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The complete convergence for weighted sums of sequences of negatively dependent random varia-
bles is investigated. By applying moment inequality and truncation methods, the equivalent con-
ditions of complete convergence for weighted sums of sequences of negatively dependent random
variables are established. These results not only extend the corresponding results obtained by Li et
al. (1995), Gut (1993), and Liang (2000) to sequences of negatively dependent random variables,
but also improve them.

1. Introduction

In many stochastic model, the assumption that random variables are independent is not plau-
sible. Increases in some random variables are often related to decreases in other random var-
iables, so an assumption of negatively dependence is more appropriate than an assumption
of independence.

Lehmann [1] introduced the notion of negatively quadrant dependent (NQD) random
variables in the bivariate case.

Definition 1.1. Random variables X and Y are said to be NQD if

P(X<x,Y<y)<P(X<x)P(Y<y), (1.1)

for all x, y € R. A sequence of random variables {X,,n > 1} is said to be pairwise NQD if for
alli, j(i#j), X; and X; are NQD.
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It is important to note that (1.1) is equivalent to

P(X>x,Y>y)<P(X>x)P(Y>y), (1.2)

for all x,y € R. However, (1.1) and (1.2) are not equivalent for a collection of three or more
random variables. Consequently, the definition of NQD was extended to the multivariate case
by Ebrahimi and Ghosh [2].

Definition 1.2. A finite family of random variables {X;, 1 < i < n} is said to be negatively
dependent (ND) if for all real numbers x1, x3, ..., x,,

P(ﬁ(Xi < xi)> < ﬁP(Xi < xi),
i=1

i=1
(1.3)

i=1 i=1

P(ﬁ(Xl > x,-)> < ﬁP(Xl > x,-).

An infinite family of random variables is ND if every finite subfamily is ND.

Negative dependence has been very useful in reliability theory and applications. Since
the paper of Ebrahimi and Ghosh [2] appeared, Taylor et al. [3, 4] studied the laws of large
numbers for arrays of rowwise ND random variables, Ko and Kim [5] and Ko et al. [6]
investigated the strong laws of large numbers for weighted sums of ND random variables.
Volodin [7] obtained the Kolmogorov exponential inequality for ND random variables,
Amini and Bozorgnia [8] studied the complete convergence for ND random variable seq-
uences, Volodin et al. [9] obtained the convergence rates in the form of a Baum-Katz, and Wu
[10] investigated complete convergence for weighted sums of sequences of negatively depen-
dent random variables.

The concept of negatively associated random variables was introduced by Alam and
Saxena [11] and carefully studied by Joag-Dev and Proschan [12].

Definition 1.3. A finite family of random variables {X;,1 < i < n} is said to be negatively
associated (NA), if for every pair disjoint subset A and B of {1,2,...,n} and any real
nondecreasing coordinate-wise functions f; on R4 and foon R5B,

COV(fl(X,',iEA),fz(X,',iEB)) <0, (1.4)

whenever the covariance exists. An infinite family of random variables {X;, -0 < i < o0} is
NA if every finite subfamily is NA.

As pointed out and proved by Joag-Dev and Proschan [12], a number of well-
known multivariate distributions posses the NA property, such as multinomial, convolution
of unlike multinomial, multivariate hypergeometric, Dirichlet, permutation distribution,
random sampling without replacement, and joint distribution of ranks.

Obviously, NA implies ND from the definition of NA and ND. But ND does not
imply NA, so ND is much weaker than NA. Hence, the extending the limit properties of
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independent random variables to the case of ND random variables is highly desirable and
considerably significant in the theory and application.

The concept of complete convergence of a sequence of random variables was intro-
duced by Hsu and Robbins [13] as follows. A sequence {X,, n > 1} of random variables is said
to converge completely to a constant C if

> P(X,-C|>€) <o Ve>0. (1.5)

n=1

In view of the Borel-Cantelli lemma, the complete convergence implies almost sure
convergence. Therefore, the complete convergence is very important tool in establishing
almost sure convergence. When {X,,, n > 1} is independent and identically distributed (i.i.d),
Baum and Katz [14] proved the following remarkable result concerning the convergence rate
of the tail probabilities P(|S,| > en!/?) for any € > 0.

Theorem A. Let 0 <p <2andr > p. Then,

in’/p‘2P<|Sn| > enl/p> <w Ve>0, (1.6)

n=1

if and only if E|X;|" < oo, where EX; = 0 whenever 1 < p < 2.

There is an interesting and substantial literature of investigation of extending the
Baum-Katz Theorem along a variety of different paths. Since partial sums are a particular case
of weighted sums and the weighted sums are often encountered in some actual questions, the
complete convergence for the weighted sums seems more important. Li et al. [15] discussed
the complete convergence for independent weighted sums. Gut [16] discussed complete con-
vergence of Cesaro means of i.i.d random variables. Liang [17] extended the conclusions of
Lietal. [15] and Gut [16] to NA random variables and obtained the following results.

Theorem B. Let {X, X, n > 1} be a sequence of identically distributed NA random variables and let
r > 1. Assume p > -1 and {a,; = (i/n)ﬂ(l/n),l <i < n,n > 1} is a triangular array of real num-

bers such that 3", a,; = 1 for all n > 1. Then, the following are equivalent:

(i)
EIX|"VOP) <o, for —1<p< —%,

1
E|X|"log(1+|X]) <o, for p= —

(1.7)
1
EX|" <o, for p> 7
EX =0,
(ii)

0 k

an’zP max| » a,;X;|>e ) <o Ve>0. (1.8)

~ 1<ksn | &5
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Theorem C. Let {X, X,,, n > 0} be a sequence of identically distributed NA random variables and let
r>1, 0 <a < 1. Then, the following are equivalent:

(i)
(r-1)/a 1
E|X]| < oo, for0<a<l—;,

1
EIX|"log(1+|X|) <oo, fora=1- pr

(1.9)
1
EIX|" < oo, for 1—;<cx§1,
EX =0,
(i)
< r2 S 1
r— a1y, a
En P<5£1ka<>§l ;Anﬂ.X, > eAn> <o Ve>0, (1.10)

where Ay = (a+1)(a+2)---(a+n)/n!, n=1,2,...,and A} = 1.

In the current work, we study the complete convergence for ND random variables.
Equivalent conditions of complete convergence for weighted sums of sequences of ND
random variables are established. As a result, we not only promote and improve the results of
Liang [17] for NA random variables to ND random variables without necessarily imposing
any extra conditions, but also relax the range of p.

For the proofs of the main results, we need to restate a few lemmas for easy reference.
Throughout this paper, The symbol C denotes a positive constant which is not necessarily
the same one in each appearance and I(A) denotes the indicator function of A. Let a, < b,
denote that there exists a constant C > 0 such that a, < Cb, for sufficiently large n, and let
a, = b, mean a, < b, and b, < a,. Also, let log x denote In max(e, x).

Lemma 1.4 (see [11]). Let {X,,n > 1} be a sequence of ND random variables and let { f,,n > 1}
be a sequence of Borel functions all of which are monotone increasing (or all are monotone decreasing).
Then, { fn(Xy),n > 1} is still a sequence of ND random variables.

Lemma 1.5 (see [18]). Let {X;,1 < i < n} be a sequence of ND random variables, EX; =
0, EIXiiM <o, 1<i<n, M>2. Then,

n M n n M/2
in‘ <C [ZE|X1~|M + <ZE|X,~|2> ] , (1.11)
i=1 i=1

E

i=1

where C depends only on M.

Lemma 1.6 (see [10]). Let {X,,n > 1} be a sequence of ND random variables. Then, there exists a
positive constant C such that for any x > 0 and all n > 1,

2 n
<1 — P(max|X;| > x)) > P(Xi| > x) < CP<max|X,-| > x>. (1.12)
1<i<n P} 1<i<n
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By Lemma 1.2 and Theorem 3 in [19], we can obtain the following lemma.

Lemma 1.7. Let {X;,1 <i < n} be a sequence of ND random variables, EX; = 0, EIXiM <o, 1<
i<n, M >2. Then,

j M n n M/2
E max dXi| < ClogMn<ZE|X,-|M + <ZE|X1-|2> > (1.13)
Al =] i=1 i=1
where C depends only on M.

By using Fubini’s theorem, the following lemma can be easily proved. Here, we omit
the details of the proof.

Lemma 1.8. Let X be a random variable, then

() [[7uwPEIX"I(IX] > u")du < E|X|PD/7* for any a > 0, y > 0and > -1;

(i) [° uPlog uE|X|*I(|X| > u’)du < E|X|P*D/7**log(1 + |X]) for any a > 0, y > 0 and
p>-1

2. Main Results

Now we state our main results. The proofs will be given in Section 3.

r>1p>1/2, p+p > 0and suppose that EX = 0 for 1/2 < p < 1. Assume that {a, =
(i/m)f(1/nP),1 < i < n,n > 1} is a triangular array of real numbers. Then, the following are
equivalent:

(i)

Theorem 2.1. Let {X,X,,n > 1} be a sequence of identically distributed ND random variables,

EIX|"V®P < oo, for —p<p<-L,
’
EIXI"log(1+|X]) <o, for p=-F, @.1)
r/p p
EX|"P <00, for p> 0
(ii)
0 k
Zn"zP max Zam-Xi >e ) <o Ve>0. (2.2)
=1 1<k<n P

Theorem 2.2. Let {X,X,,n > 0} be a sequence of identically distributed ND random variables,
r>1p>1/2, p+p > 0and suppose that EX = 0 for 1/2 < p < 1. Assume that {a,; =
((n- i)/n)ﬂ(l/np), 0<i<n-1,n>1}isa triangular array of real numbers. Then, the following
are equivalent:
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(i)

EX|"V O < oo, for —p<p<-F,

’
EIX|"/Plog(1+|X]) < oo, for p= —’;, (2.3)
EIX["'? < oo, for B> —g,
(ii)
an 2P< max Zam i > e> <o Ve>0. (2.4)
) 0<k<n-1

Remark 2.3. Since NA random variables are a special case of ND random variables, taking
p = 1 in Theorem 2.1, we obtain the result of Liang [17]. Thus, we not only promote and
improve the results of Liang [17] for NA random variables to ND random variables without
necessarily imposing any extra conditions, but also relax the range of g.

Remark 2.4. Taking =0, a,; =1/n”, 1 <i<n, n>1in Theorem 2.1, we improve the result
of Baum and Katz [14].

Corollary 2.5. Let {X, X,,,n > 0} be a sequence of identically distributed ND random variables, r >
1, p>1/2, 0<a<1,and EX = 0. Let A} = (a+1)(a+2)--- (a+n)/n!, n=1,2,... and Aj=
1. Then, the following are equivalent:

(i)

1
E|X|(r—1)/(r’ﬂ) < oo, fOI" O<a<l- -
r

1

E|X|"?log(1+|X|) <o, for a=1- = (2.5)
r/p 1
E|X|"? < oo, forl—;<a§1,
(ii)
< 2 d 1\P
Enr’ P<52@<1 %(Ag;) X > e(A;';)P> <o Ve>0. (2.6)

3. Proofs of the Main Results

Proof of Theorem 2.1. First, we prove (2.1)= (2.2). Note that a,; = a};, — a,, where a, =

ni ni’

max(an;,0) and a,; = max(-ay;, 0). Thus, to prove (2.2), it suffices to show that

k k

>e€ ) <oo, an 2P( max
1<k<n

an 2P<max > e> 0. (3.1)
1<k<n
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So, without loss of generality, we can assume that a,; >0, 1 <i <n, n > 1. Choose 6 > 0
being small enough and sufficient large integer K. Let, forevery 1 <i<mn, n>1,

XY = =171 (auX; < =n70) + auXil (|auXil <n°) + 1701 (@uX; > ),

ni

ni

(3.2)
X(3) (amX +n 6)1(—% < apiX; < —n’6>,

xW = (amX +n 6>I<am-Xi < —%) + (am-X,- - n"‘5>I<am-Xi > %)

Obviously, 35X, a,;X; = 3k, X )+ >k Xr(l? + 3k X,(s) + >k Xfﬁ). Note that

4
<1r£113<>51 il > 4e> C ]L_J1<1n§1135)7(1 > e>. (3.3)

Thus, in order to prove (2.2), it suffices to show that

PILBS

ZX(])

> <o, j=1,2,34 (3.4)

[ee]
I = Yn2P( max
J ; 1<k<n

By the definition of X i » We see that (maxq<x<n| 21 1 X(4)| > €) C (maxicicn|aniXi| > €/K).
Since a,; = (i/n)ﬂ(l /n?), by Lemma 1.8, we have

I, < Zn"ziPOamX | > —> an 2ZP<|X| > —n’”*ﬂz_ﬁ>

= I xr—zf P<|X| > CinPJ'ﬁy_ﬁ)dy dx <letting u=x""Py? v= y)

o ul/p
_ (r-1)/ (p+p)-1,,B(r-1)/ (p+P) _€
p+ﬂf duf u v P<|X|> CKu)dv (3.5)

[ =D/ (4h)- 1P<|X| > —— >du < E[X|"V®P - for —p<p< -’;
=4[ u/p1 loguP<|X| > —Ku>du < E|X|"'P log(1+|X|) forp= —g,

[ ur'r- 1P<|X| > — >du < E|IX|"'? for > —E
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Therefore, by (2.1), I4 < oo. From the definition of X fj), we know ij.) > 0. By using the defini-
tion of ND family, we have

(3.6)
< P(there are at least K indices i € [1,n] such that a,;X; > n_6>

Z ﬁP<am~in}. > n’6> < <iP<anJ~X > n6>> .

1<iy <ip<-<ig <n j=1 =1

IN

Since (2.1) implies E|X|"/? < oo, by Markov’s inequality and (3.6), we obtain

K
[ee] n
< S <Z"’5/P|am~ |””E|X|’/p>

j=1

< 2K p
S rp+p-6)/r for — p<p< -

=
I
—

= fjnr‘z‘K("l‘rﬁ/p) logn, forf= —E,
1 r
= r—2-K(r-1-r6/p) _E

>n , forp>-=-.

1 r

=
Il

=
Il

(3.7)

Noting that > 1, p + > 0, we can choose 6 being small enough and sufficient large integer
Ksuchthatr-2-Kr(p+p-96)/p<-landr-2-K(r-1-r6/p) < -1. Thus, by (3.7), we
get I, < co. Similarly, we can obtain I3 < co. In order to estimate I;, we first verify that

max — 0 asn— oo. (3.8)
1<k<n

- e
ZEXm’
i=1

Note that (2.1) implies E|X|"/? < o0 and E|X|!/? < co. When p > 1, noting that |X$)| <n%and
|XT($)| < |aniXil, by Holder’s inequality we have

n
<DE
i=1

n n
<P S Elan Xl P < n 00V Y Jay P
i=1 i=1

k
1

max Ex®

1<k<n 1 m

@
Xni

i=
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n 1/r n 1/r
< n60-1/p) y (r=1)/7 <Z|am_|r/lﬂ> « p60-1/p)+1-1/r <an(p+ﬂ)/piﬂr/p>

i=1 i=1

n—5(1—1/P)—1/T—ﬂ/Pl for _ p < ﬁ < _E,
r

=~ n VP logn, for f= —g,

n~90-1/p)  for g > P
"

— 0 asn— oo.

(3.9)

When 1/2 < p < 1, noting that EX = 0, by choosing 6 being small enough such that -6(1 -
r/p)+1—-r <0, wehave

k

1
max EXf”.)
1<k<n 1

n n
< 221E|aniXi|I(|aniXi| > %) < 207000/ ZlE|am~Xi|r/”
i= i=

n n
« n_5(1_r/p)z|ani|r/p « n60-1/p) <Zn—T(P+ﬂ)/Piﬂr/P>

i=1 i=1

i=

(061 +p-0)/p | for — p<p< _P,
"
~  ,-6(-r/p)+1-r __P
=4n P logn, for = o
a8/ for B> _P
-
— (0 asn— oo.
(3.10)
Therefore, to prove I; < oo, it suffices to prove that
S Sy M
* . r-2 _
II = nZ:ln P<11r£1ka<>1<1 2 (Xm. EX, ) > e> < co. (3.11)

Note that {Xr(;),l <i < n,n > 1} is still ND by Lemma 1.4. Using Markov’s inequality, C,
inequality, and Lemma 1.7, we get for a suitably large M, which will be determined later,

M, <§E(XL§>)2>M/2>.

(3.12)

&
Xni

3,040 - )

i=

> €> < (logn)™ <§E

P| max
1<k<n
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Choosing sufficient large M such that -2-6M +r(6-p)/p<-1, -1-(M -r/p)6 < -1, we

have

M [oe] n
x® « an—zn—S(M—r/p) (10g n)M Z| am_|r/P
i=1

ni

inr"z (logn) MiE
n=1 i1 =l

n
Zirﬂ/ Py T(PP)/p

< inr‘z‘é(M_r/P) (logn)™
n=1 i=1

S 2 M E-P/e (log )™, for —p << -,

) (logn) P<P<—0 413
< 4 in—l—(M—r/P)ﬁ (log n)M+1, for p = —g,

n=1

< 1-(M-r/p)6 M -
n P (logn)™, for p>-=

\n=1 r

< o0.

When r/p > 2, (2.1) implies EX? < oo. Noting that p+f > 0, p > 1/2, we can choose sufficient
large M such thatr -2 -M(p+p) <-1, r—=2-(2p -1)M/2 < -1. Then,

M2 " M/2
< Y'n"?(logn) M <Z aii>
n=1 i=1

oo n M/Z
« an—Z (log n)M (ZiZﬂn—Z(P+ﬂ)>

i=1

inr-Z (logn)™ <§E(X}1}>)2>

n=1

(S 2 M) (logn)™, for —p<p< 5

n=1

[ee]
S 2 @IM2 (Jog n)sm/z, for f = 5

n=1

< A4

inr—2—(2p—l)M/2(log MM, for p> E

n=1

< 0.
(3.14)

When r/p < 2, choosing sufficient large M such thatr -2 - [6(2-r/p) + r(p + B)/p]M/2 <
-1, r-2-[6Q2-r/p)+r-1]M/2 < -1, we have
% n »\ M/2
> n"?(log n)M <ZE<X2)> >
n=1 i=1

=] n M/2
« an—zn—ﬁ(z—r/P)M/Z (log n)M < Z a:ﬂ(rz)

i=1

n=1
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0 n M/2
< an—zn—ﬁ(Z—r/P)M/Z (log TL)M <Zirﬂ/pnr(p+ﬂ)/p>

n=1 i=1
( X e _ M 14

S’ 2-[6(2 r/p)+r(p+ﬂ)/p]M/2(logn) , for —p<p<-5,
n=1 r
S r2-[6Q2-r/p)+r-1]M/2 3M/2 p

<« { S/ UM2 (105 )", for f = -
n=1
S, r-2-[6(2-r/p)+r—1]M/2 M 14
S a2 6Cr/prr-lIM2 (Jog n) ™, for f> —=
n=1 r

(3.15)

Thus, by (3.13), (3.14), and (3.15), we have I} < co.
Now, we proceed to prove (2.2) = (2.1). Since maxi<k<n|anc Xk| < 2 maxq<i<n| Zf;l aniXil,
by (2.2), we have

Zn’ 2P(max|anka| > e) < oo. (3.16)
o
Next, we shall prove
P(max|anka| > e) — 0 asn— oo. (3.17)
1<k<n

In fact, when r > 2, (3.16) obviously implies (3.17). When 1 < r < 2, noting that a,; =
(i/n)f (1/nP), by (3.16), we obtain

an 2P(max

1<k<n

kﬂXk| > enP+ﬂ) <o VYe>0. (3.18)

Obviously, {max1§k§n|kﬂXk|,n >
variables. By (3.18), we have

o0 2/*1
o > an 2P<max'kﬂXk| > en’”p) Z Z n'- 2P(max
n=1

1<k<n

1} is a nondecreasing sequence of nonnegative random

kﬂXk| > en”*ﬂ>

[ee]
> $'220)-2) p( max
- ;0 1<k<2/

kﬂXk| > ez<f+1><P+ﬂ>> (3.19)

2r—2 2](1’ 1)1)
Z max

kﬁXk| > ez“ﬁzl(f’*ﬂ)).

Noting that » —1 > 0, by (3.19), we have

lim P( max

] 1<k<2/

kﬂxk| > elzﬂwﬂ)) =0 Ve >0. (3.20)
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Now, for each n > 1, let j be such that 2/ < n < 2/*1 — 1. Then, for all e > 0

P(max kﬂXk| > en’”ﬁ) < P( max kﬂXk| > er(p+ﬂ))
1<k<n 1<k<2i+1
= P( max kﬂXk| > 62_(1+ﬁ)2(j+1)(p+ﬂ)> — 0 asn— co.
1<k<2i+1
(3.21)
Noting that a,; = (i/n)ﬂ(l /nP), we have
P<max|anka| > e) < P<max kﬂXk' > En}“ﬂ). (3.22)
1<k<n 1<k<n C
Therefore, by (3.21) and (3.22), we get that (3.17) holds.
Thus, by (3.17) and Lemma 1.6, we have
n
ZP(|am-Xi| >e€) K P(max|anka| > €>. (3.23)
P I<k<n
Now (3.16) and (3.23) yield
[o'e] n
Zn”ZZP(|aniX,-| > 6) < oo. (324)
n=1 i=1
By the process of proof of (3.5), we see that (3.24) is equivalent to (2.1). O
Proof of Theorem 2.2. The proof is similar to that of Theorem 2.1 and is omitted. O

Proof of Corollary 2.5. Put a,; = (A“1/A%)?, 0 <i < n, n > 1. Note that, for a > -1, A? =
n*/T(a + 1). Therefore, for a > 0, we obtain a,; = (n—i)/* V7%, 0<i<n, n>1,a., =nP*.
Thus, letting f = p(a—1) in Theorem 2.2, we can conclude that (2.5) is equivalent to (2.6). [
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