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We study the initial boundary value problem for a sixth-order Cahn-Hilliard-type equation which
describes the separation properties of oil-water mixtures, when a substance enforcing the mixing
of the phases is added. We show that the solutions might not be classical globally. In other words,
in some cases, the classical solutions exist globally, while in some other cases, such solutions blow
up at a finite time. We also discuss the existence of global attractor.

1. Introduction

We consider the following equation:

a'(u)

U = yA3u + A [—a(u)Au - T|Vu|2 + f(u)], in Qx (0,T), (1.1)

where Q is a bounded domain in R” (n < 3) with smooth boundary and y > 0. Equation (1.1)
is supplemented by the boundary value conditions:

a_u
on

_ O0Au

_ 0A%u
Q. on

Q. on

=0, t>0, (1.2)
0Q

and the initial value condition:

u(x,0) = up(x). (1.3)
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Equation (1.1) describes dynamics of phase transitions in ternary oil-water-surfactant
systems [1-3]. The surfactant has a character that one part of it is hydrophilic and the
other lipophilic is called amphiphile. In the system, almost pure oil, almost pure water,
and microemulsion which consist of a homogeneous, isotropic mixture of oil and water can
coexist in equilibrium. Here u(x, t) is the scalar order parameter which is proportional to the
local difference between oil and water concentrations. The amphiphile concentration a(u) is
approximated by the quadratic function [1]

a(u) = ayu® + ag. (1.4)

From the physical consideration, we prefer to consider a typical case of the volumetric free
energy F(u), thatis, F'(u) = f(u), in the following form:

F(u) = fo f(s)ds = yi(u+ 1)2(u2 + h0> (u—-1)>2 (1.5)

During the past years, many authors have paid much attention to the sixth-order-
parabolic equation, such as the existence, uniqueness, and regularity of the solutions [4-8].
However, as far as we know, there are few investigations concerned with the sixth order
Cahn-Hilliard equation. Pawtow and Zajaczkowski [9] proved that the initial-boundary
value problem (1.1)-(1.5) with y; = 1 admits a unique global smooth solution which depends
continuously on the initial datum. Schimperna and Pawtow [10] studied (1.1) with viscous
term Au; and logarithmic potential:

Firy=1-r)log(l-r)+(1+r)log(l+r)- %rZ, A>0. (1.6)

They investigated the behavior of the solutions to the sixth-order system as the parameter y
tends to 0. The uniqueness and regularization properties of the solutions have been discussed.
Liu studied the following equation:

div [m(u) (kVAzu + V(—a(u)Au - #Wuﬁ + f(u)))] =0, (1.7)

ou _
ot

and he proved the existence of classical solutions for two dimensions [11]. Korzec et al.
[12] established the stationary solutions of the sixth-order convective Cahn-Hilliard type
equation, which arose from epitaxial growth of nanostructures on crystal surfaces.

The dynamic properties of (1.1), such as the global asymptotical behaviors of solutions
and existence of global attractors, are important for the study of higher order parabolic
system. During the past years, many authors have paid much attention to the attractors.
Nicolaenko et al. [13] proved the existence of global compact and finite-dimensional
attractors for Cahn-Hilliard equation (see also [14-16]).

In this paper, we consider the problem (1.1)—(1.3). The purpose of the present paper is
devoted to the investigation of properties of solutions with y; not restricted to be positive. We
first discuss the regularity. We show that the solutions might not be classical globally. In other
words, in some cases, the classical solutions exist globally, while in some other cases, such
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solutions blow up at a finite time. We also discuss the existence of global attractor. We will
use the regularity estimates for the linear semigroups, combining with the iteration technique
and the classical existence theorem of global attractors, to prove that the problem (1.1)-(1.3)
possesses a global attractor in H* (k > 0) space.

The plan of the paper is as follows. In Section 2, we investigate the global existence of
the solution when y; > 0. The blowup of the solution is obtained in Section 3 when y; < 0. In
Section 4, we obtain the existence of the global attractor in H*(k > 0) space.

Throughout the paper, we use Qr to denote Q x (0,T), and

H*'(Qr) = {u; 2—1‘ € L*(Qr), D'ue L*(Qr), 0<i< 6}. (1.8)

The norms of L®(Q), L?(Q), and H*(Q) are denoted by || - [|o, || - [|, and || - [|s-

2. Global Existence

Now, we deal with problem (1.1)—(1.3) for n = 2, 3. The one-dimensional case is similar. From
the classical approach, it is not difficult to conclude that the problem admits a unique classical
solution local in time. So it is sufficient to make a priori estimates.

Theorem 2.1. For the initial data ug € H>(Q), (dug/0n)|sq =0, and T > 0,

(i) if 1 > O and ay > O, then the problem (1.1)—(1.3) exists a unique global solution u €
H*Y(Qr);

(ii) if y1 > O, ap < O, and y are sufficiently large, then the problem (1.1)—(1.3) also admits a
unique global solution u € H*'(Qr).

Proof. (i) First, we set

E(u) = JQ<%|Au|2+ @wwzw(u))dx. @2.1)

Integrating by parts and using (1.1) itself and the boundary value condition (1.2), we see that

dE(t)
dt

a'(u)
2

J [yAuAut +a(u)VuVu, + |Vu|2ut + f(u)ut] dx
Q

= Lz [YAzu —a(u)Au - @sz + f(u)] udx

(2.2)
=— Lz [yVAZu + V<—a(u)Au - #sz + f(u)>] de

<0.
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This implies

E(t) < E(0),

where

E(0) = L(%'Auolz NECONINC F(u0)>dx.

2

On the other hand, we have

f |VulPdx < gf |Aul*dx + C(e) f u?dx.
Q Q Q

By Young’s inequality, we derive

u? <eul + Cig, ut <eul + Co,.
Combining the above inequalities, we get

sup |AufPdx < C,
0<t<T / Q

sup | |Vulfdx<C,
0<t<T / Q

sup | ubdx<C.
0<t<T / Q

From (2.9), we know

sup | w?dx<C.
0<t<T / Q

By (2.7), (2.8), and (2.10), we obtain

||l < C.

By Sobolev embedding theorem, it follows from (2.11) that

lull, <G, (n=2,3),
IVull;¢ <C, forany g<oo, (n=2),
IVull;e <C, (n=23).

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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The second step: multiplying (1.1) by Au and integrating with respect to x, we obtain

2
Zdt,[ [Vul dx+yf |A

= —IQAf(u)Audx+f

Q

(2.13)
a(u)Auld’udx + f 7w —L|\Vul A’udx.
Q

Thus, it follows from (2.11) and (2.12) that

1dJ‘ 2 I )
—— Vul|~dx + A“u| dx
2ar ), Ve ey Ql |

- JQ < F/(u) A + f”(u)qu|2> Audx + f

<a2u2 + ao> AulA’udx
Q

+I a(u)w A%y dx
° (2.14)
scf |Au|2dx+CI |Vu|4dx+cf |Auldx
Q Q Q

2
+cf |Au|2dx+ff |a%| dx+Cf |Vu|4dx+ff | 4% dx

2
< ZI |A2u| dx +C.
2)a
By the Gronwall’s inequality, (2.14) implies
2
” |a%u| dxdr < C. (2.15)
Qr

The third step: multiplying (1.1) by A%u and integrating with respect to x, we obtain
2
Zdtf |Aul dx+yJ‘ |VA d
= —f f(w)VuVA*udx + f V(a(u)Au)VA*udx
Q Q
+ J' v<—“ () |Vu|2>VA2u dx (2.16)
Q 2
= _f f'(w)VuV A*udx + f a(u)VAuVA%udx
Q Q

1
+2 f a' (u)VuAuV A*udx + 3 f a" ()| Vul*VuV A%u dx.
Q Q
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On the other hand, by the Nirenberg’s inequality and (2.12), we have

IV, < c“mh”“nwu;a, where a = (n=2),

1
1+3q/2'
1Vull, < C|vau] “Ivulils, (=3,

(2.17)
1V Al < ||VA2u||l/2||Vu||1/2, (n=2),

1V aul < |va2u| 1vulZ?, (n=3).

Using (2.7), (2.12), and the above inequality, we derive

‘— J‘Q f'(u)VuV A*udx

2
SCJ‘ |Vu|2dx+xf |VA2u| dx,
Q 8Ja

2 2 Y 2 |2 Y 2 12
a()VAuVA udx| <C | |VAuldx+ - |VA u| dx< L |VA u| dx +C,

'2f @ () VuduV A%u dx §C||u||w||Au||||VA2u|| g%f |VA2u(2dx+c,
Q Q

2 2
|1j a" ()| Vul*VuV A?u dx| < Cf |Vul®dx + KJ‘ |VA2u| dx < If |VA2u| dx +C.
2)a Q 8Ja 8Ja

(2.18)

From these inequalities we finally arrive at

1d 2 5 2 Y 2 2
—_—— <_ i .
2dth|Au| dx+yJ‘Q|VA u| dx_zfQ|VA u| dx +C (2.19)

A Gronwall’s argument now gives

2
” |VA2u| dxdt < C. (2.20)
Qr
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Similarly, multiplying (1.1) by A%u and using

vl < | Ivulit, b= 5 =2,
19ull,, < | &%) 1vall®, n=3),
1wl < [|a%] 1val®, (=2,
2.21)
laul, < [[&%]1vuls, m=3),
TR
o] < ||a%] " 1vunt, =9,
we obtain
%% J; |VAul*dx +y J‘Q |A3u|2dx < g J’Q |A3u|2dx +C. (2.22)
So that
sup |VAu)?dx < C, (2.23)
0<t<T 7/ Q
” | %] axdr < C. (2.24)
Qr
Define the linear spaces
X = {u e H (Qr); g_Z . - 6aA_nu - = % . =0, u(x,0) = uo(x)} (2.25)

and the associated operator W : X — X, u — w, where w is determined by the following
linear problem:

!
%—Tf —yA3w = —A<a(u)Au + ;u) |Vu|2> +Af(u), xeQ,
2
ow _ 0Aw _ 0A“w ~0, t>0, (2.26)
on 00 on 00 on 50

w(x,0) = ug(x).

From the discussions above and by the contraction mapping principle, W has a unique fixed
point u, which is the desired solution of the problem (1.1)—(1.3).
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Now, we show the uniqueness. Assume u and v are two solutions of the problem
(1.1)-(1.3). Let w = u — v. Then w satisfies

wy = yA3w +Ap(u) - Ap(v), inQx(0,T),

2
2—”’ = _agw = _ag “1 =0, (2.27)
RETe n laQ L Y
w(x,0) =0,

where @(u) = —a(u)Au — (a'(u)/2)|Vul* + f(u).
Multiplying the above equation by w and integrating with respect to x, integrating by
parts, and using the boundary value condition, we have

%||w||2+2y||VA’w||2 < ’[ p(u)Awdx| + f p(v)Awdx
Q Q (2.28)
< Cllaw|® < 21V awlP + Cllwlf.
The Gronwall inequality yields
[ < Cljzoo||* = 0. (2.29)
Therefore, ||w|*> = 0, that is,w = 0.
(ii) From the proof of (i), we know
E(t) < E(0), (2.30)
which together with the Young inequality gives
f <Z|Au|2 + ﬂu6)dx < j 1], 42 —f 219 uPdx + E(uo) + Co. (2.31)
o\2 2 o 2 o2
Note that
f W2|Vuldx = —f <2u2|Vu|2 + u3Au> dx, (2.32)
Q Q
that is,

j w?|Duf*dx = 1 f u® Audx. (2.33)
Q 3Ja
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Hence,

ﬂf 12| Vul*dx
2 J)o

ﬂj‘ uAudx
6 Jo

< % <g fQ ubdx + C(e) fg |Au|2dx). (2.34)

Taking into account (2.31) and (2.34), we see

Y iauf + s laol 5, _f
fQ<Z|Au| + 2u>dx§fQ > |Vu|~dx

Q
< £1J‘ @|Au|2dx
Q

|az—2|u2|Vu|2dx + E(ug) + Co

+C(51)I wtdx + @GI uédx+C(s)I |Au|2dx> +E(up) +C
Q 6 Q Q

<G f |Aul*dx + n J‘ ubdx + E(up) + C.
Q 4 )o
(2.35)

Hence, when y is sufficiently large such that y /2 - C; > 0, we obtain the estimates (2.7)-(2.9).
The other steps are similar to the proof of (i), so the details are omitted here. O

3. Blow Up

In the previous sections, we have seen that the solution of the problem is globally existent,
provided that y; > 0. The following theorem shows that the solution of the problem blows up
at a finite time for y; < 0.

Theorem 3.1. Ify1 <0, — [, ((y/2)|Aug|* + a((uo)/2)|Vuo|* + F(uo)dx) is sufficiently large.
(i) If ax < O, then the solution u of (1.1)—(1.3) blows up in finite time, that is, for T > 0,

lim u(8)] = +oo. (3.1)

(ii) If ap > 0 and ag > O, the solution must blow up in a finite time.

(iii) If ap > 0, ag < 0, and y are large enough, the solution blows up in finite time.

Proof. (i) From the proof of Theorem 2.1, we know

E(t) = fQ@muF + @wuf + F(u))dx < E(0). (3.2)

Hence,

—J ylAufdx > f a(u)|Vul*dx +2 f F(u)dx — 2E(0). (3.3)
Q Q Q
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Let w be the unique solution of the following problem:

Aw=u, x€e€Q,

ow

i 0, on 0%, (3.4)
j wdx =0.
Q
It is easily seen that
IVel* < Clul”. (3-5)

Multiplying (1.1) by w and integrating with respect to x, we obtain

d

—f |Vw|2dx=—2yf (Au)zdx+2f a(u)uAudx+I a'(u)|Vu|2udx—2I f(u)udx
dt ) Q Q Q Q

ZZI a(u)|Vu|2dx+2f a(u)uAudx+f a' (u)|Vul*udx
Q Q Q
+4f F(u)dx—Zj f(uw)udx —4E(0)
Q Q

= J‘ 4aru®|Vul*dx + f 2a0|Vul|*dx + f 2a,u° Audx + 2aq f uAudx
Q Q Q Q

+4f F(u)dx—zj f(u)udx —4E(0)

Q Q

:—2a2f u2|Vu|2dx+4f F(u)dx—ZJ f(u)udx —4E(0)
Q Q Q

- 24, f W2\ Vuldx + 11 f (—8u6 —4(hy - 2)u* + 4h0)dx —4E(0).
Q Q

(3.6)
Owing to a; <0, 11 <0, and (3.5), it follows from the above inequality that
d 2 6
— | |Vw|["dx > -y | u’dx—-4E(0) - C(ho,11,|9)
3
> 11 <j uzdx> —4E(0) — C(ho, y1,19|) (3.7)
Q

3
2—Y1<.[ |Vw|2dX> —4E(0) - C(ho, 11, 192),
Q

where C; > 0. Hence, when —E(0) is sufficiently large, such that —4E(0) — C(ho, y1,12[) > 0,
then by y; < 0, we know that [|u|| has to blow up.
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From the proof of (i), we obtain
4 f [Vw|*dx > —2a, f 12| VulPdx + 4f F(u)dx — 2f f(u)udx —4E(0). (3.8)
dt ) Q Q Q
On the other hand, we have
J 1| Vuldx = L f P Audx < 1<£J- ubdx + C(e) I (Au)zdx>. (3.9)
Q 3J)a 3 Q Q
From the above inequality, we know
C(e) f (Au)’dx > 3f W |Vuldx - gj ubdx. (3.10)
Q Q Q
Using (3.3) and (3.10), we see that
_ T (3[ 12| Vul*dx - sf u6dx>
Cl\ Jg Q
> -yf (Au)’dx > J a(u)|Vul*dx + 2f F(u)dx — 2E(0) (3.11)
Q Q Q
= I (aQuZ|vu|2 + a0|Vu|2>dx + 2f F(u)dx - 2E(0).
Q Q
It follows that
-(3—Y + a2> f W2\ Vufdx > J' ao|VuPdx + =X | wdx + 2f F(u)dx - 2E(0). (3.12)
C(e) Q Q C(e) Ja Q
Again by (3.12) and (3.3), we get
a f |Vw|*dx > —2a, I 12| Vu)Pdx + 4J‘ F(u)dx - ZI f(uw)udx —4E(0)
dat ) Q Q Q
2a,C(e) <f 2 &y 6 I >
> — " ao|lVu|"dx + —— | u’dx+2| F(u)dx-2E(0 3.13
e acte [, @lvuraxs 55 | _Fdx-2E(0) ) (3.13)
+ 4f F(u)dx - ZJ f(u)udx —4E(0).
Q Q
By ap >0, ax >0, C(e) >0, y >0, choosing C(¢) large enough, we obtian

d
EI |Vw|2dx2—y1f u®dx — CE(0) - C(ho, 11,12]). (3.14)
Q Q

Similar to the proof of (i), we easily see that (ii) holds.
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(iii) The crucial term is

f ao|Vul*dx. (3.15)
Q

By the Young inequality, we have
2 1 2 1 2
[Vul"dx < = | (Aw)dx+ = | wudx. (3.16)
Q 2)q 2)a
By (3.3) and (3.16), we have
-r <2j |Vul*dx —f uzdx> > —f Y|Au|2dx
Q Q Q
> I a(u)|Vuldx + 2f F(u)dx — 2E(0)
Q Q
= J axu?|Vuldx + f ao|Vul*dx + ZJ‘ F(u)dx — 2E(0)
Q Q Q

zf a0|Vu|2dx+2J‘ F(u)dx — 2E(0).
. ¢ (3.17)

It follows that
2y —ay) | |VuPdx>-y| wldx+2| F(u)dx—2E(0). (3.18)
4 Q 4 Q Q

If 2y + ag > 0, substituting the (3.18) into (3.13), similarly, we know that the solution must
blow up in finite time. O

4. Global Attractor in H* Space

In this section, we will give the existence of the global attractors of the problem (1.1)-(1.3) in
any kth order space H*(Q).

First of all, we will prove the existence of attractor for y; > 0. We define the operator
semigroup {S(t)} o in H 3(Q) space by

S(Huo = u(t), t>0, (4.1)

where u(t) is the solution of the problem (1.1)—(1.3).
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We let

X = {u|ueH3(Q),|fQudx| Sm}, (4.2)

where m > 0 is a constant, and the {S(t)} on X, is a well-defined semigroup.

Theorem 4.1. For every m chosen as above, the semiflow associated with the solution u of the problem
(1.1)—(1.3) possesses in X, a global attractor A,,, which attracts all the bounded set in Xy,.

In order to prove Theorem 4.1, we need to establish some a priori estimates for the
solution u of problem (1.1)-(1.3). In what follows, we always assume that {S(t)};, is the
semigroup generated by the weak solutions of (1.1) with initial data uy € H*(Q).

Lemma 4.2. There exists a bounded set B,, whose size depends only on m and Q in X,, such that for
all the orbits staring from any bounded set B in X,,, 3t; = t1(X) > 0, such that for all t > t; all the
orbits will stay in B,,.

Proof. 1t suffices to prove that there is a positive constant C such that for large ¢, then the
following holds:

lJull; < C. (4.3)
From (2.22), we have
d ’ 5 2
| [VAuPdx+y |A u| dx < C. (4.4)
On the other hand, we know that

2
f |VAu|2dx:—f uA3udx§CI |u|2dx+xf ‘A3u| dx,
Q Q Q 2 )q

(4.5)
f [ul?dx < 5[ |V Aul*dx.
Q Q
Hence, we see that
d 2 2
—’[ |VAuy| dx+C1f |[VAu|"dx < C,, (4.6)
which gives
|VAuPdx <e ! | |VAug|*dx + =3 (4.7)
C
Q Q 1

The proof is completed. O
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Lemma 4.3. For any initial data ug in any bounded set B C X,,, there exists t, = t,(B) > 0 such that

lu(®llgs <C, Vi1 >0, (48)

which turns out that ., u(t) is relatively compact in X,,.

Proof. From Theorem 2.1, we know when y; > 0, a, > 0or y; > 0, a> < 0 that (2.14) holds.
Integrating (2.14) over (t,t + 1), we obtain

t+1 2
L Lz <A2u> dxdt < C. (4.9)

On the other hand, Differentiating (1.1) gives

Aup = yA*u + A% |—a(u)Au - #sz + f(u)]. (4.10)

Multiplying (4.10) by A%u and integrating on Q, using the boundary conditions, we obtain

%% '[Q |A2u|2dx +y Lz 'VA3u|2dx < g J‘Q |VA3u|2dx +C. (4.11)

From (4.11), (4.9), and the uniform Gronwall inequality, we have

||A2u“ <C,  t>Hh(B). (4.12)

O

Then by [17, Theorem 1.1.1], we immediately conclude that A,, = w(By,); the w-limit
set of absorbing set B,, is a global attractor in X,,. By Lemma 4.3, this global attractor is a
bounded set in H3(Q). Thus, we complete the proof of Theorem 4.1.

Secondly, we consider the existence of the global attractors of the problem (1.1)—(1.3)
in any kth order space H*(Q). Because both 1 >0, a0 >0and y3 > 0, a2 < 0 lead to
Theorem 4.1, the following proofs are based on Theorem 4.1, hence for simplicity, we let
y=1

In order to consider the global attractor for (1.1) in H k space, we introduce the

definition as follows:
H = {u € LZ(Q); I udx| < m},
Q

ou O0Au
— 3 [ p— = —_— =
Hip = {u cH@nH; 5| = FE 0}, (4.13)
2
Hy = {ue Ho@Qnm; & =984 _ 98 4t
0Mlza ON |z0 on 0

where m > 0 is a constant.
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We rewrite (1.1) as

u - Au = Ag(u), (4.14)
where
g(u) = (—a(u)Au - @wuf + f(u)). (4.15)
Let
L=A%:H —H, G=Ag:H — H. (4.16)

Then, (4.14) and (4.15) can be rewritten as

du
du _ . 417
- Lu+Gu (4.17)

The linear operator L is a sectorial operator which generates an analytic semigroup
e'l. Without loss of generality, we assume that L generates the fractional power operators £%
and the fractional order spaces H, as follows:

L% =(-L)* :Hy,— H, a€R, (4.18)

where H, = D(£7) is the domain of £% and Hp C H, is a compact inclusion for any f > a
[see Pazy [18]].

The space Hy 4 is given by Hy /4 = the closure of Hy/, in H(Q) and Hy = H®*n H; for
k>1.

The following lemmas which can be found in [19, 20] are crucial to our proof.

Lemma 4.4. Let u(t, ug) = S(t)ug (uo € H, t > 0) be the solution of (4.17) and S(t) the semigroup
generated by (4.17). Assume H, is the fractional order space generated by L and

(1) for some a > 0 there is a bounded set B C Hy, for any uy € H, there exists t, > 0 such that

u(t,ug) € B, Vt>t,; (4.19)

(2) thereis a p > a, for any bounded set U C Hp, 3T > 0 and C > 0 such that

luct, uo)llyy, <C, VE>T, ug e UL. (4.20)

Then (4.17) has a global attractor A which attracts any bounded set H, in the H,-norm.
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Lemma 4.5. Let L : Hy — H be a sectorial operator which generates an analytic semigroup T (t) =

e'L. If all eigenvalues \ of L satisfy Re A < —\q for some real number Xy > 0, then for £ (£ = L) we
have

(1) T(t) : Hi — H is bounded for all a € Rand t > 0;
(2) T()L*x = L*T(t)x, for all x € Hy;
(3) foreacht >0, T(t)£L* : H — H is bounded, and

27T ()| < Cat™e™", (4.21)

where some o > 0, C, > 0 is a constant only depending on a;

(4) the Hu-norm can be defined by

11, = 1125 - (4.22)

Now, we give the main theorem.

Theorem 4.6. For any a > 0 the problem (1.1)—(1.3) has a global attractor A in H,, and A attracts
any bounded set of H, in the H,-norm.

Proof. Owing to (4.17), the solution of the system (1.1)—(1.3) can be written as

t
u(t,ug) = et + f e ILGw)dr. (4.23)
0

First of all, we are going to prove that for any a > 0, the solution u(t, 1) of the problem
is uniformly bounded in H,, that is, for any bounded set U C H,, there exists C such that

lu(t,uo)llyy, <C, VE>0, ug €U C Hy, a>0. (4.24)

From Theorem 4.1, we have known that, for any bounded set U C Hj, there is a
constant C > 0 such that

lullyy,, <C, V>0, ug €U C Hyo (4.25)

Next, according to Lemma 4.4, we prove (4.24) for any a > 1/2 in the following steps.

Step 1. We are going to show that for any bounded set U ¢ H, (0 < a < 1), there exists C > 0
such that

lut, uo)lly, <C, Vt>0, up € U C Hy a<l. (4.26)

In fact, by the embedding theorems of fractional order spaces [18], we have

HY(Q) = W22(Q), H3(Q)— WWQ), Hipw COQ)nHQ). (4.27)
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From (4.23), we have

t
it o)l = || ™ +f LG () dr
0

H,

t
< luollyy +f |Lae(t’T)LG(u)|| dr (4.28)
a 0 H

La+(1/3) e(tf'r)L

t
< lolls, +f
0

gl 4.

We deduce that

! 2
Au—a(u)Au - #sz + f(w)| dx

gl = [

2
SI 'azuzAu+(a0+1)Au+a2|Vu|2+Cu6+C| dx
Q (4.29)

2
gcJ' |u4|Au| +|Au|2+|w|4+u12|dx+c
Q
4 2 2 4 12
< C(ullfy, o Iaal,, + Noaly, + el + M1l ) + €,

which means that g : Hy/» — H is bounded.
Hence, from (4.25), (4.28), (4.29), and Lemma 4.5, we have

t
Il < lluollpy, +C j (/30T g < C. (430)
0

where 0 < a <2/3.

Step 2. We prove that for any bounded set U ¢ H, (2/3 < a <5/6) , there is a constant C > 0
such that

llu(t, o)y, <C, VE20, upe U C Hy, a < g (4.31)

In fact, by the embedding theorems, we have
HYQ - WHQ), HYQ oW Q), H(Q) <WHQ),

H3(Q) — W (Q), H.(Q) — CY(Q)n H*(Q), a> %
(4.32)
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We deduce that )
s, = Lz |V<Au —aw)Au-2 ;u) |Vl +f(u)>

2
dx

< cf (u2|Vu|2|Au|2 + 14V AUl + |VAul + [Vul® + u10|Vu|2>dx +C
Q

SCJ sup|u|2 |Vul?| Aul? + sup|u|4 |V AuP
Q x€Q x€Q

+HVAul +|Vul® + <sup|u|10> |Vu|2>dx +C

xeQ

SCI sup|ul? |Vul* + suplul® )|Au|* + sup|u|4 |V AuP
Q x€Q xeQ xeQ

+HVAul* + |[Vul® + <sup|u|10> |Vu|2>dx +C

xeQ

2 4 2 2 4 2 2 6 10 11, 14
< el el + Noell, ol + Nealles, Nuellzs, + [l + oz, + lullg, ulls, +C.

(4.33)
It implies that
1 2
g : Hy — Hj6 is bounded for 5 <a< 3 (4.34)
Therefore, it follows from (4.26) and (4.33) that
1 2
||g(”(t'“0))”H1/6 <C, Vt>0, upeu, > <a< 3 (4.35)
Thus, by the same method as that in Step 1, we get from (4.35) that
t
Jutt )y, = [l + [ et Gu)dr
0 H,
t
<Nl + [ Lo rG00 |, dr
a 0 H
t
< L@+ 1/3-1/6) =1L || 1y d
< ol + fo” i (AT (4.36)

t
< ”uOHHa + f ||L(u+(1/3)—(1/6))e(t—T)L |||g(u) ||H(]/6)dT
0
t
< luollg, + CJ‘ Pe o7 dr
0
<C, Vt>0, upeU c Hy,,

where f=a+1/3-1/6 (0<p<1).
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Step 3. We prove that for any bounded set U ¢ H, (5/6 < a < 1), there is a constant C > 0
such that

lu(t,uo)lly, <C, Vt>0, up€U CHy, a<1. (4.37)
In fact, by the embedding theorems, we have
HY Q) - W¥(Q),  HYQ) W Q), HY(Q) < W"Q),

H*(Q) — W3*(Q), H*(Q) — W**(Q), H,(Q) = CY(Q)NnHYQ), a>

WIN

(4.38)

We deduce

a'(u)

lg@lly, , = IQ 'A(Au —a(u)Au - T|Vu|2 + f(u))

2
dx

2
SCJ ||Vu|2Au+u|Au|2+uVuVAu+u2A2u+A2u+u4|Vu|2+u5Au dx+C
Q

< cf \Vul*|Aul* + ( suplul* )] Aul*
Q x€Q
2 2
+ <sup|u|2> <|Vu|2>|VAu|2dx+ (sup|u|4> 'A2u| + |A2u|

xeQ xeQ

+( suplul® )|Vu|* + ( suplu”® )|Au)* )dx+C
xeQ xeQ

< ullgns + Neellyyas + WoellZ, Noellyos + el Neellpyns + HaellZ, loellyss
el ellysz + Nalgaz + Nl aellgyos + el 39, ll3yez + C

< fually, + Neellsy, + NoellZ, Moell gy, + el Neelzr, + uellZy, el 7,
o [foall gy, Nuall g, + NeellZy, + NeallFy oell g, + luell 2, uellZ, + C.

(4.39)

It implies that

Q1

2
g : Hy — Hj,3 is bounded for 3 <a<-—. (4.40)

(o)}

Therefore, it follows from (4.31) and (4.40) that

||g(u(t,u0))||Hl/3 <C, Vt>0, ugeu, % <a< g (4.41)
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Thus, by the same method as those in Steps 1 and 2, we get from (4.41) that

t
it o)L, = || +f LG ) dr
0

HII

¢
< luoll g +I L“e(t‘T)LG(u)” ar
a 0 H

Lae(t—T)L

t
< Bl + | 11880t

(4.42)

Lae(t—T)L

t
< Mool + | [

t
< luolly, + cf T Pe T dr
0

<C, VtZO,uOEUCHm

wheref=a (0<f<1).

Step 4. We prove that for any bounded set U C H, (1 < a < (7/6)), there is a constant C > 0
such that

7
lu(t, o)y, SC, ¥E20, ug €U C Hy, 1S < %, (4.43)

In fact, by the embedding theorems, we have

H°(Q) — W"(Q), H°(Q) — W?3(Q), H°(Q) — W'"3(Q),
H%(Q) — W3*(Q), H*(Q) — W?*(Q), H?(Q) = W*(Q),
H(Q) — W' (Q), H3(Q) — W32(Q), Ho(Q) = CUQ) N HQ), a> g
(4.44)
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Hence, similar to the above, we have

2

a'(u) dx

gl = J; ‘VA (Au —a(u)Au - T”|Vu|2 + f(u))

< Cf <Vu|Au|2 +|VulPVAu + uAuV Au + uVuAu
Q

2
+1PV A% u + VAU + 18| Vul Vu + u* VuAu + uSVAu> dx+C (4.45)
4 8 8 4 2 4 2 1
< lullg, + Nollyy, + el + el + olle, el + el iy,

2 4 2 4 4 2 2 6 6
+ lloall, oell, + Neall e, Neell s, + oellr, el + Noellz, + Nl lullz,

o+ e, loell gy, + Nloell B, el g, + Naell g, ez, + C.
It implies that
. 5
g:H, — Hi,, isbounded for 3 <ax<l. (4.46)
Therefore, it follows from (4.37) and (4.46) that
t <C, Vt>0 U 2<a<i (4.47)
||g(u(,uo))||H1/2_ g >0, up e U, 6—“< . )

Thus, by the same method as that in Steps 1, 2, and 3, we get from (4.47) that

t
it o), = || + f LG ) dr
0

Hll

t
< Nl + [ L7 G0 |, dr
0

t
< lluollyy +f ||L(a+1/3—1/2)e(t—'r)L
“Jo

t
< lluolly +f ||L(:x+1/3—1/2)e(t—'r)L
“Jo

8@,

t
< luolly, + cf Pe o7 dr
0

<C, Vt>0, ugelU c H,,

where f=a+1/3-1/2 (0<p<1).
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In the same fashion as in the proof of (4.43), by iteration we can prove that for any
bounded set U ¢ H, (a > 0), there is a constant C > 0 such that

lully, <C, VE>0, up €U C Hy, a>0. (4.49)

That is, for all @ > 0 the semigroup S(t) generated by the problem (1.1)—(1.3) is uniformly
compact in H,.

Secondly, we are going to show that for any a > 0, the problem (1.1)—(1.3) has a
bounded absorbing set in H,; that is, for any bounded set U C H, (a > 0) there are T > 0 and
a constant C > 0 independent of uy, such that

lu(t, uo)lly, <C, Vt>T, up €U C H,. (4.50)
For a = 1/2, this follows from Theorem 4.1. Now, we will prove (4.13) for any a > 1/2
in the following steps.

Step 1. We will prove that for any 1/2 < a < 4/3, the problem (1.1)—(1.3) has a bounded
absorbing set in H,.
By (4.23), we have

t
u(t, ug) = e u(T, up) +J eIl o(uydr. (4.51)
T

Let D C Hj; be the bounded absorbing set of the problem (1.1)—(1.3) in Hy 2, and Ty > 0 is
the time such that

1
u(t,ug) €D, Vt>Ty, upelU C Hy, a> 5 (4.52)
On the other hand, it is known that
||efL || < Ce™ M, (4.53)
where \; > 0 is the first eigenvalue of
—Au = \u,
oul _
on 50 - (454)
I udx =0.
Q

For any given T > 0and up € U C H, (a >1/2), we have

||e(t*T)Lu(T, uo)”Ha — 0, ast— co. (4.55)
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By assertion (3) of Lemma 4.5, it follows from (4.51) and (4.29) that for any 1/2 < a < 2/3,

we have
t
+
H, T
t
+
H, T
t
+
H, T
t
+C |
H, T,

t-To
+C j 7 (@1/3) g=07 g
H, 0

||u(t, uO)”Hn = ne(t_TO)Lu(TO/uO)| Lae(t_T)L

|- llagCe,wlydr

= He(t_TO)Lu(TOI o) |

L || g (x|

< ne(t_TO)Lu(Tol up) |

La+1/3€(f—T)L || . ”g(x, u) “HdT
(4.56)

< ne(t—To)Lu(TOI uO) | Lu+1/3e(t77)L

|dT

< ne(t_TU)Lu(Toluo)|

< He(t"TO)Lu(TO, 1) |

+C,
Hzx

where C > 0 is a constant independent of 1. Then, we infer from (4.55) and (4.56) that (4.50)
holds forall 1/2 < a <2/3.

Step 2. We will show that for any 2/3 < a < 5/6, the problem (1.1)-(1.3) has a bounded
absorbing set in H,.
By (4.33) and (4.51), we deduce that

t

+f |
He ),
t

+f |
He ),

t
+Cf |
H, T

t=Ty
+ Cf T—(a+1/3—1/6)e—0‘rdT
H, 0

14t 10) 15, = {| T 1u(To, o) |

Lt ” |Ag(x,w)|| AT

< ”e(t’T")Lu(To, 1) | [a+1/3-1/6 5(t-T)L

| ’ ||g(x’u)||H1/6dT

< ” Ly (Ty, ) | [a+1/3-1/6 5(t-7)L

' dr (4.57)

< ”e(t‘T")Lu(To, 1) |

< ”e(t*T‘))Lu(To, Uup) | C,

+
H,

where C > 01is a constant independent of uy. Thus, we verify from (4.55) and (4.57) that (4.50)
istrue forall2/3 <a <5/6.

By iteration, we can obtain (4.50) for all « > 0. Hence, (1.1)-(1.3) has a bounded
absorbing set in H, for all & > 0.

Finally, this theorem follows from (4.24), (4.50), and Lemma 4.4. The proof is
completed. O
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Remark 4.7. The attractors A, C H, in Theorem 4.6 are the same for all a > 0, thatis, A, = A,
forall @ > 0. Hence, A C C*(Q). Theorem 4.6 implies that for any uy € H, the solution u(t, ug)
of the problem (1.1)—(1.3) satisfies that

tan;j}r61£||u(t, 1) = 0|lcc =0, Vk>1. (4.58)
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