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Existence of nontrivial solutions for the following fractional differential equation with integral
boundary conditions D, u(t) + h(t)f(t,u(t)) = 0,0 <t <1, u(0) = w'(0) = u"(0) = 0, u(1) =
A fé’ u(s)ds is investigated by using results for the computation of topological degree under the
lattice structure, where 3 <a <4,0<n <1,0< A" /a <1, Dy, is the standard Riemann-Liouville
derivative. h(t) is allowed to be singular att =0 and t = 1.

1. Introduction

Fractional differential equations have been of great interest for many researchers recently. It
is caused both by the intensive development of the theory of fractional calculus itself and
by the applications of such constructions in various fields of sciences and engineering such
as control, porous media, electromagnetic, and other fields. For an extensive collection of
such results, we refer the readers to the monographs by Samko et al. [1], Podlubny [2], and
Kilbas et al. [3]. Recently, there are some papers dealing with the existence of solutions (or
positive solutions) for nonlinear fractional differential equation by means of techniques of
nonlinear analysis (fixed point theorems, Leray-Schauder theory, adomian decomposition
method, lower and upper solution method, etc.); see [4-16].

As is well known, the first eigenvalue is a character of great significance for the linear
operator. For some integer order differential equations, many authors have investigated the
existence of positive and nontrivial solutions concerning the first eigenvalue corresponding to
the relevant linear operators when the nonlinearities are sublinear, see [17-22] for reference.
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On the other hand, papers [23-26] obtained similar results to the sublinear case. The main
discussion is based on the concepts of dual space, dual cone, and a constructed cone on them.

Recently, Xu et al. [27] and Bai [28] obtained the existence results of positive solutions
for some fractional differential equations under the conditions with respect to the first
eigenvalue corresponding to the relevant linear operators.

In two recent papers [29, 30], Sun and Liu established some results about the
computation of the topological degree for nonlinear operators which are not cone mappings
using the lattice structure.

Motivated by the above papers, by using results for the computation of topological
degree under the lattice structure, we investigate the existence of nontrivial solutions for the
following nonlinear fractional differential equations with integral boundary conditions:

DS, u(t) + h(t) f(t,u(t) =0, 0<t<1,

u(0) =u'(0) =u"(0) =0, (1.1)

u(l)=21 f: u(s)ds,

where3<a<4,0<n<1,0<An"/a <1, Df, is the standard Riemann-Liouville derivative.
In this paper, it is not required that nonlinearity f(t,u) > 0, for all u > 0. To the author’s
knowledge, few papers are available in the literature to study the existence of solutions for
fractional differential equations with integral boundary conditions under the lattice structure.
The method used in this paper is different from those in previous works.

This paper is organized as follows. In Section 2 corresponding Green’s function for
BVP (1.1) is derived and its properties are also discussed. The main results and their proof
are presented in Section 3.

2. Background Materials and Green’s Function

Let E be a Banach space with a cone P. Then E becomes an ordered Banach space under the
partial ordering < which is induced by P. P is said to be normal if there exists a positive
constant N such that 0 < x < y implies ||x|| < N||y|. P is called solid if it contains interior
points, that is, int P#@. P is called total if E = P—DP. If P is solid, then P is total. For the
concepts and the properties about the cone we refer to [31, 32].

We call E a lattice under the partial ordering < if sup{x,y} and inf{x,y} exist for
arbitrary x,y € E. For x € E, let x* = sup{x,0}, x~ = sup{-x,0}, x* and x~ are called
the positive part and the negative part of x, respectively, and obviously x = x* — x~. Take
|x| = x* + x7, then |x| € P. One can refer to [33] for the definition and the properties of the
lattice. Let x, = x*, x_ = —x~ as denoted in [29, 30]. Then x, € P, x_ € =P and x = x, + x_.

Let B: E — E be a bounded linear operator. B is said to be positive if B(P) — P.In
this case, B is an increase operator, namely, for x, y € E, x < y implies Bx < By.Let B: E — E
be a positively completely continuous operator, r(B) a spectral radius of B, B* the conjugated
operator of B, P* the conjugated cone of P. Since P C E is a total cone, according to the famous
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Krein-Rutman theorem (see [34]), we infer that if 7(B) #0, then there exist ¢ € P \ {6} and
g* € P*\ {0} such that

By =r(B)yp, B*g* =r(B)g". (2.1)
For a given constant 6 > 0, set
P(g',6) = {x € P,g"(x) > 6|lx]}, (2.2)

then P(g*, 6) is also a cone in E.

Definition 2.1 (see [30]). Let D € E and F : D — E a nonlinear operator. F is said to be
quasiadditive on lattice, if there exists yo € E such that

Fx=Fx,+Fx_+yy, Vxe€D. (2.3)

Definition 2.2 (see [30]). Let B be a positive linear operator. The operator B is said to satisfy
H condition, if there exist p € P \ {0}, g* € P*\ {0} such that (2.1) holds, and B maps P into
P(g",6).

Definition 2.3 (see [4]). The Riemann-Liouville fractional integral of order a > 0 of a function
y:(0,00) — Ris given by

t
B0 = 1o fo (- 5)™ Ty(s)ds (2.4)

provided the right-hand side is pointwise defined on (0, o0).

Definition 2.4 (see [4]). The Riemann-Liouville fractional derivative of order &« > 0 of a
continuous function y : (0,00) — Ris given by

o o1 d\" (' y(s
D0 = 1 () |, sy (29)

where n = [a] + 1, [a] denotes the integer part of the number a, provided that the right-hand
side is pointwise defined on (0, o).

Lemma 2.5 (see [29]). Let P be a normal solid cone in E and A : E — E completely continuous

and quasiadditive on lattice. Suppose that the following conditions are satisfied:
(i) there exist a positive bounded linear operator By, uw* € P and wy € P, such that

-u* < Ax<Bix+u;, VYVxeP; (2.6)

(ii) there exist a positive bounded linear operator By and u, € P, such that

Ax > Byx —up, Vx e (-P); (2.7)
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(iii) r(B1) < 1, r(By) < 1, where r(B;) is the spectral radius of B; (i =1,2). Then there exists
Ro > 0 such that for R > Ry, the topological degree deg(I — A, Bg,0) = 1.

Lemma 2.6 (see [29]). Let P be a normal cone of E, and A : E — E a completely continuous
operator. Suppose that there exist positive bounded linear operator By and ug € P, such that

|Ax| < Bo|x| + up, Vx€E. (2.8)

Ifr(By) < 1, then there exists Ry > 0 such that for R > Ry the topological degree deg(I-A, B, 0) = 1.
Lemma 2.7 (see [30]). Let P be a solid cone in E and A : E — E a completely continuous operator
with A = BF, where F is quasiadditive on lattice, and B is a positive bounded linear operator satisfying

H condition. Suppose that
(i) there exist a; > r~'(B) and y; € P such that

Fx>aix-y;, VxeP; (2.9)

(ii) there exist 0 < a» < r*(B) and y» € P such that

Fx>ayx—-1v,, Vxe(-P). (2.10)

Then there exists R > 0 such that for R > Ry the topological degree deg(I — A, Bg,0) = 0.

Lemma 2.8 (see [30]). Let Q C E be a bounded open set which contains 6. Suppose that A : Q — E
is a completely continuous operator which has no fixed point on 0Q. If
(i) there exists a positive bounded linear operator B such that

|Ax| < Bolx|, Vx €0 (2.11)

(ii) 7(Bo) < 1, then the topological degree deg(I — A,Q,0) = 1.

Lemma 2.9 (see [4]). Let a > 0. If one assumes u € C(0,1) N L(0, 1), then the fractional differential
equation

D%, u(t) =0, (2.12)

has u(t) = C1#* 1 + Cot*2 +--- + Cnt*N, C; € R, i =1,2,..., N, as unique solution, where N is
the smallest integer greater than or equal to a.

Lemma 2.10 (see [4]). Assume that u € C(0,1) N L(0, 1) with a fractional derivative of order a > 0
that belongs to C(0,1) N L(0,1).
Then
I8, DS u(t) = u(t) + Cit* ' + Cot* 2 + - + Cnt* N, (2.13)

forsome C; € R, i=1,2,...,N, where N is the smallest integer greater than or equal to a.
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In the following, we present Green’s function of the fractional differential equation
boundary value problem.

Lemma 2.11. Given y € C[0, 1], the problem

Dg,u(t) +y(t) =0,
u(0) =1'(0) =u"(0) =0,

(2.14)
1
u(l) = )LI u(s)ds,
0
where0<t<1,3<a<4, 0<n<1, 0<An*/a <1 is equivalent to
1
u(t) = J G(t,s)y(s)ds, (2.15)
0
where
(#(1=9)"" = (Wa)(n—5)"t" = (1- W/ a)y*) (t=5)"" 0<s<t<l, s<mn;
p(0)['(a) oo T
(19" - (- W) (- )" 0<n<s<t<l;
p(O)I (a) ’ -
G(t,s) = 1§
(1= 5)"" = (W a) (= 5) "t 0<t<s<n<l;
p(O)I (a) ' ST
(1 - 5)"
S S 0<t<s<1, 7n<s.
PO (@) !

(2.16)
Here, p(s) == 1 - (An*/a)(1 —s), G(t,s) is called the Green function of BVP (2.14). Obviously,
G(t, s) is continuous on [0,1] x [0, 1].

Proof. We may apply Lemma 2.10 to reduce (2.14) to an equivalent integral equation
u(t) = —I5,y(t) + Crt* ' + Cot™ % + C3t* > + Cyt™™*, (2.17)

for some Cy, Cy, C3,C4 € R. Consequently, the general solution of (2.14) is

t
u(t) = —% J- (t =) 'y(s)ds + Ct" 1 + Cot ™2 + Cat™ 3 + Cyt™ ™, (2.18)
0
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By u(0)= '(0) = u"(0) = 0, we get that C; = C3 = C4 = 0. On the other hand, boundary

condition u(1) = A [ u(s)ds combining with
1 _ o\l
u(l) = —J‘ %y(s)ds +Cp

f u(t)dt = -—j f (t-s)*! (s)dsdt+C1J‘ *1ds

0

S W f f (t—s)"'y(s)dtds + C; fo s*1ds

1 J‘” (n-s)"

T(a)

Cq“

y(s)ds + ——

yields

(n-s)"
0 al(a)(1- (An*/a))

~ 1 (1_S)a71
= [, oy

Therefore, the unique solution of the problem (2.14) is

a 1ta71

ft-s)"! I(l
(1- <w/a>> I(a)

o Ia)

u(t) = - y(s)ds

y(s)ds +

F (A/a) (= s)"t
(1—()»11"‘/0{)) T()

y(s)ds.

For t < 7, one has

(s (1= 5™ pet
uH) =~ Jo T YO u/am[(f f f) T y‘s)ds]

A T\ (1/a)(n-s)"t*?
T W) [(ISJ ) rw Y (S)ds]

~ ft (1 -8)"" - (W a) (g —8) "t = (1 - A/ a)yp®) (t—s)*"
o (1- (A/a)n*)I(a)

) = (10 (- 5) - g
+L (1- X/ a)yn®)(a) y(s)ds +J‘ (1- (A a)yn*)T(a)

y(s)ds

= J‘1 G(t,s)y(s)ds.
0

y(s)ds.

y(s)ds

(2.19)

(2.20)

(2.21)

(2.22)
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For t > 7, one has

B (t—s)*? i
ult) = U f > Ty YOS (I/Tx)q >[<f f f > @ y(s)ds]
_ " (1/a) (g —s)" !
- ()L/OL ™ Jo T(a) y(s)ds
_ F (1= s) = (W a) (g - s) " = (1= (A a)n™) (¢ — S)Hy(s)ds
0 (1= (\/a)n*)I'(a)
El(1-6) ! = (1= (M a)y®) (t—s)*" 711 - 5)*
+L (1 - (/@) (a) y(s)ds + J 1 (V) )r(a)y(s)ds
1
= f G(t,s)y(s)ds.
' (2.23)
The proof is complete. O

Lemma 2.12. The function G(t, s) defined by (2.16) satisfies
(al) G(t,s) > myt*'s(1 - s)*", for all t,s € [0,1];
(a2) G(t,s) < Myt (1 -s)*, for all t,s € [0,1];
(a3) G(t,s) < Mys(1—-s)*", forall t,s € [0,1];
(a4) p(s) > 0, and p(s) is not decreasing on [0,1];
(ab) G(t,s) >0, forall t,s € (0,1),
where my = (1= p(0))/T(@)p(0), My = (a~1)/T(a) + 4(\/a)n* /p(O)T (a).

Proof. Fors <t, s <y,

60,9) = sy { 1 -9 = =9 - p0)a -5
—; _ a—l_&a _ s uu,l_ el
= sor@ - (1) e -poa- 9
; _ a—l_& a _ aga-1 _ el
> G {9l = s - p0 e}
—; _ a-1 _& ap _ el
= por( () [1 ' s)] p(O)(t ) }




Abstract and Applied Analysis

= ot = 917p) - pO -}
r(l ){[t(l §)]* " = (t-s)*" 1} %[tu—s)]%1
r(l ){[t(l §)“2H(1-5) — (t-5)"2(t-5) | + —”;2))}’(9;)) [£(1-5)]*"
> i (=911 -9 - - 91} + "’;?2))}’;’;?) [£(1 - )]
> =1 s =)+ S sln(1 - )
e
Gt9) = i {H0 =91 = S =) = p0) -9
= m (1 - gn”‘ + %1) [t(1-s)]"" - %(q —8)"t" 1 — p(0)(t - s)“_l}
= m PO (1 -9 - (¢ =]
defro- ()
1 H1-s)
ORE) {p( R

M [ta—l(l _ S)u—1 _ <1 _ %)uta—l(l _ s)u—l] }
1

e a-— a— A . o s\
p(O)T(a) p0)(a - 1)t 21-5) 2s(1—t)+Erlt 1(1—s) 1[1_<1_E> }

IN

1 i J - )
(O (@) p(0)(a— 1)t (1 —5)" Ps(1 - 1) + ;n“t""l(l —5)*1 [1 - (1 - %)

IN

1
< -
~ p(O)I'(a)

1pO0)(a - D1 —5)" !t + gq“t“‘l(l —5)«!

PG DI+ 0-)

{p(O)(a — D1 -5)* + 4%;1“*%“*1(1 - s)“-l}

1
< -
~ p(O)I(a)

_ a-1 ()‘/“)71“1 a-1 _ a-1
‘[r<a>+ POT(@ ]t d=s)""
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G(t,s) - m ({1 =91 =L (-5t = pO) -9 |
TORC) <1—;’Z“+ETI“>U(1—S)] 1‘;(’1—5)t '-p0)(t-s) 1}
_ ;‘ a-1¢q _ a1 _ ¢ a1 & alga-171 _ a1 _ _ E ! a-1
= SO p(O)[t (1-8)""=(t—s) ]+a11 [t (1-s) <1 11) t ]}
1 R o— )‘ a | pa— a-1 S a— a-1
S’W<P(0)(a—1) . x 2dx+;11 [t 11-5s) —<1—11>t l1-s) ]}
gm p(())(a—l)t“-za—s)“*zs(l—t)+gqatu-l(l—s)“*l[l (1 )]}
sm p(O)(a—l)t“‘Z(l—s)“25(1—t)+%q"‘t“‘1(1—s)“1|:1 (1 >]}
1 a-2 a-2 A aga—1 a-1
Sm4p(0)(a—l)t (1-5) s(l—t)+;11t (1-59)
S S S 2
PG e 0-T)
1 . A _
< m{p(O)(u—l)(l —5)* 1s+4;n”_1s(1—s)” 1}
-1 4/ el
= [F(d) + POV () ]s(l s)* .
(2.24)
Forn<s<it,
1 . a_
G(t,s>=m{[t<1—s>] L pO)(t -9}
p(S) _ a-1_ - a-1
2 o 091 - gt
1 a-2 a-2 P(S) _P(O) a-1
= g (=911 =) = (=92t =) | + = T PR (1 =)
1 a-1 _ (0) _ a-1
> r( )[t(l $)]“ 7 s(1-t) + (0) (a)s[t(l s)]
> 1- p(O) a 1 )a 1

p(O)I(a '
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1 a e
G(t,s>=m{[t(1—s>1 = pO) (-9}
— 1 "\ a A a a-1 a-1
- o] (1= 5 2 e -or - poe-5}

1 a— a— a— A a a—
=p(0)r(a) P(O)[t 1(1_5) 1_(t_5) 1]"1‘;1’[ [t(l—s)] 1}
< —1 0 1 S a-24 A a-1gpa-1q a-1
S SOT@ p(0)(a—1) . X dx + - (1-5)

; 1) 2(1 — g)* 2 _ & a-1_pa-171 _ a-1
< SO PO D= s - T s -9 |
; _ a=1¢1 _ a1 & a-lga-171 _ ya-1
Sp(o)r(a){p(O)(tx D (1= 5y Sy (1) }
a-1 4N/ ™| e

—|r<a>+ PO (@) ]t (=
- 1 _ a-1 _ PAY. 2!

Gt = - Gy LA =91 =pOE -9
— 1 _& a & a _ a-1 _ EPAY. 2!
—p(o)w){(l 1 +an>[t(1 )] = p(O)(t-s) }
— 1 a— o\l a-l & a _ a-1
= Sor@ (PO A9 = -9+ Tt - 9) }
< —1 0 1 =) tX—Zd A a-1 tvc—l 1 a-1
< 5OT@ p(0)(a—-1) . X x+;’l st (1-5)

1 a— a=2 A a-1_ a— a-1
< @ (PO@-DER=9) (1 - + 2y st (1 - 9) }

1 _ EPAY: 2 | & a-1 o\l
S PO |PO DA= e gmsi=o) }

. [a -1 4\ /)yt

a-1
T@) + PO (@) ]s(l—s) )

(2.25)

Fort<s <,

_ 1 _ a-1 _ & o\ Y-
G(t/S)—W{[f(l s)] a(ﬂ s)°t 1}
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1 a1 A a4 aga-
zm{[t(l—sn - sy 1}

1 ol A
- G- 1[1 -2 —s)]

0 -p(0
_ P );(g)(;za)r)( ) [£(1 - )"
_ 1 a-1 P(S) _P(O) a-1
= m[t(l—s)] + POV () [t(1-s)]
1-

> ot -9

1 a— A a,g—
G(t/5)=rm{[t(1—5)] 1‘;(’1_5)"’ 1}

1

_ a-1
< por@ o)

< [zx—l 4(\/a)nt

a-1 _ a-1
M@~ pOT@ ]t (=9

1 a1 A @,
Gt9) = Sy { 091 - (-9}

<1
~ p(O)T(a)

< [a— 1 . 4N/ a)nt ]5(1 gyt

[t(1-s)]*"

I(a)  pO)I(a)
(2.26)

Forn<s,t<s,

_ 1 a-1
G(t,s) = W[t(l -s)]

5 1-pO)
~ pOT(a)

tls(1-5)"7",

G(t,s) = [t(1-s)]*"

_L
PO (@)

< [a—l 4N/ )yt

a-1 _ a-1
M@ " pOT@ ]t (t=s
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_ 1 _ a-1
G(t,s) = m[t(l s)]

<la- 1 . 4N/ )yt

T T(@)  pO)I(a)

]s(l —5) L

(2.27)

From above, (al), (a2), (a3), (a5) are complete. Clearly, (a4) is true. The proof is complete. [

3. Main Results and Proof

Let E = C[0,1], ||lu|| = maxe[oy|u(t)|, P = {u € C[0,1] | u(t) > 0,t € [0,1]}. Obviously, P is
a normal solid cone with normal constant 1 in Banach space E, and E is a lattice under the
partial ordering < which is deduced by P.

Throughout this paper, we always assume that

(H1) f:[0,1] x R — Ris continuous;

(H2) h: (0,1) — [0,+0o0) is continuous and not identical zero on any closed subinterval
of [0, +00) with 0 < [} h(£)t(1 — £)* ' dt < +oo.

Remark 3.1. In the assumption (H1), it is not required that f(t,u) >0, Vu > 0.

Define operators A and B as follows:

1 1

G(t,s)h(s)f (s, u(s))ds, (Bu)(t)=foc(t,s)h(s)u(s)ds, te[0,1]; (3.1)

(a0 - |

0

(Fu)(t) = f(t,u(t)). (3.2)

Remark 3.2. By Lemma 2.12, (H1) and (H2), it is easy to see that operators A and B defined
by (3.1) are well defined.

Lemma 3.3. Suppose that (H2) holds, then the spectral radius r(B) #0 and B has a positive eigen-
function corresponding to the first eigenvalue Ay = (r(B))™".

Proof. By Lemma 2.11, (H2), similar to the proof of Lemma 4.4 in [28], the proof can be easily
given. We omit the details. O

By standard argument, we have the following.

Lemma 3.4. Suppose that (H1) and (H2) hold, then A : E — E is completely continuous.
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Theorem 3.5. Suppose that conditions (H1) and (H2) are satisfied. If there exists a constant b such
that

Ftu)>-b, Vie[0,1], u>0; (3.3)
t, .
Jimsup % <Ay uniformly for t € [0,1], (3.4)
u| — +oo

where A1 is the first eigenvalue of B defined by (3.1), then BVP (1.1) has at least one solution.

Proof. From Lemma 3.4, we know that A : E — E is completely continuous. By (3.4), there
exist Rg > 0, Ay > € > 0 such that

ft,u) <M —e)u, te[0,1], u>Ry,

(3.5)
ft,u)>\ —e)u, te[0,1], u<-Ry.
This implies
ft,u) <M —e)u+Mp, tel0,1], u>0,
(3.6)
ft,u)>AN —e)u-M,, te[0,1], u<0,
where M» = maxo<<1 jui<r, | f (t, 1)]. Set
1 1
u*(t) = bf G(t,s)h(s)ds, up (t) = sz G(t,s)h(s)ds. (3.7)
0 0

Obviously, u*,u; € P. Let By = (A1 —¢)B, where B is defined as (3.1). Itis clear that By : P — P
is a positive bounded linear operator and

r(Bo) =r((M —€)B) < ,yr(B) = 1. (3.8)

It follows from (3.3), (3.6) that

-u* < Au<Byu+u;, Vuebl,

(3.9)
Au>Bou—-u;, Yue-P.
It follows from Lemma 2.5 that there exists R > 0 big enough such that
deg(I - A,Bg,0) =1, (3.10)

which means that A has at least one solution. O
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Theorem 3.6. Suppose that (H1) and (H2) hold. In addition,

N 20|
im sup

|u| — +o0 |u|

<\ uniformly for t € [0,1]. (3.11)

Then BVP (1.1) has at least one solution.

Proof. Similar to the proof of (3.9), we arrive at

|Au| < Blu| +u1, YueC[0,1]. (3.12)

By Lemma 2.6, there exists R > 0 big enough such that

deg(I - A, Bg,0) =1, (3.13)

which shows that A has at least one solution. O

Theorem 3.7. Suppose that conditions (H1) and (H2) are satisfied. If

t, )
lim inf. (u”) > Vi, uniformly on t € [0,1]; (3.14)
t
lim supf(;u) <\, uniformly onte [0,1]; (3.15)
t, ;
limsup ¥ <\, uniformly ont € [0,1], (3.16)
u—0

where Ay is the first eigenvalue of B defined by (3.1), then the singular BVP (1.1) has at least one
nontrivial solution.

Proof. Let E = C[0,1], and let A, B and F be defined by (3.1) and (3.2), respectively.
Obviously, by remark 3.1 in [27, 28], F : E — E is continuous and quasiadditive on lattice,
and A = BF. By Lemma 3.4, we know that A : E — E is completely continuous.

It follows from (3.14) and (3.15) that there exist constants € > 0 and Ry > such that

ftbu)> (M +e)u, te[0,1], u> Ry

(3.17)
ftu)y>A\ —eu, tel0,1], u<-Ro.
Therefore, there exists a constant M3 > 0 such that
ftu)y>MN +e)u-M;, tel0,1], u>0;
(3.18)

ft,u)>A\ —e)u-M;, tel0,1], u<0.

From (3.18), one can see that (2.9) and (2.10) hold for a; = Ay + & > A\ = r'(B) and a, =
M —e<A =r1(B).
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Next, we are in position to show that B satisfies H condition. Let

(B*u)(t) = fl G(s, t)h(t)u(s)ds. (3.19)

0
By Lemma 3.3, we know that r(B*) = r(B) #0, and there exits g* € P*\ {6}, such that
g =r"(B)B'g". (3.20)
By Lemma 2.12, we have
g'(s)=r(B)B'g"
= r(B) j: G(t,s)h(s)g" (t)dt

1 3.21
> mlr_l(B)f tu—ls(l _ S)aflg*(t)dt ( )
0

1
= [mlr’l(B)J t“‘lg*(t)dt]s(l -5, Vsel0,1].
0
Therefore, for u € P, we get by Lemma 2.12, (3.20) and (3.21) that

1 1
f g (t)(Bu)()dt = Jf g (t)G(t, s)h(s)u(s)ds dt
0 0

1 1
f U g*(t)G(t,s)h(s)dt]u(s)ds
0 0

1
r(B) f g (s)u(s)ds
0 (3.22)

v

1 1
r(B)mir~ " (B) jo vl o*(t)dt - f s(1-s)*tu(s)ds

0

v

m 1 1
—f t”“lg*(t)dt-Mlj s(1—-s)*""u(s)ds
My ), 0

1
m 1 .

— | ¢t t)dt - || Bul|.
M ), g (t)dt - ||Bul|

v

This means that g*(Bu) > 6||Bul|, where 6 = (mi/M;) f; t*1o*(t)dt. So, B(P) C P(g*,6).
Thus, we have shown that B satisfies H condition. By Lemma 2.7, we know that there exists
R > Ry such that

deg(I - A, Tg,0) =0. (3.23)
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On the other hand, by (3.16), we know that there exists 0 < r < Ry such that

|f(bw)| <A —e)|ul, Vie[0,1], u|<7, (3.24)
which implies that

|Au| < Bolu|, Vu e oT,, (3.25)

where By = (A1 —€)B, and r(By) = (A1 — €)r(B) < 1. By virtue of Lemma 2.8, we get that

deg(I- A,T,,0) =1. (3.26)

It follows from the additivity of the topology degree and Lemma 2.11 that A has at least one
nontrivial fixed point in Tg \ T,. That is, BVP (1.1) has at least one nontrivial solution. ]

4. An Example

Consider the following fractional differential equations with integral boundary conditions:

DY2u(t) + Aot?™ (1 - )47 [(\/ﬁ— 1) - sin (u+ Jz—f)] =0, 0<t<1,
u(0) ='(0) = u"(0) =0, (4.1)

1/2
u(l) = f u(s)ds,

0

where 0 < p, g <1, Ao < Ay, A is the first eigenvalue of operator B. It is easy to see that (H1)
and (H2) hold for h(t) = "1 (1-1)77, f(t,u) =ro(Vu?+1-1)-sin(u+s/2). By Lemma 3.3,
we get that 1y > 0. Obviously, f(u) > -1 is bounded below and sign-changing for u > 0.
By direct computation, we have lim,, .o (f (1) /u) = Ay < Ay, limy, oo (f (1) /u) = —=Ao < A1
Thus (3.3) and (3.4) in Theorem 3.5 hold. It follows from Theorem 3.5 that BVP (4.1) has one
solution.
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