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A modified stochastic ratio-dependent Leslie-Gower predator-prey model is formulated and
analyzed. For the deterministic model, we focus on the existence of equilibria, local, and global
stability; for the stochastic model, by applying It6 formula and constructing Lyapunov functions,
some qualitative properties are given, such as the existence of global positive solutions, stochastic
boundedness, and the global asymptotic stability. Based on these results, we perform a series of
numerical simulations and make a comparative analysis of the stability of the model system within
deterministic and stochastic environments.

1. Introduction

The dynamic relationship between predators and their prey has long been and will continue
to be one of the dominant themes in both ecology and mathematical ecology due to its
universal existence and importance [1]. In recent years, one of important predator-prey
models is Leslie-Gower model [2, 3], which has been extensively studied [4, 5]. And, more
and more obvious evidences of biology and physiology show that in many conditions,
especially when the predators have to search for food (consequently, have to share or compete
for food), a more realistic and general predator-prey system should rely on the theory of
ratio-dependence, this is confirmed by lots of experimental results [4, 6]. A ratio-dependent
Leslie-Gower predator-prey model [7], takes the form

dx x
= ax-b0-p(3 )y,

dy fy -y
E=WQ‘7)
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where x = x(t), y = y(t) stand for the population (the density) of the prey and the predator at
time t, respectively, and p(x/y) is the predator functional response to prey. And we assumed
that the prey grows logistically with growth rate a and carrying capacity 1/b in the absence of
predation. The predator consumes the prey according to the functional response p(x/y) and
grow logistically with growth rate e and carrying capacity x/ f proportional to the population
size of prey (or prey abundance). The parameter f is a measure of the food quality that the
prey provides for conversion into predator birth. The term fy/x of this equation is called the
Leslie-Gower term.

On the other hand, the predator y can switch over to other population when the prey
population is severely scarce, but its growth will be limited, because we cannot forget the
fact that its most favorite food, the prey x, is not in abundance. In this situation, a positive
constant m can be added to the denominator, m measures the extent to which the environment
provides protection to the predator [8, 9], and the second equation of model (1.1) becomes

d_y =ey<1—f—y>. (1.2)

m+x

Based on the above discussions, in the paper, we will focus on the following ratio-
dependent Leslie-Gower model:

dx _ cy N
i ax<1 bx x+ny> £ f(x,y), .
1.3
dy _ fy \a
dt —ey<1— m+x> =8(xy).

The rest of the paper is organized as follows. In Section 2, we give some theorems
about the stability property of the equilibria of model (1.3). In Section 3, we establish a
stochastic model based on model (1.3) and focus on the existence of global positive solutions,
stochastic boundedness, and the global asymptotic stability of the stochastic model. In
Section 4, we give some numerical examples and make a comparative analysis of the stability
of the model system within deterministic and stochastic environments.

2. The Dynamics of Model (1.3)
2.1. Dissipativeness

By standard simple arguments, one can show that the solution of model (1.3) always exists
and stays positive. In fact, from the first equation of model (1.3), we can get

lim sup x(t) <

t— o0

(2.1)

S| =

Hence, there exists a T > 0 such that, fort > T, x <1/b.
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From the second equation of model (1.3), we see that, for t > T, we have dy/dt <
ey(l1-bfy/(mb+1)). A standard comparison argument shows that

lim sup y(t) < (1+ bm).

n st —bf (2.2)

Thus, we have the following conclusion.
Lemma 2.1. Model (1.3) is dissipative.
Lemma 2.2. If ¢ < n, then model (1.3) is permanent.

Proof. If ¢ < n, from the first equation of model (1.3), we have dx/dt > ax(1 - bx — c/n).
Therefore, by standard comparison argument, we have

n-c

h?l g1fx(t) > o (2.3)
Hence, for any € > 0 and large t, x(t) > (n —¢)/bn — ¢, and
e (Bt bt
From the arbitrariness of ¢ > 0, we can get that
lim infy(f) > 2TIERC (2.5)
f— oo bfn
O

2.2, Stability Analysis of the Equilibria

In this section, we will focus on the existence of equilibria and their stabilities of model (1.3).
It is easy to find that model (1.3) always has three boundary equilibria Ey = (0,0),
Ei =(1/b,0), E; = (0,m/ f). And the positive equilibria (x, y) satisfies the equations

ax<1—bx— Y ):0, ey(l— fy ):0, (2.6)

X +ny m+x

which yields

b(f +n)x* - (f —c—bmn+n)x+ (c—n)m=0. (2.7)
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For simplicity, we define

_f-c-bmn+n

A= T e
B = (c—n)m
YT b(frn)’ (2.8)
(f —c—bmn+n)>  4c-n)m 5
C = - =1/A5 —4B,
' J b2(f +n)? b(f +n) r
then (2.7) can be rewritten as
x? - Aix+ B =0. (2.9)

Lemma 2.3 (existence of equilibria). (a) Suppose A1 > 0and By > 0, in (2.9), then one has

(al) If C2 > 0, then it has two positive roots given by

:A1+C1 _A1—C1

L =S (2.10)

Xel

Therefore, model (1.3) has two positive equilibria Ez = (x¢1,Ye1) = ((A1 +C1)/2,(2m +
A1+ Cy)/2f)and Ey = (xe2, Ye2) = ((A1 = C1)/2, 2m + Ay - C1)/2f).

(@) If C? = 0, (29) has a unique positive root of multiplicity-2 given by x, =
\/m(c—n)/b(f +n). Thus, model (1.3) has a unique positive equilibrium

B m(c —n) bm(f+n)+\/bm(f+n)(c—n)
o\ Vetrmy b (7 +m) | (24

(a3) If Cf < 0, there are no positive roots that exist and then, model (1.3) has no positive
equilibrium.

(b) B1 =0, A1 >0, (2.9) has a unique positive root x = (f —bmmn)/b(f +n), model (1.3) has
a unique positive equilibrium E = (%, Yy) = ((f —bmn)/b(f +n),(bm+1)/b(f +n)).

(c) By <0, (2.9) has a unique positive root x* = (A1+C1) /2, model (1.3) has a unique positive
equilibrium E* = (x*,y*) = ((A1 + C1)/2, 2m + A1 + C1) /2f).

Next, we discuss the local stabilities of these equilibria. Easy to obtain the following
results:

Lemma 2.4. (i) E; = (1/b,0) is a saddle point;

(ii) if ¢ > n, E; = (0,m/ f) is a stable node point. If c < n, E; = (0,m/ f) is a saddle point.
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Following, let E = (x,y) be an arbitrary positive equilibrium. The Jacobian matrix for
E = (x,y) is given by

ax <—b + Lz> ax<— c 4 ny 2>
J(E) = (x +ny) xtny (x+ny) . (2.12)
J—f —e

Then we can get the following:

tr(J(E)) = ax(—b+ L2> e,
(x +ny)

(2.13)
aex[b(f +1)x% + 2bmn(f +n)x —cfm+ bmznz]
det(J(E)) = 2
(fx +mn+nx)
So the sign of det(J(E)) is determined by
F(x) £ b(f +n)’x* + 2bmn(f +n)x — cfm + bm*n’. (2.14)

Theorem 2.5. For model (1.3), the stabilities of E5 and Ey are as follows.
(a) The positive equilibrium E3 = (xe1, (m+x01)/ f) = ((A1+C1)/2, 2m+ A1+ C1)/2f) is
(al) stable if and only if

e > axg <—b + cf (m + xe1) >; (2.15)

(fxe1 +n(m+ xel))2

(a2) unstable if and only if

cf (m + xe1) > (2.16)

e < axe <—b + 5
(fxe1 + n(m+ xe1))

(b) The positive equilibrium Ey = (xe2, (m+xe2)/ f) = (A1 —C1)/2, 2m+ Ay — C1)/2f) is
a saddle point.

Proof. (a) At the point E3, we have the following:

2 2
F(x.) = b(f+n) iAl ) +bmn(f +n)(Ay +Cy) + bm*n® —cfm

= W+M+C1<bmn(f+n)+w> >0,

(2.17)
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thus, det(J(E3)) > 0, and the nature of singularity E; depends on the trace given by

(2.18)

tr(J(E3)) = axa (—b + cf (m + Xe1) > —e.

(fxer +n(m+ xel))2

Clearly,

(al) If e > axe1(=b + cf(m + x01)/ (fxe1 + n(m + x01))%), then tr(J(E3)) < 0, and
E; = (x¢1, (M + x.1)/ f) is stable.

(@2) If e < axe1(=b + cf(m + x01)/ (fxe1 + n(m + x.1))%), then tr(J(E;)) > 0, and
Es = (xe1, (M + x01)/ f) is unstable.

(b) At the point E,, we have the following:

_b(f+n)’(A-Ch)?
4

F(xz) = +bmn(f +n) (A1 - Cy) +bm*n® —cfm
(2.19)
b 2
= @Cl(Al - Cy) —bmn(f +n)C1 —2fm(f +n)B; <0,
then det(J(E4)) <0, and E, is a saddle point. O

Figure 1 shows the dynamics of model (1.3). In this case, Ey = (0,0) is a nodal source,
Eq = (4,0) is a saddle point, E; = (0,071429) is a nodal sink, E4 = (0.31772,1.5846) is a saddle
point, and E; = (0.96454,2.3932) is locally asymptotically stable. There exists a separatrix
curve determined by the stable manifold of E,, which divides the behavior of trajectories,
that is, the stable manifold of saddle E, split the feasible region into two parts such that
orbits initiating inside tend to the positive equilibrium E3, while orbits initiating outside tend
to E3 except for the stable manifolds of Ej.

Theorem 2.6. The singularityf =(x,(m+x)/f)=((f -bmn)/b(f +n),(bm+1)/b(f +n))is

(a) stable if and only if

e> a§<—b + cf(m + %) >; (2.20)

(fX+n(m+%))’

(b) unstable if and only if

cfm+x) > (2.21)

e < a?(—b +
(fX+n(m+%))°
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Figure 1: The phase portraits of model (1.3). The parameters are taken as a = 2, b = 0.25, ¢ = 0.875, ¢ =
1, m =0.95, and n = 0.75, f = 0.8. In this case, Ey = (0,0) is a source, E; = (4,0) and E4 = (0.31772,1.5846)
are saddle points, and E, = (0,071429) is a nodal sink, which is stable. The positive equilibrium E; =
(0.96454,2.3932) is locally asymptotically stable. The dashed curve is the x-nullcline f(x,y) = 0, and the
dotted curve is the y-nullcline g(x,y) = 0.

Proof. At the point E=(x, (m+ x)/ f), we have

F(X) = b(f +n)° A2+ 2bmn(f +n) Ay + bm*n® — cfm = b(f + n)° A2 + bmn(n+ f) A; >0,
(2.22)

as F(x) > 0, then det(J(E)) > 0, and the nature of singularity E=(X (m+%)/ f) depends on
the trace given by

— _ cf(m+Xx)
tr(](E)) = ax<—b+ (f§+n(m+f))2> —e. (2.23)
Clearly,
(a) Ife > ax(-b+cf(m+x)/(fx +n(m+ E))2), then tr(J(E)) <0,and E = (X, (m+x)/f)
is stable.

(b) If e < ax(=b+cf(m+x)/(fx +n(m+ E))2), then tr(J(E)) > 0,and E = (X, (m+x)/f)
is unstable. H

Theorem 2.7. Singularity E* = (x*,(m +x*)/ f) is
(a) stable if and only if

e > ax* <—b + cf(m+x) >; (2.24)

(fx*+n(m+ x"))2
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(b) unstable if and only if

e<ax" <—b + cfm+x7) > (2.25)

(fx* +n(m+ x*))2

Proof. At the point E* = (x*, (m + x*)/ f), as B; <0, Cj = A7 - 4B, so

b(f + H)Z(Al + Cl)z

F(x*) = 1 +bmn(f +n)(Ay +Cy) +bm’n® —cfm
) i (2.26)
= b(f +n) iAl +C) +bmn(f+n)Ci+m(n+f)(n-c)>0,

as F(x*) > 0, then det(J(E*)) > 0, and the nature of singularity E* = (x*, (m +x*)/ f) depends
on the trace given by

tr(J(E)) = ax* <—b g Cfm+x) 2> _e. (2.27)
(fx* +n(m+x*))
Clearly,
(@)ife > ax*(-b+cf(m+x*)/(fx* +n(m+ x*))?), then tr(J(E*)) < 0, E* = (x*, (m +
x*)/ f) is stable;
(b)if e < ax*(=b + cf(m + x*)/(fx* +n(m+x*))2), then tr(J(E*)) > 0, E* = (x%,
(m+x*)/ f) is unstable. m

Theorem 2.8. Singularity E, = (x., (m + x.)/ f) is

(a) a non-hyperbolic attractor node if and only if

es ax, <—b+ cf (m+x.) ))2>; (2.28)

(fxe +n(m+x,

(b) a non-hyperbolic repellor node if and only if

e < ax, <—b + cf (m + x) > . (2.29)

(fxe +n(m+ xe))2

Proof. At the point (x,, (m + x.)/ f), we have

+bmn(f +n)A; + bm*n* —cfm=0, (2.30)

2 42
F(x,) = b(f +4") Af

then, det(J(E,)) =0, and tr(J(E,)) = ax.(-b+cf(m+x.)/(fx. + n(m + x.))?) —e.
Hence we can conclude (2.28) and (2.29). O
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Theorem 2.9. Ifn < ¢ < n(bm+1) and fn+ (n—c)(bmn+n—c) < 0 hold the boundary equilibria
E; = (0,m/ f) of model (1.3) is globally asymptotically stable.

Proof. Since limsup,_, x(t) < 1/b and liminf;_, ,y(t) > (bmn + n - c)/bfn, from the first
equation of model (1.3), for any p > 0, there exists a T1 > 0, for all t > T;, we have

dx c
i ax(l—bx—x/y+n>

<ax<1—bx— c(bmn+n-c-bfu) >
fn(l+bu) +n(bmn+n—-c—-bfu)

(2.31)

From the arbitrariness of s > 0, we can get that

4% (1 -px— —Cbmntn=c (2.32)
dt n(bmn+ f+n-c)

Asl—-c(bmn+n—c)/nlbmn+ f +n—c) <0, by standard comparison arguments, it
follows that

lim sup x(t) <0, (2.33)
t— o0
thus,
tllr{;x(t) =0. (2.34)

As a result, using the second equation of model (1.3), one can easily know that
limy ., y(t) = m/ f. The proof is complete. O

Figure 2 shows the dynamics of model (1.3). In this case, Ey = (0,0) is a nodal source,
Ei = (4,0) is a saddle point, and E, = (0, 1.1875) is globally asymptotically stable, that is, all
orbits tend to the equilibrium E; for any initial values.

Theorem 2.10. Assume By < 0, E* = (x*,y*) is globally asymptotically stable, if the following
conditions hold

(i) 1 -bx* < b({ +nd);

(ii) (e(r+ng) = (x*/y*) (1 = bx*) (¢ +m))? < 4aef (b( +n6) = (1-bx")) (1 +m) (1 + ng),
wheren =1/b, ¢ = (1+bm)/bf, {=(n—-c)/bn, 6 = (bmn+n-c)/bnf.

Proof. Define a Lyapunov function:

V(xy) =J‘:*§_§x*d§+f:* 1y

*

dm, (2.35)
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Figure 2: The phase portraits of model (1.3). The parameters are takenas a =2, b = 0.25, ¢ = 0.875, ¢ =
1, m=0.95, and n=0.7, f =0.8. In this case, Ey = (0,0) is a nodal source, E; = (4,0) is a saddle point. The
boundary equilibria E, = (0,1.1875) is globally asymptotically stable. The dashed curve is the x-nullcline
f(x,y) =0, and the dotted curve is the y-nullcline g(x,y) = 0.

S0,

dv  x-x*dx (y-y*)dy
- = 4 7
dt x dt y dt

a(x—x*)<1—bx— Y >+e(y_y*)<1_f_y>

X +ny x+m
— _ Cy* a2
= a< b+ = +ny*)(x+ny)>(x x*) (2.36)
acx* efy* . . ef(y_y*)z
+<_(x*+ny*)(x+ny)+(x*+m)(x+m)>(x_x)(y_y)_ x+m
= —Ao(x -3 + B (x-x)(y-y') -Gy -y’
let
N ~ cy” 3 1-bx*
Az = a<b (x* +ny*)(x+ny)> - a(b x+ny>'
B acx* N efy* _ _ax*(1-bx") L€ (2.37)
Ty (crny)  @am)cem) Ty (xeny)  oxem’

__ef

x+m

C
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If
Ay >0, thatis, 1 - bx* <b(x +ny) < b(+nb),

* _ * 2 4 _ *

B2 < 4A,C,, that is, <— ax'(1-bx) e > < Laef <b—1 bx ) hold, the dV/dt < 0.
y*(x+ny) x+m x+m X +ny

(2.38)

Hence,

ax*

y*

2
(e(x +ny) - (1-bx*)(x+ m)> <4aef(b(x+ny) — (1-bx*))(x+m)(x+ny), (2.39)

according to Lemma 2.2, we can obtain that

ax* . 2 ax* ) 2
(e(x+ny) - " (1-bx )(x+m)> < (e(q+ng) - " (1-bx )(§+m)> ,
daef (b(§ +nb) — (1 —bx*)) (1 +m) (n+ng) < 4aef (b(x +ny) — (1-bx*))(x +m)(x +ny),

(2.40)

S0,
* 2
<e(11 +ng) — %(1 -bx*)(¢ + m)) <4aef(b({+nb)— (1-bx*))(n+m)(n+ng). (241)

Considering A, > 0, B% < 4A,C,, we obtain dV/dt < 0. This ends the proof. O

Figure 3 shows the dynamics of model (1.3) for the case of Bl < 0. In this case, Ey =
(0,0) is a nodal source, E; = (4,0) is a saddle point, E; = (0,1.1875) is a saddle point, and
E* = (1.4761,3.0326) is globally asymptotically stable, that is, all orbits tend to the equilibrium
E* for any initial values.

3. The Stochastic Model

Those important and useful works on deterministic models provide a great insight into the
effect of the pollution. In the real world, population dynamics is inevitably subjected to
environmental noise (see e.g., [10, 11]), which is an important component in an ecosystem.
May [12] pointed out the fact that due to environmental noise, the birth rates, carrying
capacity, competition coefficients, and other parameters involved in the system exhibit
random fluctuation to a greater or lesser extent.

In this part, we focus on the stochastic stability analysis of model (1.3).

Taking into account the effect of randomly fluctuating environment, we incorporate
white noise in each equations of model (1.3). We assume that fluctuations in the environment
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Figure 3: The phase portraits of model (1.3). The parameters are takenasa =2, b=0.25,¢c¢=0.875e=1,
m =095 n=09,and f =0.8.In this case, E; = (4,0) and E, = (0,1.1875) are saddle points, the positive
interior equilibrium point E* = (1.4761,3.0326) is globally asymptotically stable. The dashed curve is the
x-nullcline f(x,y) = 0, and the dotted curve is the y-nullcline g(x,y) = 0.

will manifest themselves mainly as fluctuations in the growth rates of the prey population
and the predator population, set

a— a+aB(t), e — e+ pBa(t), (3.1)

then the stochastic version of model (1.3) is given by the following It6 type

dxzx(l—bx— %)(udt+adB1(t)), -
d]/ = y<1 - —x{—ym> (edt + ﬁde(t)),

where B;(t), i = (1,2) are the 1-dimensional standard Brownian motion defined on a complete
probability space (Q, F, P) with a filtration {¥F;},.r, satisfying the usual conditions (i.e., it
is right continuous and increasing while F, contains all p-null sets) and Bi(t), By(t) are,
respectively, white noises with possible intensity a?, .

3.1. Existence of Global Positive Solutions

Lemma 3.1. There is a unique local positive solution (x(t), y(t)) for t € [0, 7,) to model (3.2) almost
surely (a.s.) for the initial value xy > 0, yo > 0, where 7, is the explosion time.
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Proof. Consider the equations

U U 2
du= {al|l-be" - ce —lazl—be"— ce dt
nev + et 2 nev + et
U
vall-bet— — a1,
nev + et

(3.3)

dv = {e[l - mffve”] - %'62 [1 - mffzu]z}dt

fe*
m+ eu] dBZ(t)/

+ﬁh—

on t > 0 with initial value #(0) = Inxg, v(0) = In yo.

It is easy to see that the coefficients of model (3.3) satisfy the local Lipschitz condition,
then there is a unique local solution u(t), v(t) on [0, 7,) [13]. Therefore, by It6 formula, x(t) =
e*(t),y(t) = e”(t) are the unique positive local solutions to model (3.3) with initial value
x0 >0, Yo > 0. ]

Lemma 3.1 only tells us that there has a unique local positive solution to model (3.2).
Next, we show this solution is global, that is, 7, = oo.

Theorem 3.2. Consider model (3.2), for any given initial value (xo,yo) € R2, there is a unique
solution (x(t),y(t)) on t > 0 and the solution will remain in R3 with probability 1, where R = {x €
R |x;>0,i=1,2}.

Proof. For convenience of statement, we introduce some notations. Define

fy

m+x

cy
ny +x’

G(x,y) = (3.4)

F(x,y) =

Let ng > 0 be sufficiently large for xy and y lying within the interval [1/ng, ng]. For each
integer n > ny, define the stopping times

T, = inf{t €[0,7.]:x(t) ¢ (%,n) or y(t) ¢ (%,n) } (3.5)

Assume inf @) = oo (as usual @ = the empty set). Clearly, 7, is increasing as n — co.
Let 7, = lim, _, T, then 7, < 7, a.s. If we can show that 7., = oo a.s., then 7, = oo a.s., and
N(t) € R, as., for all t > 0. In other words, to complete the proof all we need to prove that
Te, = oo a.s. If this statement is false, then there is a pair of constants T > 0 and ¢ € (0,1) such
that {7, < T} > €. There is an integer n; > ny, such that

Pltn<T}>¢, n>mn. (3.6)
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Define a C? function V : Ri — R, by

V(x,y)=<ﬁ—1—h‘7x>+<\/37—1—ln7>. (3.7)

Obviously, V(x, y) is nonnegative. And

@(1 b Pyt + Y [ e B,y P

av =
8

N @ [1-bx—F(x,y)]dBit + @ [1-G(x y)at

" M [1-G(x,y)]dt + w [1-Gxy)]dbat

IN

g [vVx +bx + F(x,y)]dt + g[\/y+ G(x,y)]at
(3.8)

2

+ % [?_bx3/2 - b*x°"% +2¢/xF (x,y) + 2+ 2b%x* + 4bxF (x,y) + 2F2(x,y)]dt

+ ﬂ—z[z\/yG(x y) +2+2G(x y)2]dt+ E(\/?c— 1)|1- bx _ F(x y)]dBl(t)
8 ’ ’ 2 a ’

B -1 [1- 6o B
<k +ko+ g(\/}- 1)[1-bx - F(x,y)]dBi(t) + g(\/y- 1)[1-G(x,y)]dBa(b),

where ki, k, are positive numbers. Integrating both sides of the above inequality from 0 to
7, AT and then taking expectations, yields

EV(x(t, AT),y(ta AT)) < V(x0,y0) + (K1 + K2)T. (3.9)
Set Q, = {1, < T} for n > n; and by (3.6), we have P(Q,) > €. Note that for every w € Q,,
there is some i such that x;(7,, w) equals either nor 1/n fori = 1,2, hence V (x(7,, w), y (T, w))

is no less than min{(v/n—-1-1Inn/2),(\/1/n-1-1In(1/n)/2)}. It then follows from (3.9) that

V(x0,v0) + (K1 + K2)T > E[Iq, (w)V (x(T4), y(T)) ]

3.10
25min{<\/ﬁ_1_h‘7”>’<\/%_l_h17n>}’ (3.10)

where Ig, is the indicator function of Q,. Letn — oo, then

oo >V(xo,yo) + (Ki +K2)T =0 as. (3.11)

This completes the proof. O
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3.2. Stochastic Boundedness
Let us now recall the definition of stochastically ultimate boundedness [14-16].

Definition 3.3. The solution of model (3.2) is said to be stochastically ultimately bounded if for
any ¢ € (0, 1), there is a positive constant y = y(w), such that for any initial data (xo, 1) € R2,
the solution of model (3.2) has the property that

lirtn supP{|x(t), y(t)| > x} <e. (3.12)

Lemma 3.4. For any 0 € (0,1), there is a positive constant H = H(0) > 0, which is independent of
the initial data (xo,vo) € R2, such that the solution of model (3.2) has the property that

1@1am(Euxa»ya»W)gf{ (313)
Proof. Define
Vxy)=x"+y°, (xy) eR. (3.14)

For the sake of discussion, we rewrite the above as
V(xy)=Vi+Va, Vi=x, V=4~ (3.15)
By using the It6 formula, we have

dv(x,y) = LV (x,y)dt + Oarx? [1-bx—F(x,y)]dBi(t)

+0py°[1 - G(x,y)]dBa(t),
0(0 — 1)a’x?
2

L 00-1)py°
2

(3.16)

LV (x,y) = afx°[1 - bx - F(x,y)] + [1-bx-F(x,y)]

+efy’ [1-G(x,y)] [1-G(x, y)]z,
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as0 <0 <1, wehave

0(1 - 0)a’x?

5 [l—bx—l-"(x,y)]2

LV (x,y) < afx® -
0(1-0)py’

2
7 [1-Glx,y)]

2
b*x? — 2bx — =
n

+ ey [1-Gx,y)] -

0(1 - 0)a2x®
2

0(1-6)p*y° [-2
+eByf - ( Z)ﬂy [ nj:y] (3.17)

< afx? -

01 -6)a*x?
2

oyt 2A=OFY B4

0

= afx? [bzx2 - 2bx — % +x

+e +y9—V(x,y)

< Hi -V(xy),
here H; is an integer. So
dv(x,y) < (Hy - V(x,y))dt + 0ax?[1 - bx - F(x,y)]dBi(¢). (3.18)
Now, by using the It6 formula again, we have

d(e'V(x,y)) =e'[V(x,y)dt+dV(x,y)]
< e'Hidt +e'0ax®[1 - bx — F(x,y)]dBi(t) (3.19)

+e'0p y°[1 - G(x,y)]dBa(t).
According to the above, we can easily get

e'E(V(x,y)) < V(xo,y0) + Hi(e' - 1),

2
limsup EV (x(t),y(t)) < H. (3:20)
t— oo
On the other hand,
|(x,y) |9 <2072 max{xe,yg}
(3.21)

< ZG/ZV(X,]/),
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S0, we can obtain

lim sup E|(x(t), y(t)) |9 <2072,
t— oo

(3.22)
lim sup EV (x(t), y(t)) <292H.
t— oo
Set K(0) = 29/2H, this completes the proof. O
Theorem 3.5. The solutions of model (3.2) is stochastically ultimately bounded.
Proof. By Lemma 3.4, let 0 = 1/2, there is a K7 > 0 such that
lim sup E|(x(t), y(t)) |1/2 < K. (3.23)
t— oo
Now, for any € > 0, let y = K7/&%. Then by Chebyshevs inequality
1/2
E{(x(t),y(t
Pl y(0)] > y) < QYO (.20
VX
Hence,
lim sup P{|x(t), y(t)| > x} <e. (3.25)
t—oo
This ends the proof. O

Next, we study the asymptotic properties of the moment solutions of model (3.2).

Theorem 3.6. For any given 0 € (0,1), there isa K = K(0) > 0, let (x(t), y(t)) be the solution of
model (3.2) with any initial value (xo, yo), then

t
lim sup% E[x2+9(s) +y*9(s)|ds < K. (3.26)
0

t— oo

Proof. Set V(x,y) : R2 — R,, from Lemma 3.4, we have

LV (x,y) < afx’ - 80 - O)a’x? L [ 2

b*x? - 2bx - =
2 n
(3.27)

+ e@ye - > p”

0(1-0)py° <—2fy>,
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so, we get

. 0(1 — 0)a’b*x9+2 .\ 0(1-0)p fy+2

Lv 4 4m
0\ 2124642
< afx? - 00 - 6)a’brx™™ +0(1-0)a’x® (bx + E)
4 n (3.28)
1- 2 0+1 1-— 2 0+2
ooy + CLZOPSY 00 -0pfy
m 4m
<M,
here M is a positive number, so
Vs 9(1 _ 9))’20'2 [x9+2 + y9+2]
4
L oa- 0) a’b?x0+2 .\ 0(1-0)pfyo+2 (3.29)
- 4 4m
<M.
Let y>0? = min{a?b?, f*f/m}, we can get
0(1 -0)y%c? (!
EV(x,y) + &J‘ E[xz*e(s) + yz*e(s)]ds
4 0 (3.30)
< V(XQ + yo) + Mt.
That is,
t 4[V(x0+y0) +Mt]
2+60 2+60
fo E[x (s)+vy (s)]ds e (3.31)
Set K = 4M/6(1 - 6)y*c?, so
t
lim sup% E[x2+9(s) + y2+9(s)]ds <K. (3.32)
t— oo 0
O

3.3. Stochastic Asymptotic Stability

Note that a solution of model (1.3) is also a solution of model (3.2), so, in the following, we
will focus on stochastic asymptotic stability of the positive equilibria of model (3.2). As an

example, we only give the proof of the unique positive equilibrium E* = (x*, y*) of model
(3.2).
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Theorem 3.7. Let

acy* a’b’x* N acxt (y*)? N RN

Az =-ab+ + ,
(ny* + x*) 2 2(ny* +x*)2 2(m + x*)?

aZCZ(x*)S . ﬂZ(fm+x*)2y*

= 3.33
’ 2(ny* + x*) 2(m + x*)? (3.53)
o)’ ay () fy PUmrx)f(y)
3 = + + + ,
(y"+x7)  (ny*+x)?  (m+x7) (m +x*)?
if
(bm+1)n*+ [(1-b)f —c|n-cf 20, [(m-1)b+1ln-c>0,
(3.34)

A3 <0, C3-4A3B; <0,

when By < 0, then the equilibrium position E* = (x*,y*) of model (3.2) is stochastically asymptot-
ically stable in the large, that is, for any initial data (x(0), y(0)), the solution of model (3.2) has the
property that

lim (x(t) =", lim(y(®) =y", as. (3.35)

Proof. From the theory of stability of stochastic differential equations [13], we only need to
establish a Lyapunov function V (z) satisfying LV (z) < 0 and the identity holds if and only if
z = z*, where z = z(t) is the solution of the stochastic differential equation

dz = f(z(t), t)dt + g(z(t),t)dB(t), (3.36)
z* is the equilibrium position of model (3.36), and

LV(z,t) = Vy(z,t)f(z,t) + %tr [gT(z, HV..(z, t)g(z,t)]. (3.37)

Define Lyapunov functions

Vi(x) = J" 6o X

5 dn, (3.38)

& Vax) - jy s
.
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the nonnegativity of this function can be observed from u —1 - Inu > 0 on u > 0. Applying
It6 formula leads to

2k
L2

LVi(x) = a(x - x*)[1 - bx - F(x,y)] 1—bx—1—"(x,y)]2

2 %
= a(x - x*)[bx’ —bx + F(x",y") - F(x,y)] + %[bx* —bx+F(x",y") - F(x,y)]*

N acy* . ?bPx bea’x*y*
B (ny* + x*) (ny + x) 2 (ny* + x*) (ny + x)
cax (y)’ : o (x')’ :
2 " *2 2 (x_x)2+ « *2 z(y_y)z
(ny* +x*)" (ny + x) 2(ny* + x*)"(ny + x)
acx* " "
_(ny*+x*)(ny+x)(x_x)(y ¥
bcaz(x*)z C2a2y*(x*)2
(x=x")y-y")- (x=-x")(y-v"),
G+ )y Y ey YD

(3.39)

when ny + x > 1, according to Lemma 2.2, we have (bm + 1)n? + [(1-b)f —c]n—cf >0, so,

* 21.2 % 2 2. % %\ 2
LV1(x)S{—ab+ a*cy - +“b2x +C[“C(y)2}(x—x*)2
(ny* +x*) 2(ny* + x*)
C2a2(x*)3 » 2
2ny + x*)2 (y-v") (3.40)

2 (k)2 2 2. k(ax\2
+{bczx(x) +cay(x)

Similarly, by using the It6 formula, we can obtain

vay)=dy—yﬂpe{xnyﬂ+ﬁ2fpf{xnyﬂ{ (3.41)

when m + x > 1, according to Lemma 2.2, we have [(m - 1)b+1]Jn-c >0, so
P(fm+x)y
2(m + x*)?

N {( fy | PUm+x)f ()

m+ x*) (m + x*)*

2 20 x\3
(y - *)2+ﬂf(y) (x - x*)?

LV.
2(y> : 2(m + x*)2

(3.42)

}u—fm@—f»
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hence,
LV (x,y) = LVi(x) + LV»(y)

* 21,2 % 2 2% %\ 2 2 D/ %\3
S{—ab+ ad ) +szx+cax(y)2+ﬂf(y)2}x_x*)z
(ny* + x*) 2 2(ny* +x*)"  2(m+x*)

o (x')’ ﬁ2<fm+X*)2y*} "2
- 3.43
" {Z(ny* + ) " 2(m + x*)* =y (34)
b () Sy () fy PUmex)f(y)
+ + + +
a(ny*+x*)  (ny*+x*)”  (m+x7) (m + x*)?
(e = x| (v - y7)|-
So,
LV (x,y) < As(x —x*)* + Bs(y - y*)2 + Gl (x = x| [ (v —v") |- (3.44)
Let
2=z = (=) [y -y, (3.45)
then we get
1 T (243 Cs .
W) < 3= (2 g5 )= e
= Asl(x = x") + Gal(x = x| (y = y") | + Bl (v - ") |

Clearly, if (3.34) hold, then the above inequality implies LV (x,y) < 0 along all
trajectories in the first quadrant except (x*,y*). Then the desired assertion (3.35) follows
immediately. This completes the proof. O

4. Conclusions and Remarks

In this paper, we consider a modified stochastic Leslie-Gower predator-prey model. The value
of this study lies in two aspects. First, it presents the analysis of stability for the equilibria
of model (1.3). Second, it verifies some relevant properties of the stochastic model (3.2)
with white noise, which shows that the existence of global positive solutions, stochastic
boundedness, and stochastic asymptotic stability.

Next, we give some numerical examples to illustrate the dynamical behaviors of model
(3.2) by using the method mentioned in [17].

In Figure 4(a), we choose a = f§ = 0, that is, without noise, we observe that the positive
equilibrium E* = (1.4761,3.0326) is globally stable. In Figure 4(b), with noise densities
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Figure 4: The solution of the stochastic model (3.2). The parameters are taken as a = 2, b = 025, ¢ =
0.875,e=1,m=095n=09,and f =0.8. (a) a=p=0; (b) a=08and p=04.
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X,y
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Y R R R
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— X
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Figure 5: The solution of the stochastic model (3.2). The parameters are takenasa =2, =4, a=2,b =
0.25,¢=0.875,e=1, m=095 n=0.9, and f =0.8.

a = 0.8, p = 0.4, starting with a homogeneous state E* = (1.4761,3.0326), the random white
noise leads to a slight oscillations, and the later random noise makes the oscillations decay,
ending with the time-independent stability. Comparing Figure 4(a) with Figure 4(b), one can
realize that, if the white noise is not strong, the stochastic perturbation does not cause sharp
changes of the dynamics of the system. However, in Figure 5, we choose thata =2 and f =4,
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which violates condition (3.34), we find that the stochastic model (3.2) is not permanent. This
shows that strong white noise might make a permanent system be nonpersistent.

We note that, when the noise is not large, the stochastic model preserves the property
of the global stability, that is to say, when the noise is not sufficiently large, the populations
may be stochastic permanence and stochastic persistent in mean. In this case, we can ignore
the noise and use the deterministic model to describe the population dynamics. But, when
the noise is sufficiently large, the noise can force the population to become extinct. In this
case, we cannot ignore the effect of the noise. That’s to say, in the case of sufficiently large
noise, we cannot use deterministic model but stochastic model to describe the population
dynamics. Our complete analysis of the model will give new suggestions to the studies of the
population dynamics.
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