([0, T], RY),
(i) Wy ([0, T, RN) = H ([0, T],RN) = {u € WP ([0, T], RN); u(0) = u(T)},

(iii) Ifu e H LY then the derivative u' is also the T-weak derivative 11, that is, ' = 1.

Remark 2.12. In the following paper, we use |[u|| instead of ||u]| 1,0 for convenience without
T
clear indications.

Lemma 2.13 (see [24]). Assume that u € W, then
(i) ) iwdt =0,
(ii) u has its continuous representation, which is still denoted by u(t) = féu(s)ds + u(0),
u(0) = u(T),
(iii) w is the classical derivative of u, if i € C([0,T],RY).

Since every closed linear subspace of a reflexive Banach space is also reflexive, we have

Lemma 2.14 (see [34]). H;’p(t)([O, T],RN) is a reflexive Banach space if p~ > 1.

Obviously, there are continuous embeddings Lr® — [, Wir®) «— Wir  and

H;’p ® e H;’p . By the classical Sobolev embedding theorem we obtain.

Lemma 2.15 (see [34]). There is a continuous embedding

wir® <or H%"““) < c([o, T],]RN), (2.10)

when p~ > 1, the embedding is compact.

In order to establish the variational structure for system (1.1), it is necessary to
construct some appropriate function spaces. The Cartesian product space W is defined by

W =Lr® ([o, T],RN> x LP® ([o, T],]RN> (2.11)
and is also a reflexive and separable Banach space with respect to the norm
lollw = o1l + [V2lpe (2.12)

where v = (v1,v;) € W.

Lemma 2.16. Define the operator A: W;’p @ ([0,T],RN) — W as follows:

Au= (u,i), Yuew", (2.13)
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then Wy = {(u, 1) : Vu € W;’p ® } is also a reflexive and separable Banach space with respect to the
norm defined in (2.12).

Proof. Let (up,1,) be a Cauchy sequence in W), then there exists (u,v) in W such that
(U, 11,) converge to (u,v) in W. We have

T T
f Unlp dt = —f upp'dt, Ve CP, (2.14)
0 0

by Definition 2.7, then by Lemma 2.4, we conclude

T T
f vpdt = —J‘ up'dt, VyeCF, (2.15)
0 0

asn — oo in (2.14). In view of (2.15), v is the T-weak derivative of u, that is, (1, v) is also
in Wy, so Wy is a complete subspace of W, which implies W, is also a reflexive and
separable Banach space. O

Remark 2.17. We use ||(u, 1) |lw,,, to denote the norm in W),;) defined by (2.12).

()

Definition 2.18. Let L*([0,T], RN x RYN) denote the space of essentially bounded measurable
functions from [0, T] into RN x RN under the norm

1(, )|l := ess sup{[u(t)| + [o(t)] - t € [0,T]}, (2.16)

it is obvious that L* ([0, T], RN x RN) is a Banach space under the norm defined above.

Remark 2.19. We use W,, and ||(u,v)|lw, to denote L*([0,T],RN x RN) and ||(&,v)||L=,
respectively.

Lemma 2.20. W),;) N W, is a closed subspace of W,.

Proof. Let (uy,11,) be a Cauchy sequence in Wy N W, with respect to the norm defined
in (2.16). Then there exists (u,v) in W, such that (u,,t,) converge to (u,v) in W,,. By
Definition 2.7, we have

T T
f iy dt = _f ungldt, Vo eC2, (2.17)
0 0

we conclude that

T T
j vpdt = —j ug'dt, VeyeCP, (2.18)
0 0

by Lemma 24 as n — oo in (2.17). In view of (2.18), v is the T-weak derivative of u, that
is, (u,v) is also in Wy N W, so W) N W, is a complete subspace of W, which implies
Wy N W, is a closed subspace of W O
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Lemma 2.21. Suppose f is a bounded linear functional on W), if restricted to the space Wy "W,

denoted by f', that is,

fu, i) = f(u,1), Y(u,ir) € Wy N W,

then f' is a bounded linear functional on Wy N W,

(2.19)

Proof. It is obvious that f’ is a linear functional on Wy N W, so we only to show the f' is

continuous on W) N W,.
Let [uly¢) = A and iy = p, that is,

T pt) T p(t)
J’ 0L f wO g2,
ol A ol K
where (u, 1) € Wy N Wy, and (u, ) # (0,0), then
T p(t) T . p(t)
j LU P SY f LU P
o | Call(w, )l o | Call(w, )l

by Definition 2.1 and (2.16), where C; := [1],(). Then we conclude
ulpoy < Cill(w, )llw,,, Tty < Cill(w, )l

by (2.21) and Definition 2.1.
Furthermore, the norm of f in W, is

I fll = sup ] su fwm|

Wy\0 It u)”Wp(t) Wp\0 <|u|p(t) + |ulp(t)>

therefore, combining (2.22) and (2.23), we get the bound

171 <2¢1f

7

and this completes the proof.

Lemma 2.22. The space W;’pa) = W%’p ©oRN , where

T
WP = { uew,"; fo u(t)dt = o},

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



Abstract and Applied Analysis 9

there exists C, > 0, if u € W;’p(t), such that
T 1/p”
flull,, <2C, <I |u(t)|p(t)dt> +2C,TV?P, (2.26)
0

Proof. Let E = {t € [0,T] | |u(¢)| > 1}, from Remark 2.10, u € W;’p , from the inequality in
classical Sobolev space, there exists a positive constant C, > 0, such that

T 1/p~
lull, < C2 <f i (t) [P dt)
0
1/p~
G <I Iil(t)l’”fdt+J‘ |u(t)|Pdt>
E [0,TI\E
E

p.
< C2<j [u(t) PP dt + meas[0,T] \ E )1 ’ (2.27)
<

T 1/p”
C, < f [u(t) PP dt + T>
0

T 1/p”
<2C, <f |u(t)|”(”dt> +2C,TVP,
0

and this completes the proof. O
Lemma 2.23 (see [34]). Each of the following two norms is equivalent to the norm in W;’p @,

(@) lelpy + ulg, 1 < g < oo,

(ii) |y + [u], whereu = (1/T) foT u(t)dt.
Proposition 2.24. In space W, |lull — oo = [J [P dt + [a] — oo.

Proof. From Lemma 2.23, there exists a positive constant Cs, such that
lull < Ca(Jil ) + 1), (2.28)

if |il,) < 1, it is easy to get

T
litl ) < I [P Odt +1. (2.29)
0
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When [iz,+) > 1, we conclude that

T 1/p~
litl ) < <f0 |u|"<”dt> , (2.30)

by Lemma 2.5, it follows (2.29) and (2.30) that

T 1/p
lull < Cs <<J |u|P<f>dt> +1+ |ﬁ|>, (2.31)
0

which implies that
T
[ull — 0 = f PO dt + [7] — oo. (2.32)
0

The proof is completed. O

Lemma 2.25 (see [34]). Ifu,u, € LP® (n =1,2,...), then the following statements are equivalent
to each other

(i) limy, -, o0 |un — u|p(t) =0,
(11) limn—>oo P (un - u) = 0/
(iii) u, — win measure in [0,T] and limy,_, o, p (un) = p(ut).

Definition 2.26 (see [1]). Let f be Lipschitz near a given point x in a Banach space X, and let
v be any other vector in X. The generalized directional derivative of f at x in the direction v,
denoted by f°(x;v), is defined as follows:

f(y+)»v)-f(y),

fo (x;v) = lim sup n (2.33)
y—x, A0
where y is also a vector in X and \ is a positive scalar, and we denote by
of (x) = {x* e X" :fo(x;v) > (x*,v),Vov in X}, (2.34)

the generalized gradient of f at x (the Clarke subdifferential).

Lemma 2.27 (see [1]). Let x and y be points in a Banach space X, and suppose that f is Lipschitz
on open set containing the line segment [x, y]. Then there exists a point u in (x,y) such that

f(y) - flx) € (df (w),y —x). (2.35)
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Definition 2.28 (see [8]). A point u € X is said to be a critical point of a locally Lipschitz f if
0 € 0f (u), namely, f°(u;v) > 0 for all every v € X. A real number c is called a critical value
of f if there is a critical point u € X such that f(u) = c.

Definition 2.29 (see [8]). If f is a locally Lipschitz function, we say that f satisfies the Palais-
Smale condition if each sequence (x,) in X such that (f(x,)) is bounded and lim,, _, o, A(x) =
0 has a convergent subsequence. We define 1(x) = miny-esf(x) [|x* ||, where the minimum exists
from the fact that 0 f (x) is a w*-weakly compact convex subset.

Lemma 2.30 (see [8]). Let X be a real Banach space, and let f be a locally Lipschitz function defined
on X satisfying the (PS) condition. Suppose X = Xy & X, with a finite dimensional subspace X1, and
there exist constants by < b, and a bounded neighborhood N of 0 in X; such that

f|X2 > by, f|6N < by. (236)

Then f has a critical point.

Lemma 2.31. The functional given by

o(u) = JJ Lm(t)vﬂmdt + J‘T F(t,u(t))dt (2.37)
o p(t) 0o

is weakly lower semicontinuous on W;’p .
Proof. We divide ¢ into two parts, ¢(u) := J(u) + H(u), where
T

J(u) := IT LIu(t)l”(”alt H(u) = f F(t,u(t))dt (2.38)
‘ 0 P(t) ’ ’ 0 ! !

it is obvious that J is convex and continuous by Lemma 2.25, then J is weakly lower
semicontinuous by Theorem 1.2 in [2], and H is weakly continuous, that is, ¢ is the sum

of two weakly lower semicontinuous functionals, which implies that ¢ is weakly lower
semicontinuous. O

Lemma 2.32 (see [35]). The functional | defined in Lemma 2.31 is continuously differentiable on
W;’p(t) and J' is given by

(J'(w), ) = j T(|a<t>|”<”‘2u(t>,z><t>)dt, (2:39)
0

and J' is a mapping of (S.), that is, if u, — u weakly in W;’p(t) and

lim sup (J'(un) = J'(u), up —u)) <0, (2.40)

n— oo

1p(t
then u, has a convergent subsequence on W PO,
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Clarke considered the following abstract framework in [1]:
(i) let (T, C, u) be a o-finite positive measure space, and let Y be a separable Banach
space,

(ii) let Z be a closed subspace of L*(T, Y), where L*(T, Y') denotes the space of measure
essentially bounded functions mapping T to Y, equipped with the usual supremum
norm,

(iii) define a functional f on Z via
£ = [ fixopan, (241)

where f; : Y — R (t € T) is a given family of functions,

(iv) suppose that the mapping t — f;(v) is measurable for each v in Y, and that x is a
point at which f(x) is defined (finitely),

(v) suppose that there exist € > 0 and a function k(t) in L'(T, R) such that
| fi(01) = fi(v2) | < k(®)l|o1 - v2ly, (242)

forallt € T and all v; and v, in x(t) + €By.

Under this conditions described above, f is Lipschitz in a neighborhood of x and one
has

df (x) C L Bf, (x(t)) u(dt). (2.43)

Further, if each f; is regular at x(t) for each ¢, then f is regular at x and equality holds.
We give an example to illustrate Clarke’s abstract framework with the following cast
of characters:

(i) (T, T, p) = [0,T] with Lebesgue measure, and let Y := RN, which is a separable
Banach space,

(ii) let Z := C([0,T],RN), which is a closed subspace of L*([0,T],RY),

(iii) define a functional f on Z via

T
flx) = f F(t, x(t))dt, (2.44)

0

(iv) F(t, x) satisfies the condition (A").

Under the hypothesis above, we only need to justify the condition (2.42), in fact, by
Lebourg’s mean value theorem,

|E(t,x1) = F(t, x2)| = [(&, X1 = x2)|, (2.45)
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where \; € (x1,x3) and {; € OF(t,\;) for a.e. t € [0,T] and all x; and x; in x(f) + eBy, where
x(t) € Z and ¢ is a positive constant.
In view of (A"), we get

|F(t,x1) — F(t,x2)| < [2"‘C(|x1|"’ + |JC2|a) + C()] |21 = 23]

(2.46)
< [22“+1C(|x(t)|“ +e) + CO] %1 - %2,

fora.e.t € [0,T] and all x1, x; in x(t) + £By.
We can apply Clarke’s abstract framework to our example, that is, for any ¢ € 0f (u)
such that

T
(¢,v) = ’[0 (q(t),v(t))dt, (2.47)

for all v € Z, where gq(t) is a measurable selection of OF (£, x(t)).
Now we can prove the following result which is fundamental in our paper.

Lemma 2.33. Suppose L: [0,T] x RN x RN — R is given by

L(t,x,y) = Li(t,x,y) + Lo(t,x,y), (2.48)

where

1
Li(t,x,y) = M|y|p(t), Ly(t,x,y) = F(t,x), (2.49)

and F(t, x) satisfies the condition (A’). The corresponding functionals fi and f, on Wy are given by

T T 1
f1(u, 1) =f Ly (t, u(t), u(t))dt :f — ) PPdt,
0 o pt)
. . (2.50)
fo(u,it) = J‘O Lo (t, u(t), u(t))dt = J‘O F(tu(t))dt.
Then f = f1 + fa is Lipschitz on Wy and one has
of(u,u) C IT{Iu(t)Ip(t)‘Zu(t)} x {OF(t,u(t))}dt. (2.51)
0

Proof. Take an arbitrary element (uo, 119) in W, (), and it suffices to prove f is Lipschitz on
(uo, 119) and (2.51) holds for (ug, i19).
f1 is continuously differentiable on (1, it9), that is,

T
(fiuo, o), (0,0)) = fo (lio PO 20 (), (1) ), (2.52)

for any (v, ?) in Wy, so f1 is Lipschitz on (uo, ).
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When ||(wi, 12:) — (o, 1t0) |lw,,, <€ (i =1,2), we conclude
llui(t) = uo(t) ||, < Cag, (2.53)
by Lemma 2.15, where C, is a positive constant. Arguing as in (2.46),
|F(t, w1 (£)) = F(t,u2(8))| < K'()[a (t) — wa(8)], (2.54)

for a.e. t € [0,T], where k'(t) € L' ([0, T]; R").
By Lemma 2.15 and (2.54), we have

T
| f2(ur, i11) = foluz, 12)| = J; F(t,u1(t)) — F(t, ua(t))dt

< fTwaw#mnu>—uxnnw (2.55)
0

T
SQIHMMWMM—WMMWW
0

so f» is also Lipschitz on (uy, 1p), which implies that f as the sum of two Lipschitz functionals
is also Lipschitz on (uy, i1).
For any ¢ in 0f>(uo, 110), one has

T
f FO(t,ug(t); 0(1)dt 2 f; (o, it0); (v,0)) 2 (¢, (v,)), (2.56)
0

for any (v, 9) in W)(;) by Fatou Lemma and it is obvious that
L3 (t, uo(t), 1o (t); 01, 02) = FO(t, uo(t); 01), (2.57)

fora.e. t € [0,T] and all (v;,v;) in RN x RN, then we conclude
T
f LY(t, ug(t), 1o (£); 0(t), o (1)) dt > f7 (o, 10); (v,0)) > (&, (v,0)), (2.58)
0

by (2.56) for any (v,?) in W) and (2.58) remains true if we restrict (v,9) to Wy N W,
which is a closed subspace of W, by Lemma 2.20.

By Lemma 2.21, we conclude the bounded linear functional ¢ on W, restricted to
WyNW, is also a bounded linear functional, and we use ¢’ to denote the functional restricted
on Wp(t) NWe.

We interpret (2.58) as saying that ¢’ belongs to the subgradient at (0, 0) of the convex
functional

T
Fatw,) = [ utott) ot (259)
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which is defined in W, N W, where ft(vl,vz) = Lg(t, uy(t), 1o (t); v1,v7) for all (vy,v;) in
RN x RN,
In view of condition (A") and (2.57), we have

|L3(t, uo(t), it (£); 01, v2) = LY(E, uo(t), 1o (t); 3, v4)
= | F(t, uo(0;01) = FO(t uo(8); 05) (2.60)
< (C(luo(®)]" + Co) w1 - o3

< (C(Juo ()™ + Co) (lvn — 3| + [v2 — v4]),

fora.e. t € [0,T] and all (v1,v5), (v3,v4) in RN x RN, -
Now we can apply Clarke’s abstract framework to f, with the following cast of
characters:

(i) (T, C, ) := [0, T] with Lebesgue measure, and let Y := RN xRN, whichis a separable
Banach space with the norm |- |+ - |,

(i) let Z := W, "W, which is a closed subspace of W, and W, denotes the space of
measure essentially bounded functions mapping T to Y, equipped with the usual
supremum norm by Definition 2.18,

(iii) define a functional ]?2 on Z by (2.59),

(iv) the mapping t — Lg(t, uo(t), 11o(t); v1, v2) is measurable for each (vy,v,) in RN x RN
by (2.57), see details in [1], and that (0, 0) is a point at which f; is defined (finitely),

(v) the condition (2.42) in Clarke’s abstract framework is satisfied by (2.60).

O
By (2.57), We get
0:(0,0) = BLa(t, uo(t), g (£)) C OF (£, uo(t)) x {0}, (2.61)
thus, every ¢’ € df,(0,0) can be written as
T
(¢ (v,0)) = f (q(t), v(8)) + (0, 0(t))dt
’ (2.62)

T
- [ @o,oma,

for any (v, 9) in Wy N W, where q(t) € OF (t,uo(t)) for a.e. t € [0, T].

When v € C¥ (][0, T],RN), it is obvious that (v,?) € Wy N W, and (v, D) is dense in
W, by Lemma 2.11. So for each (v,9) € W), we can choose (v, 9,,) € Wy) N W, such
that

l(@n, On) = (0, 9)llw,, — 0, (G (Un, 0n)) — (¢, (v, ). (2.63)
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Combining (2.62) and (2.63), we have
T
(& (0,0)) = fo (q(t), o(t))dt, (2.64)

for all (v,9) € Wpy(.
We conclude

T
Of (uo, 110) C O f1(uo, 1t0) + O f2(uo, o) = f { |uo(t)|P<”‘2u0(t)} x {OF (t,up(t))}dt,  (2.65)
0
and this completes the proof.

3. Main Results and Proofs of Theorems

Theorem 3.1. Let F(t, x) satisfy the condition (A’) with a € [0, p~ —1), and we suppose the following
condition holds

T
|x|—q*“f F(t,x)dt — +o0 as |x| — oo, (A1)
0

where q* is the same in condition (A).

Then system (1.1) has at least one solution which minimizes ¢ in W;’p(t).
If we replace the (Al) in Theorem 3.1 by the following condition:

T
|x|_'7+“J‘ F(t,x)dt — -0 as |x| — oo, (A2)
0

we obtain the following theorem.

Theorem 3.2. Let F(t, x) satisfy the condition (A’) with a € [0,p~ — 1) and (A2). Then system (1.1)

has at least one solution in W;’p (t>.

Remark 3.3. Theorems 3.1 and 3.2 generalize Theorems 1 and 2, respectively in [3].

Proof of Theorem 3.1. For u € W;’p(t), letu=(1/T) IOT u(t)dt and % = u — u. From Lemma 2.27,
it follows that there exist z(t) in (u, u(t)) such that

E(t,u(t)) - F(t,u) = (&, u(t)), (3.1)

for a.e. t € [0, T], where ¢{; € OF (t, z(t)).
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It follows from (A’), Young inequality and Lemma 2.22 that

T T
f [E(tu(t)) - F(t, m)]dlt| < f E(t ult)) - F(t,0)\dt
0 0

T T
< f 0|t < f [2C ([l + [i(t)|") + Co] [(6) |
0 0

< 2°CT[i||5;" +2*CT |, [al" + CoT |l (32)

1 T T (a+1)/p~
< —+f ()P dt + c5<f |u<t>|”“>dt>
P Jo 0

T 1/p~
+Cq <f |u(t)|"<f>dt> +Cy[ul” ™ + Cg,
0

forallu e W%’p(t), and some positive constants Cs, Cq, C7, and Cs.
Hence we have

1 T I T 3 T ) 3
p(u) > o ,[0 | ()P dt + .[0 F(t,u)dt + -[0 [F(t,u(t)) — F(t,u)]dt

1 (T T (a+1)/p~ T 1/p~
23 f |11(t)|”(t)dt—C5<f |u<t)|*"”dt> -c6< f |u(t>|v<f>dt>
P 0 0 0

T
— Gyl - Cg + J'O F(t,w)dt (3.3)

1 T T (a+1)/p~ T 1/p~
| |u<t>|f’“>dt—c5<j |u(t)|v<f>dt> _c6< [ |u(t)|p<t>dt>
p 0 0 0

T
+ [l e <|ﬁ|‘q*“ f F(t,m)dt - c7> - Cs,
0

v

forallu e W;’p ® which implies that
p(u) — oo as |[ul| — oo, (3.4)

because of a < p~ — 1 and the Proposition 2.24.
By Lemma 2.31, the functional ¢ is weakly lower semicontinuous on W;’p(t), and it

follows that ¢ has a minimum uy on W;’p(t) by Theorem 1.1 in [2]. Proposition 2.3.2 in [1]

implies that 0 € 0p(uy), that is, uy is a critical point for ¢. So, problem (1.1) has at least one

solution ug € W;’p ®, O
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Proof of Theorem 3.2. We will show that ¢ defined in Lemma 2.31 satisfies the (PS) condition.

Let {u,} be a sequence in W;’p(t) such that ¢(u,) is bounded and A(u,) — Oasn — oo. Using
the definition of A(uy,), it results that for each n > ng there exists u;, € 0¢p(u,) with

e, k) < Ikl Yhe WY (3.5)

In view of Lemma 2.33, if u], € 0p(u,), it results that there exist g,(t) € OF(t, u,(t))
such that

< |ltinll, VYn > no. (3.6)

T T
|t )| = UO it ()"t + J‘O (Gn(t), il (£)) At

It follows Lemma 2.22 and Young inequality that

T T
< cj [y + ()| [ ()]l + Co j i () dt
0 0

T
fo (@u (), ()

T T
<2 [ (@l + i OF) @0l + Co [ a0l
0 0

< 27 LCT ([l + NitnlI5) il oo + CoT llinll.

<<%>1/P ||ch||200> () @"" cC;Thm,|") (37)

+ 2P TLCT ||| + CoT |l

1 (T T (a+1)/p
Ef itn ()t + Coftha| ™ + Cao <f Iun<t)|'”<“dt>
0 0

T 1/p
+ C11 <I |1;£n (t)|P(t)dt> + C12,
0

IN

for all n and some positive constants Co, C19, C11, and Cjp, where C; is the same as in
Lemma 2.22.
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Hence, we have

il 2 (1, in )|

v

T T
f |un<t>|”“>dt+f (Gn(E), Tin (1)) it
0 0

T . T (a+1)/p~ (38)
%I it (£) P dlt — Colin|” " - Clo<f Iun(t)l”“)dt)
0 0

T 1/p~
-Cnp <f |un(t)|”(t)dt> —Cyp,
0

v

for all n > ng.
It follows from (2.31) that

T 1/p”
2]l < C3<< L |un(t)|"“>dt> - 1>, (3.9)

by (3.8) and (3.9), we have
T 1/q"
(j |un<t>|*’<”dt> < Ciafita|* + Cua, (3.10)
0

for some positive constants Cy3, C14, and all n > ny.
By the proof of (3.2) we have

T 1 T T (a+1)/p~
fo [F(t, un(t)) - F(t,,)]dt < o fo |tz (1) Pt + Cs <f0 |u<t>|,’;“>dt> -
3.11

T 1/p
+Ce < f |un<t>|P<f>dt> + Cr[thn|T* + Cs,
0

for all n.
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It follows from the boundness of {¢(u,)}, (3.10) and (3.11) that
Co < @(un)

= —1 u p(t)d + F(t,u - F(t,u dt + F(t,u,)d
In s Un s Un , Un)dt

1 1 T T (a+1)/p~
< (—_+ )f (POt + Cy [T + Cs j (BP0 dt
r- 2t/ J)o 0 (3.12)

T 1/p~ T
+C <I Iﬂn(f)l”(t)dt> + f F(t,1,)dt + Cg
0

0

T
< [it, 7" <|ﬁnr“f F(t,%,)dt + c7> +Cis,
0

for all n > ny and some positive constant Cys.

It follows (A2) and (3.12) that ([u,|) is bounded, hence {|ju,||} is bounded by (2.31)
and (3.10).

The sequence {u,} has a subsequence, also denoted by {u,}, such that

u, — u weakly in W;’p(t), u, — u strongly in C<[O, T];RN>, (3.13)

and [|u,|| < Ci6 is bounded by Lemma 2.15, where Cj; is a positive constant.
Therefore we have u}, € 0¢(u,), where u}, is the function from the Palais-Smale
condition, and u* € 0p(u) such that

(up —u*,up —u) — 0, (3.14)

asmn — o, SO

T
(uy, —u*,uy —u) = jo (gn(t) — q(t), un(t) — u(t))dt

. (3.15)
+ f O e MO O R TOR ORI E
0
where q,,(t) € O(F(t, u,(t)) and q(t) € O(F(t, u(t)).
By (3.14) and (3.15), we get (J'(u) — J'(un), u — un) — 0, that s,
JJ <|un(t) PO, (t) — (k) PO 0(t), i () — u(t))dt —0, (3.16)
0

so it follows from Lemma 2.32 that {u,} admits a convergent subsequence.



Abstract and Applied Analysis

21

We now prove ¢ satisfies the other conditions of Lemma 2.30. Let W;’p ® be the

subspace of W%’p ® defined in Lemma 2.22, then we have

(p(u) — +oo,

as ||lu|| = ooin W%’p(t). In fact it follows from (3.2) that

T T (a+1)/p-
< [ leoiar < C17< [ |u(t)|p<t>dt>
0 0

T 1/p~
+Cug <f |u<t>|”<f>dt> +Co,
0

forallu e W;’P(t) and some positive constants Cy7, C1g, and Cig.

fT[Fa,u(t)) _F(t,0)]dt

0

T T
p(u) - jo F(t,0)dt = .[0 I%

1 T T (a+1)/p~
> - [aopd- co( [ uoroar
P Jo 0

T 1/p
- Cig <f |u(t)|p(t)dt> - Cy9,
0

forallu e W;’p ®, which implies (3.17) by Proposition 2.24.
Moreover, we have

lu(t) PP dt + jT[F(t,u(t)) — F(t,0)]dt
0

‘P(x) — %,

as |x| — oo in RN, which follows (A2).

(3.17)

(3.18)

(3.19)

(3.20)

We have proved the functional ¢ satisfies all the conditions of Lemma 2.30, so we know
that ¢ has at least one critical point by Lemma 2.30, which is a periodic solution for system

(1.1). The proof is complete.

4. Example

In this section, we give three examples to illustrate our results.

Example 4.1. In system (1.1), let F(¢, x) = |x| and

3+1t, 0
p(t) = T
2

it is easy to verify that |{| < 1, where ¢ € OF (t, x) for every t € [0,T] and all x € RN.

O

(4.1)
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By Theorem 3.1, system (1.1) has at least one solution u € W;’p(t), but it is obvious that
the results in the reference cannot be applied to our example.

Example 4.2. In system (1.1), let

2t 41,

p(t) = 2(1—2T/2)< T

(4.2)
_ T/2
T t 5 ) +2172 41

and F(t, x) = —|x|, it is easy to verify that |{| < 1, where { € OF (¢, x) for every t € [0,T] and all
x €RN,

By Theorem 3.2, system (1.1) has at least one solution u € W;’p(t), but it is obvious that
the results in the reference cannot be applied to our example.

Example 4.3. In system (1.1), let p(t) = sinwt + 5, and
. 1 3
F(t,x) = ( sinwt - 5 [x|” + x1, (4.3)

where w denotes the positive constant 2o /T.
It is obvious that F is continuously differentiable, then the the Clarke subdifferential
set OF (t, x) reduces to one element VF(t, x), then

T
IVE(t, x)| < 6<|x|2+1>, |x|_8/3f F(t,x)dt — —oo  as |x| — +oo. (4.4)
0

These show that all conditions of Theorem 3.2 are satisfied, where

, (4.5)

and by Theorem 3.2, system (1.1) has at least one periodic solution on W;’p(t). But the results
in [35] cannot be applied to our example, so our results are new even in the case F € C' for
system (1.1).
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