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A wavelet K4(t), that satisfies the g-advanced differential equation Ki(t) = K,(qt) for g > 1, is
used to model N-wave oscillations observed in tsunamis. Although g-advanced ODEs may seem
nonphysical, we present an application that model tsunamis, in particular the Japanese tsunami
of March 11, 2011, by utilizing a one-dimensional wave equation that is forced by F,(t,x) =
K, (1) qSin(x). The profile F, is similar to tsunami models in present use. The function qSin(t) is
a wavelet that satisfies a g-advanced harmonic oscillator equation. It is also shown that another
wavelet, ,Cos(t), matches a rogue-wave profile. This is explained in terms of a resonance wherein
two small amplitude forcing waves eventually lead to a large amplitude rogue. Since wavelets are
used in the detection of tsunamis and rogues, the signal-analysis performance of K, and ,Cos is
examined on actual data.

1. Introduction

Tsunami or maremoto waves occur in response to earthquakes or landslides on the seafloor of
large bodies of water, as discussed in [1-4]. The consequential runup to the shore is such that
the tide goes out, then returns as a large surge, only to be followed by several diminishing
cycles of similar events [5]. An understanding of this behavior involves a consideration of the
effects from the seafloor near the shore where the wave velocity decreases [6, 7]. We study a
short-lived forcing that predominantly generates a traveling-wave profile K;(x — ct) where
K, solves a multiplicatively advanced differential equation (MADE) whose profile resembles
a typical tsunami (see Figure 1). In contrast to the N-wave profile proposed in [8], the K-
MADE profiles are asymmetric wavelets that are flat on a half-line.

In an apparently unrelated phenomena, rogue, freak, or monster waves are caused by
small ripples or currents in layers near the water’s surface [9, 10]. Various methods have
been used to model these rare events, as in [11, 12]. Here, we demonstrate why rogue
waves may be a type of resonance wherein an arbitrarily low amplitude forcing, for a
sufficiently long period of time, can produce any size of localized wave. Our models use
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Figure 1: (a) Tsunami 52406 from DART, March 2011; (b) replica of tsunami-model profile adapted from
[71; (c) MADE solution profile y = K,(t) for g = 1.5.
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Figure 2: (a) y = ,Cos(t) for g =1.5;and (b) y = ,Sin(t) for g = 1.5.

square-integrable versions of the sine and cosine functions that we call qus(t) and qSin(t)
(see Figure 2).

Tsunami and rogue waves are perturbations of the water-surface elevation function
1(t,x,y). The surface velocity components U = (u,v,w) are small and the time-averaged
mean-flow velocity (U) is assumed to remain 0 everywhere. Subject to assumptions, the
functions K, qus and qSin will be used in the construction of the forcing terms in the
Matsuno equations [13] as given by

ou Ou  Ou on

5 + ua + v@ - fov =—a(u,v)u— g0<a> + Py,

ov Ov  Ov on

§+ua +v@ +f0u——¢x(u,v)v—go<@> +Py, (1.1)

0 0
w+ a_x[(H +1)u] + @[(H +1)v]| = —a(u,v)n+Q,

where H (x, y) is the depth of the water, w = 07/ 0t is the vertical velocity of the wave surface,
P, and P, are variable external forcings, and Q is a mass source term. The acceleration due to
gravity gy accounts for buoyancy, and the Coriolis parameter f; addresses the rotation of the
earth (only required for very long waves over the earth [14]). The friction coefficient & > 0
acts as a generic sink that reduces the amplitude over time [6].
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This work considers localized plane waves, or wavelets, on a flat sea propagating only
in the x-direction. Thus, we set

u=u(tx), w=w(t,Xx), n=n(t,x), v(t,x,y) =0,

H=H(x), c=c(x)=1/g0H(x), (1.2)

P, =DPy(t,x), a=fo=P,=Q=0.

In deep water H = Hy > 0 is a fixed constant and ¢y = 1/goHo is a constant surface-wave
speed (called the celerity). Then, for small amplitudes, the elevation function 7 (¢, x) satisfies

o’n o’
generation: Froie 03@ =F(t,x), wheren(t,x)=0, fort <0, x eR, (1.3)
0 02
propagation: 6_1t1 + Co% <11 + C%,f + cloa_xz> =0, for H(x) = H,, (1.4)

o on nde  0(7) ¥
runup: a3 + Ca_x + > I +ﬂ—ax + v@

=0, for H(x)>0. (1.5)
These equations are found in [8, Equation (2)], [15, Equation (45)], and [16, Equation (13)],
respectively. The new coefficients are defined as f(x) = 3¢/ (4H) and v(x) = cH?/6. Equation
(1.4) is referred to as the KdV-top model in [16]. Inclusion of an additional boundary-
turbulence term in (1.5) would result in a loss of conservation properties for 7 (considered in
[17] but not here).

The forcings F(t,x) in (1.3) will be constructed from bounded wavelets ¢(u) that
satisfy MADEs. As such they satisfy the following conditions:

¢ € L1(R) N L%(R) N L*(R), r ¢(u)du = 0. (1.6)

Physically, if ¢ represents the displacement of the water-level from equilibrium, conservation
of mass necessitates that the conditions in (1.6) hold. Note that, as discussed in [15], solitons
are not expected to occur in (1.4) since the total spatial integral of 7 vanishes. We find that
if F(t,, x) is a wavelet in the x variable (for fixed t, € R), then so is 7(t,, x) away from the
shore (using x-integration of either (1.3) or (1.4)). During the runup, however, 7(t, x) looses
its wavelet properties due to the variability of the coefficients in (1.5).

It seems natural that wavelets should appear in the study of surface water waves. The
wavelets presented here are particularly well suited for surface waves. In particular, we show
that when the forcing F is expressed in terms of K, 4Cos and gSinin (2.2)-(2.3), the solution
can be reexpressed in terms of these functions. An objective of this paper is to demonstrate
that the modeling as well as the detection and analysis of an observed wave profile can be
achieved efficiently in terms of the wavelets (2.2)-(2.3), see [18-20]. Hence, a brief discussion
on the topics of signal analysis and recovery on real data is presented using K, and ,Cos. We
apply these techniques to the Japanese tsunami of March 11, 2011. The paper is completed
with the details of a perturbation analysis in g > 1* that is needed to establish the existence
of a resonance for rogue waves.
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2. Preliminaries on Special Functions

The first quantity that we introduce is the function K,(t) that satisfies the MADE
Ki(t) = Ky(qt), VteR, g>1. (2.1)
We set K, (t) =0 for t <0, and define

& (1) ed
K )= D] G fort>0,q> 1. (2.2)
el

Note that K, (t) satisfies the wavelet conditions in (1.6), see [18]. Furthermore, as in [20], the
reproducing kernel of K,(t) gives the functions

qCOS(i’) =Ny - Jm K () Ky (u— tydu = Z ( 1)16 g%t
0
S (2.3)

o = /t 2 (-1
(Sin®) = =Ny - | KK, (qu-gt)du - (m)“’% Py

which are displayed in Figure 2 for g = 1.5. The normalization constant N, is chosen so that
4Cos (0) = 1. It is shown in [20] that the g-advanced harmonic oscillator equations,

4Cos"(t) =—q- Cos(qt),  4Sin"(t) = -q* - Sin(qt), (2.4)

hold, which are second-order MADEs. Each of (2.2)-(2.3) lies in .£>. We show as a
consequence of Theorem 2.1 that ,Cos(t) — cos(t) and ,Sin(t) — Sin(t) pointwise for f € R
as g — 1*. Note, we also have uniform convergence on compact sets, which was obtained
in [20]. Thus, ,Cos(t) and ,Sin(t) can be viewed as £? approximations of cos(t) and sin(t),
respectively, which are solutions of the limit of equations in (2.4) as g — 1*.

2.1. Theta Functions

As part of our study, we employ the Jacobi theta function, defined for w € C\ {-g"},.cz,

© 1
0(q w) = _Z qk(k 1)/2 ”"H<1+ _>< qu+1)’
® 1
#QEH<1_ qn+1>'

n=0

This function will only be used in regions where w > 0 and g > 1. Clearly the function
0(g%,w?) is C* for all w € R - {0} and grows faster than any rational polynomial at +oo and 0.



Abstract and Applied Analysis 5

As such, for each g > 1 one has that 1/60(g?,w?) is a Schwartz function that is flat at w = 0. It
also satisfies the algebraic identity

9(11; qnw) — qn(n+1)/2wn9(q;w), nez, (2.6)

which plays an important role in our analysis, [18].
Theorem 2.1. For q > 1, let
1
ifw>0

84(w) = 1 [In(9)0(q% w?)] (2.7)
0 if w<0.

Then 64(w) is a delta sequence in g > 1%, at w = 1 and has the following properties:
(i) lim 6,(w#1) =0, (i) lim 64(1) = oo, (iii) lim 64(w)dw = 1. (2.8)
g1 q-1 a=1"Jo

Proof. From [21], for 1 < g < e” and for w > 0 one has

O<q1/4|w|e(ln(|w))2/lr\(q){ T _1} <0(g%w?), (2.9)
In(q) ( )
0 < 9<q2;w2> < q1/4|w|e(ln(w))2/ln(q){ T +1}, (2.10)
In(q)

Multiplication of (2.9) and (2.10) by In(qg), followed by reciprocation, gives that for w > 0

74| e n))?/ In(q) 74| e On)?/ 1n(a)

<O4(w) <
VIn(@){var +1/in(q) } VIn(@) {var - 1/in(q) }

Now, (i) follows from (2.11) and the fact that for k > 0, lim,_1:[e*/"@ /4/In(g)] = 0. For
w =1, (ii) also follows from (2.11). To obtain (iii), we handle some preliminaries. First, it was
shown in [18] that

(2.11)

= = g (k) b
K,|> = K, (t Zdt:f T V) By
1K= [ Ik Pa= [ ST de
(2.12)

4 4
_A(a) pe (2 do () K I‘” do
21 ) 0(q%0?) 7 Jo 0(g%0?)
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The functional identity (‘uq)4q = 2||Kq||§(/4qz)2Nq, established in [20], allows for the
replacement of (||K,[3/q) by ((yq)4/ [Z(yqz)qu]) in (2.12) to obtain the following:

2
® dv _ Jrlqu“Z _ T (2 13)
(g2 v?) - 4 7 3" ’
0o U9 a(pq) i 2Ng(pe?)
This in turn gives that
o « dw T

lim j 6j(w)dw = lim | ———————— = lim ——— =1, 2.14
a=1Jo 7 =1 Jo In(q)0(q%w?) =T 21n(q)N, ()’ @14)

where the last equality follows from the g-Wallis limit, lim, .1+ [In(q) N, (yqz)3] = o /2, from
[21]. This proves (iii) and finishes the proof of the theorem. O

2.2. g-Advanced Wavelets That Solve MADEs

The appearance of theta functions is a consequence of the Laplace transform of (2.2),

s0(q,s)

Ky(t) = 27 [ ] (), where L[f(t)](s) = fo e~ f()dt. (2.15)

In [20], we use the inverse Fourier transform to compute the expressions

(,uqz)3Nq I

;,Cos(t) = LA
s (2.16)
iy SN (% e
q ln( ) = . Q(qzl wz) 7

and these expressions will be used in the proof of a resonance for rogue waves. The
representation in (2.15) verifies the MADE in (2.1), and (2.16) implies the identities

4Cos'(t) = — Sin(t), Sin'(t) = q- qus(qt), (2.17)

which verify the MADEs in (2.4). Now Theorem 2.1 gives that both §,(w) and 6,(-w) are
delta sequences in g > 17 at w = +1, respectively. These applied to (2.16), in combination with
the g-Wallis limit, give that pointwise

qler11+ 4Cos(t) = cos(t), qlirr11+ Sin(t) =sin(t), forteR. (2.18)
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For g > 1, the functions in (2.15) and (2.16) are in the Schwartz space. In particular, their

rates of decay for large |t| are typically slower than exponential but faster than any reciprocal
polynomial. It can be shown that 3C > 0 so that fort e Rand g > 1,

max{ |K,(1)], | qus(t)',

,Sin(t)

1 ~log? (It)
,——— + < Cgq o8, (2.19)
|9(q;t)|}

Remark 2.2. The use of theta functions in frequency space provides decaying versions of cosine
and sine while preserving many differential properties of these functions.

3. Tsunami Modeling Using MADEs

A tsunami wave is the consequence of a spontaneous change in elevation on the seafloor,
which creates a variable pressure field throughout the volume of water. This sets up forces
that extend to the surface of the ocean causing it to be moved up and down, locally. The
perturbed wave height then propagates away from this disturbance. In still water, the surface
wave speed ¢y = \/goHp mainly depends on the average depth Hj of the ocean. For tsunamis,
the wavelength is much longer than Hy and so the shallow-water wave equation applies (see
[22, page 195]). Near the shore nonlinear effects need to be introduced to account for the
sloping of the shoreline [4, 12, 23, 24].

Suppose that the faultline on the seafloor is parallel to the y coordinate. Then the y-
dependence can be ignored even after the tsunami-causing event has taken place. In this
situation, the wave front will travel in the x direction only.

3.1. g-Advanced Tsunami Model

Consider the forced one-dimensional wave equation for the water-level function ¢ [14, 22],

Ot x) - A2g(t,x) = F(t,x), YteR, xeR,  ¢(tx)=0, Vt<0,xeR, (3.1

where the condition on the right in (3.1) constitutes the boundary and initial conditions. The
forcing is expected to satisfy the conditions, for fixed t., x, € R,

[e'e]

lim F(t,x.) =0, | llim F(t., x) =0, J F(t., x)dx =0, (3.2)

[t| = oo —

and is related to the depth of the ocean floor by afH (t,x) = F(t,x). The models in [4, 8] start
with ground-motion profiles H = Hys or H = Hzwr where

Hrs = ?tanh <yx - ;), Hyw = (ZA}f)sech2 (yx) tanh(yx) sin<;i;>, (3.3)

respectively. In [8], it is noted that using the first model H = Hrs gives a force consistent
with a landslide that continues for all time. In [4], the second model H = Hzw, suggests an
earthquake that continues for all time. In these settings, (3.2) does not hold. However, these
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models are still used as part of the initial forcings for the wave equation since they lead to

integrable solutions whose evolutions resemble that of actual tsunamis. As a comparison, we
propose the following g-advanced model:

H,(t,x)= A- K,,(;) qSin(y - x),

0’H, A- 2t ,
F,(t,x) = at2q - 24 Kq<q7> qu(y-x),

72

(3.4)

where F(t, x) now satisfies the conditions in (3.2). When (3.4) is substituted into (3.1), solved
and simplified, one obtains a unique solution ¢ (¢, x) to the forced wave equation. To express
the solution, define the two phase functions, corresponding to right and left propagation,

y-x-¢
g’

y-x—§
q,“

t . ot
Put,x,8) = — - ;o gubx=—+ Vi, x,¢ €R, (3.5)

where the parameters are related by coyT = g#. Define, for any a, f,y € Rand g > 1,

rx o
Cii,p,ﬂ(f/x) = L—O qu(q“ -¢) Kq <‘7ﬂ gt x,§)>d§. (3.6)

Then, for t > 0 and x € R, the reader can verify that
(P(t/ JC) = Pparticular (t, X) *+ $homogeneous (t, x)/ (37)
where a particular solution to (3.1), with the forcing in (3.4), is

—A-gH
Pparticular (£, X) :< zq )'[ta,l,#(trx) - tg,l,y(trx)]- (3.8)

A smooth solution that satisfies ¢s(t, x) = 0, for t < 0, is obtained by choosing

x+cot a ar. 0,
Mdu:l. (3.9)

-1
Prom (£, %) = = [quar. (0, + cob) + rpar. (0, = col) + J co - ot

x—cot

One can see from (3.5)—(3.9) that the solution has the basic wavelet properties
¢ x), p(t, ) € £'(R) N L2(R) N L™(R), f g (t,x.)dt = f ¢(t., x)dx=0, (3.10)
R R

for each t,, x, € R. To analyze the long-term behavior of the solution ¢, we use (2.1), (2.17),
and integration by parts, twice, to obtain Proposition 3.1.
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Figure 3: DART 21418: Data showing earthquake ( forcing, on the left) and resulting tsunami (on the right)
observed on March 11, 2011, from 5:43 am to 6:51 am (horizontal axis is time in minutes, vertical axis is in
meters).

Proposition 3.1. For any a,, p € R and q > 1 the following identity holds:

_ t_yx _ _
+ _ IR Iy _ o 20a42p-2u+l |+
tu,ﬂ,/l (t’ x) - q K‘i (q [T + q,,l ] > q ta—l,ﬂ+2,y(t’ X)

ﬁt ﬂ+1t
—-a a q —LZO - . a— q
-q"- Cos(q"yx) -Kq<7> +q2tb ”qu(q 1yx>-Kq< >

T

(3.11)

The expression in (3.11) demonstrates that _Cuit,ﬂ,y’ as used in (3.8), can be written as
a series of localized (bound) states and traveling (free) states. These different terms appear
as translated and scaled versions of the wavelets Ky, qus and qSin. Thus, such functions
provide a good match for a wave profile ¢ that was generated by the family of forcings F, in
(3.4). Furthermore, for t > 0, x > 0 and p > 0 (reasonable for tsunamis),

-3u-1

Aq

(,Uparticular(t/ x) = ( > ’ Kq (Y ’ q_” [Cot - x]) (312)

Finally, observe that F,(t,x) in (3.4) is g-advanced in time compared to the ground-motion
profile Hy(t, x). We also find that the forcing precedes the response ¢ for the g-advanced
models. Figure 4(a) illustrates a case where a forcing profile generates a similarly shaped
tsunami in Figure 4(b).

Remark 3.2. Similar results hold for height functions ﬁq(t, x)=A- Ky (t/T) qus(y - X).

3.2. Numerical Solution of a g-Advanced Tsunami Wave Event

Here, we model the Japan tsunami of March 11, 2011, using (1.3), (1.4), and (1.5) with a
forcing term F;in (3.4) with environmental parameters chosen to be, in mks units,

g =10ms™,  Hp=4000m,  cy=200ms’,
(3.13)
y=001m"', 7=100s, A=6x10"m,
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Figure 4: (a) Comparison of forcing from data (dashed line) and model (solid line) results in g = 1.25;
(b) comparing tsunami at DART 21418 and propagation model results in A = 6 x 10" m.

which are based on past experience [4]. The sea-depth function is chosen to be
X 2
H(x) = Hy, forx<0, H(x)=Hp-|1- (5 km) , for x € (0,5km), (3.14)

which models the sea-floor near Wake Island. This is a required modification of the model
used in [7]. For stability, we employ a Lax-Wendroff correction term in the numerical method.
A good match with typical tsunami profiles and run-up profiles was obtained by using g =
1.25. In this case, u = 23.74, which justifies the approximation in (3.12).

Figure 3 represents data from the Japan tsunami of March 11, 2011, at the first oceanic
observation site DART 21418. This data includes a preliminary forcing profile from the (local)
times 5 min to 20 min, along with the actual tsunami profile from the (local) times 42 min to
72 min.

Figure 4(a) again shows the Dart 21418 forcing profile from the times 5 min to 20 min,
along with a g-advanced forcing profile as in (3.4), with A and g chosen to be A = 6 x 107 and
q = 1.25 to effect comparable forcing profiles.

Figure 4(b) shows the Dart 21418 actual tsunami profile from the times 42 min to
72 min along with the numerically propagated theoretical tsunami for the same time interval
that was generated by (1.3) and (1.4) for the forcing F; in (3.4) as above (with parameters
A=6x10"and q = 1.25).

Figure 5 shows the actual tsunami profile at a later time and greater distance at oceanic
observation DART 21413 from the (local) times 5 min to 65 min. Also shown for comparison is
the numerically propagated theoretical tsunami for the same time interval that was generated
by (1.3) and (1.4) for the forcing F, in (3.4) with parameters A = 6 x 107 and g = 1.25.

Figure 6 shows the actual run-up profile taken from the tide gauge at Wake Island at
an even later time and greater distance. This is compared with our predicted run-up profile
generated by (1.3) and (1.4) together with (1.5) for the forcing F, in (3.4) with parameters
A =6x107 and g = 1.25. The run-up data and theoretical profile have similar profiles initially,
for the first few oscillations.
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Figure 5: DART 21413: Data showing fsunami about 90 minutes after the earthquake and propagation
model.
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Figure 6: Wake Island: Data showing tsunami about 125 minutes after the earthquake and run-up model
for Wake Island shoal.

4. Rogue-Wave Modeling Using Solutions of MADEs

A debate continues on the physical cause of rogue waves, [9]. One possible mechanism is a
natural outcome of a constructive interference between rippling surface waves that propagate
in different directions [22, page 191]. We construct a localized plane wave using a MADE-
generated solution of the wave equation, for A > 0,

Y,t,x)=A- qus<£>- 4Cos (y - x). (4.1)

Substituting ¥, into (3.1) results in a small but persistent forcing. The model in (4.1) ignores
possible translational behavior, which will be discussed at the end of this section. Here, y and
T are parameters that satisfy cy = 1/7 for a constant celerity ¢ > 0. The forcing required to
obtain ¥, from a calm distant past consists of two terms

-t t
F,(t,x) = Aqy*c®- [qus<qT)- ,Cos(y - x) —qus<;)- ,Cos(g-y-x)|, (4.2)
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and it is easily seen that ||Fyll,, < A/72% We show that ||[Fyllc — 0as g — 1* while from
(4.1) it follows that [|¢5l|c = A remains constant for all g > 1. This is a type of triad resonance
with peak at (¢, x) = (0,0). To proceed with our analysis, estimates on the differences between
g-advanced functions, which are solutions of MADEs, are needed.

4.1. Analysis of Forcing Terms for ;Cos and ;Sin-Type Rogue Waves

In this section, we show that small amplitude forces, over long periods of time, can naturally
produce large rogue waves. This demonstrates the existence of a resonance for the system
externally forced by (4.2).

Proposition 4.1. Let € > 0 be given. Then there exists Q¢ > 1 such that for all q with 1 < g < Q¢
one has

|qCOS(qt) —qus(t)l <e, (4.3)
forall t € R; also there exists Q¢ > 1 such that for all q with 1 < g < Q¢ one has
| qSin(qt) —qSin(t)I <e, (4.4)

forallt e R.

The proof of this result is given in the last section. It is used here to show that small
amplitude forces, over long periods of time, can naturally produce rogue waves. That is, for
q sufficiently near 1, we now apply Proposition 4.1 to show that for arbitrarily small forcing
terms F,(t, x) there are large rogue solutions ¥,(t, x) of the forced wave equation (4.5) (and
of (4.10)).

Theorem 4.2. Let A,c > 0 and define ¥, as in (4.1) and F, as in (4.2). Let € > 0 be given, and let
q > 1 be sufficiently close to 1. Then ¥ ,(t, x) satisfies the forced wave equation

(af - czag)qfq(t, x) = Fy(t,x), (4.5)

where ¥,(0,0) = A is fixed, but |F4(t, x)| < € forall t, x € R.
Proof. Without loss of generality, set y = 1 and ¢ = 1/7. Then one has, for all g > 1, that
(07 - 202 )wy(t,x) = (0} - c202) [A - ,Cos(ct) -qus(x)]
= A(-q) - ,Cos(qct) - ,Cos(x)
-c?A- Cos(ct)(-q) - ,Cos(gx) (4.6)
= - chz[qus(qct) - ,Cos(x) — ,Cos(ct) -qus(qx)]

= Fq(t, x),
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giving (4.5). Choose gy > 1. Now let € = ¢/[2Aqoc?], and let Qg > 1 be chosen so that for 1 <
g< Qg one has | qus(qx) —,Cos(x) | < € by Proposition 4.1. Then, forall 1 < g < min{Qg, qo},

|F,(t, x)| = |—chz[qus(qct) - ,Cos(x) - ,Cos(ct) -qus(x)]

- Agc? [qus(ct) - ,Cos(x) - ,Cos(ct) - qus(qx)] |

< ch2| qus(x)”[qus(qct) - qus(ct)] | 0
+ ch2| ,Cos(ct) | | [ ,Cos(x) - qus(qx)] |
< chzl( ,Cos(qet) - qus(ct)i + ch21| ,Cos(qx) - qus(x)|
< AGcPE + Agc*E < g + g ¢, o

where (4.8) follows from the fact that || ,Cos|| = 1. Now, since ,Cos(0) = 1, we have
¥,(0,0)=A- ,Cos(0)-,Cos(0) = A. -

Theorem 4.3. Let A,c > 0. Let € > 0 be given, and let q > 1 be sufficiently close to 1. Define

Dy(t,x)=A- ,Sin(ct) -qSin(x),

(4.9)
G,(t,x) = -Aqg°c? [qSin(qct) - 4Sin(x) — ;Sin(ct) -qSin(qx)].
Then @,(t, x) satisfies the forced wave equation
(af - czai)cpq(t, x) = G,(t,x), (4.10)
where sup, @y = A > €, but |G4(t,x)| <€ forall t,x € R.
Proof. From (4.9), one has for all g > 1 that
(a2- czai)cpq(t, x) = (a? - cza§> [A - Sinet) - qSin(x)]
= A<—q2> . qSin(qct) c*- 4Sin(x)
- *A- ,Sin(ct) <—q2> . qSin(qx) (411)

= - Ag*c? [qSin(qct) - ,Sin(x) — ,Sin(ct) -qSin(qx)]

= Gy(t, x),
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giving (4.10). Choose qo > 1. Now let € = e/[2Aqo*c?,/qo], and let Q% > 1 be chosen so that
for 1 < g < QS one has | ;Sin(gx) - ,Sin(x) | < € by Proposition 4.1. Then, for all 1 < g <

mln{Qé /5]0},

|Gq(t,x)| = |—Aq2c2[qSin(qct) - ,Sin(x) = ,Sin(ct) .qSin(x)]

(4.12)

- qucz[qSin(ct) Sin(x) = ,Sin(ct) -qSin(qx)] |
< Aq2c2| qSin(x)H [qSin(qct) - qSin(ct)] | i,
+ Aq2c2| qSin(ct)H[qSin(x) —qSin(qx)” o)
< Aqc?\/q| Sin(qet) - Sin(ct)| + Ag*c*/| Sin(qx) - Sin(x)] (4.14)
< AC/GE + AGJGE < g + g - (4.15)

where (4.14) follows from the fact that || qSinHw < /4, as in [20]. Now, since sup Sin=1 for
q > 1 sufficiently close to 1, we have that sup @, = A. O

4.2, Slowly Moving Rogue Waves

When a slight drift in the rogue-generating current is present, there may be a speed v < ¢ to
the wave-height profile. A model for such a rogue can be given by

$ao(t,x) = A+ Cos(Ty-y-ct)- Cos(y- (x —0t)), (4.16)

where I', = \/1- (v/ c). The peak of this wave still occurs at (t,x) = (0,0) but moves to
the right at speed v. The techniques used in the previous section show that by choice of
parameters, a small amplitude forcing, over a long period, will create a moving rogue of
arbitrary size.

Theorem 4.4. Let A,c,y > 0and ¢ > v > 0. Define T, = \/1 - (v/c)*. Let € > 0 be given, and let
q > 1 be sufficiently close to 1. Define the surface-height function

‘f’qlv(t,x) =A- qus(Fv -y - ct) -qus(y- (x —ot)), (4.17)
and let the forcing be given by
fq(t,x) = - (ZAYZUCF,,> . qSin(l"vyct) qSin(y(x - vct))

- Ay2q<c2 - vz> : [qus(quyct) ,Cos(y(x - ot)) (4.18)

+ ,Cos(Toyct) Cos(qy(x - vt))].



Abstract and Applied Analysis 15

Then ‘f‘qv(t, x) satisfies the forced wave equation

(a? - czai)lif,,,v(t, x) = Fy (¢, ), (4.19)

where ¥,,(0,0) = A is fixed, but |Fy(t, x)| < € + (2AqLyy%c) - v forall t,x € R.

Proof. Applying the operator (6% —c?02) to (4.17) yields (4.19) for I?q in (4.18). The magnitude
of the first term in (4.18) is handled as follows:

| (24y%veTy ) Sin(Toyet) Sin(y(x - ob)|
< <2Ayzvcl"v>

< <2AYZUCFU>\/§\/§ = <2Ay2qcfv> -,

qSin(Fvyct)| : | qSin(y(x - vt))| (4.20)

where the last inequality follows from the fact that || qSin||Oo < /4. The remaining expressions
in (4.18) are controlled by noticing that

| ,Cos(q-Toyct) - Cos(y(x - vt)) - Cos(I'vyct) - Cos(q-y(x - vt)) | (4.21)

can be brought below e for g sufficiently close to 1 by paralleling steps (4.7) through (4.8) in
Theorem 4.2 and applying Proposition 4.1. The result is now proven. O

Remark 4.5. For v sufficiently small (as well as g sufficiently near 1*), the term (2Aql',y%c) - v
in Theorem 4.4 is small, and one then has that F, 4(t, x) can be made arbitrarily small compared
with the rogue amplitude A, independently of t, x € R. For smaller values of y, the moving
rogue wave maintains a large amplitude near A for a longer period of time.

Remark 4.6. There is a corresponding theorem for the moving ,Sin rogue wave given by
Do (t,x) = A- Sin(Toyet) - Sin(y(x - ot)).

Remark 4.7. Note that, as is demonstrated in Figure 7, classic rogue wave profiles emerge from
smaller forcings even for g relatively far from 1.

5. Wavelet Signal Analysis, Inversion, and the Frame Operator

We now have a collection of solutions to differential equations that give the qualitative
behavior of a physical phenomena. Next, to detect, analyze, store, and recover a tsunami
waveform, it is common to use a wavelet analysis [25]. The process begins by identifying a
discrete set of functions, called an affine frame,

1245 (git - kb
Ay = {(pj,k(t)z%‘j,keZ}. (5.1)
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-1 _
. o\ijj(%_z

(a) (b) ()
Figure 7: Parameters: ¢ = 1.0, A = 1.0, 7 = ¢ = 3/2, and y = 1/q = 2/3. (a) Forcing profile F; converges
toward x = 0 ast — 07; (b) rogue solution ¥, in a neighborhood of x = 0 that oscillates over time; (c)
forcing with ||Fylles <1/4* = 4/9 and solution with [[¥, ]|, = 1.

With some effort, it can be shown that spanA, = £*(R), for appropriate ¢ and b > 0
sufficiently small [26]. This leads a wavelet transform W,, : £*(R) — ¢*(Z?) where

W [f1Gi k) = (wix f) = [ ot ] wa(qft - kb) f(B)dt. (5:2)

The range of W is a subspace of ¢?(Z?) and has an adjoint W* defined to be
W* w[ﬁ(R)] c (7)) — 22®),  W'[{cikhp] = X cingli(h), (5.3)

where (p;.‘,k are the elements of the dual frame to A,,.. The frame operator S = W*W : £*(R) —

£%(R) is invertible for b > 0 sufficiently small. If Ay is an orthonormal basis for £2(R), then
one can use ¢y = ¢jk- The wavelets K4, ,Cos, and ,Sin generate frames whose inner product
structures are nearly orthogonal [20]. Consequently, as will be shown below, a reasonable
analysis of the different waveforms is obtained without computing the dual to A,,.

The results of a signal analysis and synthesis, briefly presented here, consist of (1)
choosing 256 equallyspaced points from the data, (2) computing the inner products with
elements of A, (3) sorting and identifying inner products with the largest magnitudes, (4)
reconstructing the wavelet-based waveform, (5) normalizing in £%, and (6) computing the
normalized RMS error.

By [19], the sizes chosen for the parameters are g = 1.5 and b ~ 2, with slight
adjustments being made to improve the result. The reconstructed signal has an amplitude
about b/ (2g) of the size of the data profile. The need for this scaling was explained in [20]
and is due to the fact that the £2 operator norm of S7! is estimated to be b/ (29).

5.1. Tsunami Wavelet Analysis

On March 11, 2011, an earthquake of magnitude 9.0 occurred off the coast of Japan causing
a tsunami no less than 10 m high. Surface wave levels were detected by buoys operated by
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(d) (e)

Figure 8: (a) Tsunami 46411 from DART, March 2011; (b) relative magnitude of coefficients for 3 scales
{g7%,1,q} for g = 1.5; (c) relative magnitude of coefficients for 5 scales {qf}?:_l; (d) Ky(t) wavelet
approximation with 20 largest coefficients; (e) largest magnitude of K, (g = 1.5, scale = ¢° = 1, shift =
2-b=3.9); (f) comparison between DART data and K, wavelet reconstruction.

2| @ 0000 000

(a) (b)
(d) (e)

Figure 9: (a) Rogue 1520 from Draupner, January 1995; (b) relative magnitude of coefficients for 3 scales {1,
q, 9%} for q = 1.5; (c) relative magnitude of coefficients for 5 scales {g/ }}l:o ;(d) ,Cos wavelet approximation
using largest 30 coefficients; (e) largest magnitude of ,Cos (q = 1.5, scale = q°, shift = 5 - b =12.2); (f)
comparison between Draupner data and ,Cos wavelet reconstruction.
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DART. To detect, analyze, store, and recover a tsunami waveform, we choose the wavelet
frame

]~ ) ]
Ak, = é’_K K, (th . kb) jkezZy, Ckx= fo KZ(tydt, (5.4)

with g = 1.5 and b = 1.95. Then the application of Wk, on tsunami data gives coefficients
{cjx} which can be plotted in a k versus j diagram. The largest values of |c; x| indicate position
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(due to k) and narrowness (due to j). Only the largest 20 coefficients in magnitude, for the
ranges -1 < j <3 and 1 < k <10, were used to obtain the fit on the bottom right of Figure 8.
The normalized-RMS error

1 1 < ata wavelet') 2 v
NRMSE = max<y;~avelet> _ min(ylyvavelet> ' <N§<yld - Yi 1 t) > (55)

was computed to be NRMSE = 16%. The bubble plots of the relative sizes of the coefficients
are shown with the discrete time translation variable k displayed horizontally, and the discrete
frequency exponent j displayed vertically.

5.2. Rogue Wavelet Analysis

On January 1, 1995, a rogue wave was detected on the Draupner platform in the North Sea.
Surface wave heights were recorded using a laser-detection method [10]. Here we use the
wavelet frame

_ 1/‘7j . i _ ; 7 cos2
chos_{ o qus<qt kb)l ],keZ}, CC_JO ,Cos*(t)dt, (5.6)

with g = 1.5and b = 2.44. Here, we used 30 coefficients, for theranges1 < j <4and 1 < k <10,
to obtain the fit on the bottom right. The normalized RMS error is 18%. See Figure 9 for the
results of this analysis.

6. Estimates for |; Cos(qt) - ,Cos(t) | and |, Sin(gt)—, Sin(t)|
In this section, the estimates for the differences of g-advanced trigonometric functions are

proven. First we record useful Fourier transform expressions. From (2.3) we have the Fourier
transforms of ,Cos(t), ,Cos(qt), ,Sin(t), and Sin(gt), respectively, are given by

2(ue)’Ny, 1

F|oCost)] ) = == 5 (6.1)
_12(pe)’N, 1 _
?[qus(qt)](w) SR, (qz; (q2)_1w2> = 7?[qCOS(f)](w)/ (6.2)
2(ue)’ Ny (=i
F| ,Sin(t)] (w) = ( \‘;2)7[ ' ((q2lf"aj)2), (6.3)
. C12(up)’Ny  (Fiw/q) WP or
7[q5m(qt)] (w) = 7 v 6<q2; (q2)_1w2> = F?[qu(t)](aJ), (6.4)
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where the algebraic identity 8(¢% (g%)"w?) = (g%)""™/?*(w?)"8(g% w?), that follows from

(2.6), was used to obtain (6.2) and (6.4). Further details are presented in [21].

Proof of Proposition 4.1. We first prove the estimate for the differences involving ,Cos. From
(6.1) and (6.2), one has

| ,Cos(qt) —qCOS(t)i = '?’1 (?[qus(qt)]) -F! (?[qus(t)D|

LJ‘ it 12(#42)3Nq w’
CVox|)e q V2r 0(¢%w?) (6.5)
2(.”42) Ny 1
V2zr  0(q%w?)

1 12(.“!12)3Nq |w? - q| 4 _2(.”42)3qu * |w? -4

S Vard var Jeo(@e?) ™ T 2mg o 0(q%w?) A
(6.6)

2 3N ! |w®-q| * -4 w? —q

_E(#qZ) [ Q(q o) dw + I o(q5 wz)dw:I (6.7)

where the triangle inequality gives the inequality in (6.6), and the evenness of |w? —
q|/6(q*; w?) allows for reduction to integration over [0, o0) in (6.6).

The change of variables w = 1/u is made on the first integral in (6.7), and the algebraic
identity 6(g% u2) = u20(g%; u?) is used to obtain

' w? -4 |u? - q] * |u? -4
—d = _(—u d = d 6.8
0 0(g )" we(qz;u‘2)< ¢ ) ¢ L o(q%u2) " (©5)

Now (6.8) is used to reexpress the bound (6.7) as

2y (P le? gl |w? -]
|qus(qt) —qus(t)| < ﬂ_—q(‘uqz) N, L 8 () dw. (6.9)
From (2.9), we have that
1 -1
b | g4 len(wD)?/ InGg) T4
o) © [‘* e { in(9)
(6.10)

1 g 4| e tnte))/ In@)

Vin(a)  {vZr-4/in(9)}

=In(q)
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for 1 < g < e”. Deploying the bound (6.10) within the integral in the bound (6.9) gives

1 * w2 -g| + |w?-g|}w™
|qus(qt) —qus(t)| <F(9) ,[ | (ZILw)Zl/ln( )ql} dw], (61D)
\/In(q) 71 e !
where
F(q) = 2In(q) (4e)’ N, 1 (6.12)
= 5/4 : :
74 v =1/In(q)
It follows from [21] that
. 3,1 . 1
th% [ln(q) (He) Nq] =5 = qh_%F(q) = (6.13)

We now show that | qus(qt) - qus(t) | can be made arbitrarily small, independently
of t, for all g > 1 sufficiently close to 1*. In light of (6.13), this is accomplished by first showing
the corresponding statement holds for the bracketed expression in (6.11).

Let a > 0 be arbitrary, with a to be specified later. The integral in w over the interval

[1,00) in (6.11) is now subdivided into two integrals, the first over [1,e%V!"@] and the second
over [e*V In(q) o). First, considering w restricted to the interval [1, e*V ln(q)], one has that

eV W — g| + w? - g }w™

1
/ln(q) ,[1 e(lnw)z/ In(q)

dw

e/ (@) -2 2 2 -1
1 —_ —_
- \/In( )f e ql:lu ;/lla)(w il dew (6.14)
11’1 q 1 e nw n
e“\/m -1 _ _ -1
_ 1 f o™ gl + | g},
ln(q) 1 e(lnw) /In(q)

Now the function |w™! — gw| assumes its maximum value on [1,e*V'"(?] at the right endpoint
e®VIn@ _ n addition, for all g sufficiently close to 1, the function |w — qw™| assumes its

maximum value on [1,e*V"@] at the right endpoint e*V!"@ . The latter statement follows
since g(w) = w—qw™! is increasing, and one needs only to compare endpoints |g(1)| = g—1 and

|g(eaVIn(@)| = gaVIn@ _ ge=av/In@ g determine the larger value. An application of I'Hopital’s
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rule gives that lim, _1+|g(e"V )] /|g(1)| = co. Thus, for q near 1, on the interval [1,e*V"@],
one has

{'w‘l - qw| + |w— qw‘li} < 'e"“m - qe”‘mi +
= ge™VIn(@ _ gma/in@) 4 pay/in(g) _ gomar/In(a) (6.15)
=(q+1) (e“\/lan) - e‘“\/m>.

ea\/ln(q) _ qe—dq/h‘l(q)

Thus, we bound the integral in (6.14) by the length of the interval times the bound (6.15) on
the numerator. This gives

S |w ! - quo] + |w - g}

1
/ll’l(q) fl e(lnw)z/ln(q)
o ln(q
\/ln(q

J‘ (g+ 1) a\/th) _ e—a\/lnTi)> dw (6.16)
W

dw

IN

(q+1) (Vi@ - V@) (pav/i@ 1),

An application of L’'Hopital’s rule gives that

<ea1 /In(q) _ e /1r1(q)>
lim =2a, (6.17)

= \/In(q)

which implies that in (6.16) we have

( a/In(q) _ e—a\/lnw))
lim | (g+1)

- \/In(q)

Combining (6.18) with (6.16) and (6.14) gives that

(e“\/th) - 1) =2.2a-0=0. (6.18)

21/I(@)

(w2 - g| + | - q|Jeo”

li
q1—>nil+ /h’l(q J‘ e(nw) 2/1In(q)

dw| =o0. (6.19)
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We next estimate the portion of the integral in (6.11) over the interval [e*V @ o).

1 f°° {lw?-g|+ | - g|}w™
g”\/m

Inw 2/ln
/ln(q) e(Inw)™/In(q)

dw

1 o =g+ fw-gel])
,[ /In(g) (Inw)?/ In(q) dw (6.20)
In(g) 7 eV e q

w3 +2qw™ + w)

/1 ,[ { Inw)?/1 de,
ln(q) /@ e(Inw)”/In(q)

<

by bounding the integrals of the summands in (6.20). For each exponent k € Z one has

klnwe—(lnw)z/ ln(q)dw

1 e wk 1 e
Inw)?/ In( )dw - €
Vin(g) 7T eMIDy fin(g) Jei

e (6.21)
_ .4 J' ¢~/ @) Inw-kIn(@) /2P g,,,
y/In(q) 7"
where a completion of squares gives (6.21). We use the following estimate from [21]
o 1/(4A)-B
j e~ Alnw+BE g, < \/TE e — e~ AlnC)1+B-1/ A (6.22)
C
which is applied to (6.21) with A =1/1In(q), B = -kIn(g)/2, and C = e*V In(@) to obtain
kK2/4 e}
q J' -1/ @) lInw-kIn(@) /2 g,
\/In(g) 7™
2
< g E MDD ) in e T) -k inG) /2027
\/In(q) 2 \/1/1n(q)
(6.23)

_ ke )/4 YT =1/ (@) Lo/ @) () In(q) 2
2

_ gk VT @ +alke])y/m@)-(k+1)? In(g) /4
2

_ \/T‘Tre—azea(kﬂ)« /In(q).
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Combining (6.21) and (6.23) gives that, for each k € Z,

1
< VT 2 alks)/inl) (624)

[e’e) wk
f Y w<
. /ln(q) /i@ p(nw)”/In(q) 2

Revisiting (6.20) and applying (6.24) now gives

1 o w—z _ + wz _ w—l
[ (-l + o2 g} .
/ln( g) ? V@ e(Inw)?/In(g)
<1 r" {w? +2qw™ + w}
- NG e(Inw)?/In(q)
In(q) ¢ (6.26)
VT e [ea(—zn/ln(q) +2ge*OVin@ ea<2>\/1n<q>].
-2

Since the expression in (6.26) approaches 2y/re ™ as g — 1*, by choosing a sufficiently large
one can make (6.26), and hence (6.25), arbitrarily small for g sufficiently close to 1.
Now, let € > 0 be given. By (6.11) we have for all & > 0

dw

1 j " w2 - q] + |w? - g}
1

/ln( 7) e(Inw)*/In(q)

| ,Cos(qt) —qus(t)| < F(q)

(6.27)
o -2 _ 2 _ -1
L F(g) | —2 f e —al + |’ ~al}e ,
In(q) V@ e(Inw)”/In(q)
One has from (6.13)
hn,l1 F(q)\/TEe—az [eu(—Z)'\/ln(q) 4 zqea(o)\/ln(q) 4 eu(Z)q/ln(q)] — 26_“2, (6.28)
q—1

Choose A > 2 and then fix a > 0 such that Ae™ < ¢/2. By (6.26) and (6.28), there exists
q1 = q1(A, &, €) such that for all 1 < g < g1 one has

2 2 -1
W™ ~q| +]o” gl

1 J'°° {
. /ln(q) /i@ e(lnw)*/In(g) (6.29)
< F(q)\/Tfe—az =DV 4 2genOVED 4 =@V < fee <

0<F(q)

€
5
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For this value of a, by virtue of (6.19), one has

a4/In(q) -2 2 1
lim F(q) ozl + o’ —aljom [ 1 L o, (6.30)

1 J‘ ¢
g—1+ ﬁln(q) 1 e(Ilnw)*/In(q) T

which in turn says that there is a g, = g2(a, €) such that for all 1 < g < g, one has

S |l - gl + |~ g

1
/m(q) J‘l e(lnw)z/ln(q)

Thus, for Q¢ = Q(A, a,€) = min{q, 42}, and for all 1 < g < Q¢, applying (6.31) and (6.29) to
(6.27) yields

0<F(q) dw| < g (6.31)

e €
| ,Cos(qt) —qus(t)| <5t5<€ (6.32)

independently of t € R. The proposition is now proven for ,Cos.

The proof for ,Sin parallels the above argument for ,Cos, so we only outline it here,
indicating points of slight differences. From (6.3) and (6.4), the analogue of (6.6) becomes
(6.33) below

| ,Sin(at) - qSin(t)| - |§c-1 (sc[qsm(qt)]) - <§C[q8in(t)] )|

11 2(pg)’Ny (] = o]

< - dw
TV Var Je 6(q%e?) (6:33)
3
 2(ug)"Ng fm |w3—q2“’|d
= w,
xq* )y (g% w?)

< - o] + | - ol

dw, 6.34
o) o 63

2 3 * |(,(J
= Jr—qz(#qz) Ny L

where a reciprocation change of variables on the integral on [0, 1] converts to an integral on
[1, 00), yielding (6.34) as the analogue of (6.9). Deploying the bound (6.10) to (6.34) now
gives

—qw| + e’ - )

1 Ioo { |(U_4
/ln(q) 1 e(lnw)z/ln(q)

F(q)

| ,Sin(at) - qSin(t)| < dw|, (6.35)

with F(q) defined in (6.12). For the integral in w in (6.35) over the interval [e*V In@) o), an
application of (6.24) in conjunction with the triangle inequality lets us proceed directly to an
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analogue of (6.26), with key factor e still intact and the remaining factor approaching a

constant as ¢ — 1*. On the other hand, the integral over the interval [1,e"V (@] in (6.35)
proceeds as follows. One has

Y (et - P + [w? - )

1 IE
ln(q) 1 e(lnw)z/ln(q)

dw

<P ! Jeam{|w‘4—q2w_2|w2+‘wz—qzi}dw

[VinG@)

! (6.36)
- 1 "

o [
S o

\/In(q)

1
{_e—Za In(q) + 32“\/@} [etx\/lan) _ 1],
Vin(a)

(6.37)

where (6.36) and (6.37) hold for g sufficiently near 1*. Since lim,_,o[(-e™2** + ¢?*¥) /x] = 4a,
we have the limit as g — 17 of expression (6.37) is 0. The remainder of the proof is now
entirely parallel to that of the ,Cos case. O
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