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This work deals with the analysis of a delayed diffusive predator-prey system under Neumann
boundary conditions. The dynamics are investigated in terms of the stability of the nonnegative
equilibria and the existence of Hopf bifurcation by analyzing the characteristic equations. The
direction of Hopf bifurcation and the stability of bifurcating periodic solution are also discussed by
employing the normal form theory and the center manifold reduction. Furthermore, we prove that
the positive equilibrium is asymptotically stable when the delay is less than a certain critical value
and unstable when the delay is greater than the critical value.

1. Introduction

The study on the dynamics of predator-prey systems is one of the dominant subjects in
ecology and mathematical ecology due to its universal existence and importance [1]. A proto-
typical predator-prey interaction model is of the following form:

S = aw) - fg(@),
) (1.1)
S = ofg) - =(v),

where u(t) and v(t) are the densities of the prey and predator at time f > 0, respectively.
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Furthermore, the function a(u) is growth rate of the prey in the absence of predation,
which is given by

a(u) =aumin{1,K—u}, a>0,¢>0, K>0. (1.2)

If ¢ = 0O, this reduces to the traditional logistic form a(u) = au(l — u/K), see [2] and the
references therein. Here, the parameter a stands for the specific growth rate of the prey u,
and K for carrying capacity of the prey in the absence of predators.

The product f(u)g(v) gives the rate at which prey is consumed, and f(u)g(v)/v is
termed as the functional response [3]. In particular, these functions can be defined by

f(u) =cu, g(v) = c>0, m>0, (1.3)

mo+1’

where c denotes the capture rate, and m the half capturing saturation constant.
The proportionality constant o is the rate of prey consumption. And the function z(v)
is given by

z(v) =yv+Ilv*, §y>0,1>0, (1.4)

where y denotes the natural death rate of the predators, and | > 0 can be used to model
predator in traspecific competition that is not direct competition for food, such as some type
of territoriality, see [2]. In this paper, we discuss the case of I = 0, which is used in a much
more traditional case. Based on the above discussions, we can obtain the following model:

cuv
mo+1’

d_v_v<_ N cou >
dr [—— A

Setting f = a/K, b = co, model (1.5) leads to the following dimensionless equation:

(1.5)

du cuv
E‘”(“_ﬂ”)_mml’

o (e )
dt ~ L— X

where b > 0 denotes conversion rate.

In recent years, the models involving time delay and spatial diffusion have been exten-
sively studied by many authors and many interesting results have been obtained, including
the stability, the existence of Hopf bifurcation, and direction of bifurcating periodic solutions,

(1.6)
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see [1, 4-18]. In this paper, we mainly focus on the effects of both spatial diffusion and time
delay factors on system (1.6) with Neumann boundary conditions as follows:

ou cuv
E_u(“_ﬁu)_mml

6_v_v<_ bu(t-r)
ot mo(t-1) +1

+di1Au, xe€Q, t>0,

)+d2Av, xeQ, t>0,
(1.7)

ou o0v

5—5—0, beQ,t>0,

u(x,0) =up(x) 20,  v(x,0)=v9(x) 20, x€Q,

where Q is a bounded open domain in R with a smooth boundary 0Q, and A = 9?/0x?
denotes the Laplacian operator in R. d; > 0 and d, > 0 denote the diffusion coefficients of the
prey u and predator v, respectively. v is the outward unit normal vector on 0Q2. 7 > 0 can be
regarded as the gestation of the predator. System (1.7) includes not only the dispersal pro-
cesses, but also some of the past states of the system.

Throughout this paper, we restrict ourselves to the one-dimensional spatial domain
Q = (0, ) for the sake of convenience.

The remaining parts of the paper are structured in the following way. In Section 2, we
analyze the distribution of the roots of the characteristic equation and give various conditions
on the stability of a unique positive equilibrium and the existence of Hopf bifurcation with
time delay. In Section 3, applying the normal form theory [19, 20] and the center manifold
reduction of partial functional differential equations [21], we derive the explicit algorithm in
order to determine the direction of the Hopf bifurcation, the stability, and other properties on
bifurcating periodic solutions. Finally, a brief discussion is given.

2. Stability of Positive Equilibrium and Existence of Hopf Bifurcation

In this section, by analyzing the associated characteristic equation of system (1.7) at the
positive equilibrium, we investigate the stability of the positive equilibria of system (1.7).
It is straightforward to see that system (1.7) has the following two boundary equilibria:
(i) E1 = (0,0) (total extinct) which is saddle point, hence it is unstable;
(ii) E» = (a/p,0) (extinct of the predator) which is saddle point if ba > By, or stable if
ba < Py.

To find the positive equilibrium, we set

u(a - pu) - Uy, v(—y+ bu >:O, (2.1)

mo+1
which yields

mbpu® + (c — ma)bu — cy = 0. (2.2)



4 Abstract and Applied Analysis

Obviously, system (1.7) has a unique positive equilibrium E* = (u*, v*) with ba > fy,
where

. mba—bc+ \/4mbcﬂy + b2 (ma - ¢)? . but—y (2.3)
v 2mbp ’ v my

Setu = u —u*, v = v —v* and drop the bars for simplicity of notations, then system
(1.7) can be transformed into the following equivalent system:

ou c(u+u*)v

=u+u)(a-pu+u)) - +diAu, xe€Q, t>0,

o - m(v+v*) +1
z;_z: o w*)(_y mmt_; )T>++U u)>+ 1) +dAv, x€Q, t>0, s
Z—Z:S—::O, x€o0Q, t>0,
u(x,0) = up(x) —u* >0, v(x,0) =vy(x) —v* >0, x€Q.
Assume that ug(x), vo(x) € C([-7,0]; X) and X is defined by
:{(u,v):u,UeWZ'z(Q):g—z=g—:=0,x€a§2} (2.5)

with the inner product (-, -).
Denote (u(t), v(t)) = (u(t, x),v(t,x)) and U (t) = (u(t),v(t))". Then system (2.4) can be
rewritten as an abstract differential equation in the phase space C([-,0]; X) as follows:

% =dAU(t) + L(U;) + F(Uy), (2.6)
where d = diag(d;, dz), Us(0) = Ut +60), -1t <0 <0,and L : C([-7,0;X) — X, F :
C([-7,0]; X) — X are given by

—pu¢1(0 )— ¢z( )
L($) = . , (2.7)
(mzb]*v+ 1) ()bl( mbu 2 4)2(_ )
(m
~p¢3(0 )— 24’1 0)¢2(0) + 3¢2( )
F(¢) = . (28)

v* bmu*
(#2004 2ot >)<mv*+1¢1<— . 1)2¢2<—r>>

respectively, where ¢(6) = U(8), ¢ = (¢1,$2)" € C([-,0]; X).
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The linearization of (2.6) is given by

% =dAU(t) + L(Uy), (2.9)
and its characteristic equation is
Ay —dAy - L(N) -0, (2.10)

where y € dom(A) and y #0, dom(A) C X.
It is well known that the eigenvalue problem

-Ay =py, x€(0,),
o (2.11)
ox

_ oy

x=0 - ox B 0,

X=IJr

has eigenvalues 0 = po < p1 < pp < -+ < py < puaa < - -+, with the corresponding eigenfunc-
tions ¢, (x). Substituting

y= gqfn (x) @Z) (2.12)

into characteristic equation (2.10), we obtain

*

cu
e
mo*
(y“) = A(yl"). (2.13)
bv* . bmu*v* | Yon Yon
e T ————— e —doyy
mo* +1 (mov* +1)

Hence, we can conclude that the characteristic equation (2.10) is equivalent to the
sequence of the following characteristic equations:

A2+ (An + De-“))t +By+Cre =0 (n=0,1,2,...), (2.14)
where

An = ﬂu* + (dl + dz)ﬂn,
B, = pu'dopy + dldzﬂi,

.- bdymuy, pu*v* . bmﬂ(u*)zv* . bcu*v* ’ (2.15)
(mo* +1)? (mv* +1)>  (mov*+1)°
D- bmu*v*

(mo* + 1)2.
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The stability of the positive equilibrium E* = (u*, v*) can be determined by the distribution
of the roots of (2.14) (n =0,1,2,...), that is, the equilibrium E* = (u*, v*) is locally asympto-
tically stable if all the roots of (2.14) (n = 0,1,2,...) have negative real parts. Note that A = 0
is not a root of (2.14) forany n = 0,1, 2,.... Next, we analyze the behaviour of system (1.7) in
two situations: with/without delay effect.

2.1.Case Tt =0

Equation (2.14) with 7 = 0 is equivalent to the following quadratic equation:

M+ (A, +D)A+B,+C, =0, (2.16)

where A, B,, C,,, and D are defined as (2.15).
Let A1 and A, be two roots of (2.16), then for any n =0,1,2,..., we have

A +A=-(A,+D) <0,
(2.17)
)L1)Lz =B, + Cn > 0.

Then we can get the following theorem.

Theorem 2.1. If ba > Py holds, the positive equilibrium E* = (u*,v*) of system (1.7) with T = 0 is
asymptotically stable.

In the following, we prove that E* = (u*,v*) of system (1.7) is globally stable with
T=0.

Theorem 2.2. If ba > Py holds, the positive equilibrium E* = (u*,v*) of system (1.7) with T = 0 is
globally asymptotically stable.

Proof. To prove our statement, we need to construct a Lyapunov function. To this end, we
define

V(t) = L: Vi(u,v)dx, (2.18)

where

_ u g — u* C % 11 _ U*
Vi(u,v) = L* ; dag+ b1+ mo) L* " dm. (2.19)

We claim that Vi (u, v) is positive definite. In fact, set

ovy u ovy c v\
ou 1= u 0, ov  b(l+mov*) <1 ) =0, (2.20)
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we can obtain (1, v) = (u*, v*). And the Hessian Matrix at (u*, v*) is given by

1
" 0
H(E)|(u*,v*) = c ’ (221)
bo*(1 + mv*)
Hence H(E)|,: . is positive definite, which follows that
min(Vi(u,v)) = Vi(u*,v*) =0. (2.22)

The time derivative of V along the solutions of system (1.7) with 7 = 0, we have

ﬂ_J‘ <u—u*6_u+ c (v—v*)é)_v)dx
dt o u ot b(l+mv*) v Ot

(v % %
= J‘Q de + J‘Q{(dlAu)a + (dzAU)%}dx

5 cmu* 5
= —B(u—u*)" — v—-0" dx
J‘Q< 4 ) (mv+1)(mv*+1)2( ) >
diu* ou\? d,o* o0\ 2
- u? IQ <$> dx = v? J‘Q <$> a,

then, we obtain dV/dt < 0.

It is enough to see that dV/dt satisfies Lyapunov’s asymptotic stability theorem, hence
the positive equilibrium E* = (u*,v*) of system (1.7) with T = 0 is globally asymptotically
stable. O

(2.23)

2.2, Case 7#0

In the following, we prove the stability of the positive equilibrium E* = (u*,v*) of system
(1.7) and the existence of Hopf bifurcation at the positive equilibrium E* = (u*, v*).

Theorem 2.3. Assume that > fy, A2 — D?> — 2B2 < 0 and B2 — C2 > 0 hold, then the positive equi-
librium E* = (u*,v*) is asymptotically stable for all T > 0.

Proof. Let A = u(t) +iw(7) be a root of the characteristic equation (2.14), then we have
W= w? + App+ B, + (Dwsinwrt + (C, + D) coswt)e ™™ =0,

(2.24)
2uw + Apw — ((Cy + D) sinwTt + Dw cos wt)e ™ =0,
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where A, p, w are functions of 7. A necessary condition for the stability of E* = (u*, v*) is that
the characteristic equation has a purely imaginary solution A = iw. Let p(7) = 0 and w(7) #0,
then we can reduce (2.24) to

—w? + DwsinwTt + C, coswt + B, =0,
(2.25)
A,w + Dw coswt — C,sinwt =0,

which lead to

w'+ (A3 -D*-2B,)w* + (B} - C3) = 0. (2.26)
Since B2 — C2 > 0 and (A% — D? - 2B,) < 0, these imply that (2.26) has no positive roots, that
is, all roots of (2.14) have negative real parts. O

Theorem 2.4. Assume that ba > Py, B2 — C2 < 0, then there exists a sequence

2jor .
T]@):Tg+w_0 (j=012..), (2.27)

where 7)) is defined as (2.32), such that, for system (1.7), the following statements are true.

(i) If T € [0, 7)), then the positive equilibrium E* = (u*,v*) is asymptotically stable.
(i) If T > Tg, then the positive equilibrium E* = (u*,v*) is unstable.

(iii) T = Té (n = 0,1,2,...) are Hopf bifurcation values of system (1.7) and these Hopf
bifurcations are all spatially homogeneous.

Proof. Let A = iw(7) be a root of the characteristic equation (2.14). By the same way in
Theorem 2.3, then w satisfies the following equation:

w'+ (A3 -D*-2B,)w? + (B3 - C3) = 0. (2.28)

Since B2 — C2 < 0, (2.28) has a unique positive root wy satisfying

o J —(A7-D*-2B,) + \/(A% - D2-2B,)" - 4(B2 - C3) (2.29)
0 2
and from (2.25) we obtain

Dw; + AyCrwo —

D} + C;,

B, Dw
sinwyT = n0 s G(wy),

(2.30)
Cuto} — BuCy — AuDw}

D} + C;,

COS WoT = E(wy),
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then (2.16) has one imaginary root iwy when

0
+ 7

’Z']Q = T(()) wo 4 (] = 0/ 1/2/' : ')’ (231)
where 7] satisfies
arc cos(E(wn)) if G(wo) > 0
0 “n , o
. (2.32)
arccos(27 = E@o)) ¢ o) <0
wo ' ,

O

Let A(7) = a(7) + iw(T) be the root of (2.14) satisfying a(T](.J) =0and w(T]Q) = wp when
7T is close to T](-J. Now by some simple calculations we obtain

da| 17 kel (225 An+ D = (€, + DVyTe T
dr|,o| (Cp + DA)Ae7 .
] T_Tj
_ 2CycoswyT + Dwysinwer  D*wy (2.33)
C; + Dwj Ciw} + D*wy;

N A,wo(—~Dwy, cos wyt + C,, sinwyT)
2 2 0, 4
Cawy + Dw;

4

since w% = Dwy, sinwyt + C,, coswyT and A,wy = —Dwq cos wyT + C,, sinwyT, and from the
expression of wj in (2.29), we immediately see that
_ 2
da| 1" 2 A_p2 \[(D*- AZ) +4C 03
dr|,0| — C2+ D22 Ci+ D% Ci + D*w} '

Therefore, sign [da/ ClTlT:T,p]’1 =1, that is, da/ dTlT:T]p > 0. This implies that all the roots that
cross the imaginary axis at icw cross from left to right as 7 increases.

Hence the transversality condition holds and accordingly Hopf bifurcation occurs at
T=15,and T = T]Q (j =0,1,2,...) are Hopf bifurcation values of system (1.7) and these Hopf
bifurcations are all spatially homogeneous. This completes the proof.

3. Direction and Stability of Hopf Bifurcation

In the previous section, we have already obtained that system (1.7) undergoes Hopf bifurca-
tion at the positive equilibrium E* = (u*, v*) when 7 crosses through the critical value T]Q (j=
0,1,2,...). In this section, we will study the direction of the Hopf bifurcation and the stability
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of the bifurcating periodic solutions by employing the normal form method [19, 20] as well as
center manifold theorem [21] for partial differential equations with delay. Then we compute
the direction and stability of the Hopf bifurcation when 7 = T]Q for fixed j € {0,1,2,...}.

Without loss of generality, we denote the critical value of 7 by 7y and set T = 7o + p,
then pu = 0 is the Hopf bifurcation value of system (2.6). Rescaling the time by t — t/7 to
normalize the delay, system (2.6) can be written in the following form:

% = 1od AU (t) + ToL(U;) + G(Uy, p), (3.1)
where
—pu$1(0 )— 2<i>1( )
L(¢) - bo* 1 bmu*v ’

o 7 e 1

G(¢p,p) = udAd(0) + uL($) + (10 + u)F($, 1), (3.2)
—p$1(0 (mo 24’1( )$2(0) + 3¢2( )
F(p,p) =

(4’2(0) e LG )>< 791(-1 )—( i 24’2 - )>

for ¢ € C([-7,0]; X).
From Section 2, we know that +iwTy are a pair of simple purely imaginary eigenvalues
of the liner system

au(t)

T Tod AU (t) + ToL(U,), (3.3)

and the following liner functional differential equation:
U(t) = roL(Uy). (3.4)

By the Riesz representation theorem, there exists a 2 x 2 matrix function 7(0, ) of
bounded variation for 6 € [-1,0], such that

0
(o + u)L(70) () = .[_1 dn(6,70)$(0) for ¢ € C<[—1,0],R2>. (3.5)

In fact, we can choose

n(6,70) = (7o + u) H16(0) + (19 + p) H26(6 + 1), (3.6)
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where

cu* 0 0
f— u* ——
H; = (mo*+1)* |, Hy=| por e (3.7)
0 0

mot+1 (mv* +1)°

and 6 is the Dirac delta function.
For ¢ € C'([-1,0],R?), we define A(0) as

4

$(0), 0 € [-1,0),
A0 =1 %
dan(6, 0), 6=0,
f—l 1(0,70)9(0) (38)
0, 0 €[-1,0),
R(0)¢(0) =
F(p,u), 0=0.
For ¢ = (g1, ¢2) € CY([-1,0], (R?)"), we define
—%tp(S), s€(0,1],
A (p(s)) = (3.9)
1% ¢ (=2)dn(6,0), s=0.
Then A(0) and A* are adjoint operators under the following bilinear form:
0 (0
(5.9©) =709 - [ [ 7e-o1an0.09@) (310)

where 77(0) = 7(0, 0).

We note that +iw,7y are the eigenvalues of A(0). Since A(0) and A* are two adjoint
operators, +iwyTy are also eigenvalues of A*. We will first try to obtain eigenvector of A(0)
and A* corresponding to the eigenvalue iwyTy and —iwyTy, respectively.

Let g(0) = (1,p) e, (8 € [-1,0]) be the eigenvector of A(0) corresponding to
the eigenvalue iwyTy. Then we have A(0)q(0) = iwyToq(0) by the definition of eigenvector.
Therefore, from (3.6), (3.10), and the definition of A(0), we can get

*

pu — iy T
(mv* +1) 1 0
7 ) N ( > = <0), (3.11)
bU e*l‘lﬂo‘l‘o _ bmu v e*iWng — iwo p

mv* +1 (mv* +1)2



12 Abstract and Applied Analysis

here,

(3.12)

_ (mov*+ 1)*(Bu* +iwy)

cu*

On the other hand, suppose that g*(S) = D(1,r)ei™% is the eigenvector of A* cor-
responding to the eigenvalue —iw(1y. By the definition of A*, we have

_‘Bu* + in bv e—inTo
mov* + 1 D\ /0 313
cu* bmu*v* <Dr> - <0>’ (3.13)

- 5 - 26"""070 + iwy
(mo* +1) (mov* +1)

To

where

mo* mpu*v* (mo* +1) + cu*
r=—-— - 5 i (3.14)
mvo* +1 wo(mo* + 1)

and we also assume that (g*(S),g(0)) = 1. To obtain the value of D, from (3.10) we have

(q'(5),q0) = DY A1) - [ L_o“'7>6"“‘9)‘””°dn<9><1,p>Te@“’°T°d§}

0
=D{1+pr- f (1,7)0e™™dn(6)(1, p)T} (3.15)
-1

=1+ pr+ 20V ( e —1>e‘i“’°T°}.
mv* + 1\ mo* +1

Thus, we can choose

— * * -1
5:<1+P7+ brmyv ( mpu _1>> g (3.16)

mov* +1 \mo*+1

such that (4*(S),q(0)) = 0 and (g*(S),q(8)) = 1, that is to say that let ¢ = (q(0),4(9)), ¢ =
q* (9,9 (S))7, then (¢, ) = I, where I is the unit matrix. Then the center subspace of system
(34) is P = span{q(6),4(0)}, and the adjoint subspace P* = span{q*(S),g"(S)}. Let fo =
(fo, f3), where

fo = ((1)) (3.17)
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by using the notation from [20], we also define
cfo=cify +afg, (3.18)

forc=(g) e C=C([-1,0],X).
And the center subspace of linear system (3.4) is given by PcnyC, where

Peng = ¢(w, (9 fo))y - fo, ¢ €C,

(3.19)
PenC = (g(0)z+3(0)Z) - fo, z€C,

and C = PcnyC @ PsC, where PsC is the stable subspace.
Following Wu [20], we know that the infinitesimal generator Ay; of linear system (3.4)
satisfies

uit)=A U (3.20)
moreover, U € dom(Ay) if and only if
U ec, U(0) € dom(a), U (0) = 1oAU(0) + 1o L(U(0)). (3.21)

As the formulas to be developed for the bifurcation direction and stability are all
relative to y = 0 only, we set y = 0 in system (3.4) and can obtain the center manifold

2
ZZ

W(,2) = Wao(6) 5 + Win(8)22 + woz(e)% b (3.22)

with the range in PsC. The flow of system (3.4) in the center manifold can be written as fol-
lows:

U; = g(z(1),Z2())" - fo+ W(z(t),Z(1), (3.23)
where
2(t) = iwomz(t) + 4" (0)(G((z(), ZH)" - fo+ W(z,Z,0), fo). (3.24)
We rewrite (3.24) as

z(t) = iwotoz(t) + g(z(t),z(t)), (3.25)
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with

g(z(1),Z(t) = 4"(0) (G(p(=(), Z1)" - fo+w(z,Z,0), fo )

22 z 7’z (3.26)
=805+ g11zz + g5 + 81—
Denote G(¢,0) = 19(G1, Gz)T, and let
flw,v) = (u+u)(a-pu+u’)) - %,
b(u(t — ) + u*) (3:27)
fz(u,v) = (v+v*)<—r+ oy B s s 1).
Afterwards, from Taylor formula, we have
Gy = -p$1(0) - (—2¢1 (0)$2(0) + ( 34’2( )
+(—3¢1( )‘i’z( )_( 44)2( )
Ga= ot (12000 - 2 gl 1>> (#1602 ) (1 = ale) ),
(3.28)
From (3.26) and (3.28), we have
I R cmp*u*
&20 = ZDTO[ p (mo* + 1)2 ! (mo* + 1)3]

+257T0[ bp o bmpv* < mpu* ~ 1)621‘14;07‘0],

mo* + 1 (mv* +1)> \mv* +1

_ 2mppu* 5
g11=DTO[—2ﬁ+< mppw PP >(c+bmv*)]

(mo* +1)°  (mv* +1)?

. = —inTg iw()‘l'()
+DTO[mv*+1<Pe + pe >],
— cp cmp u*
=2D7y|-p - +
802 0[ p (mo* + 1% (mo* +1)3]

2—2 %, % — % —
— mop uon L mbpo . b .
+2D77) [—eZ‘WOT" __moee gHwom _P e""oT":I ,

(mv* +1)° (mv* +1)° mv* +1
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g = 2Dy [—ﬂ <2W111 (0) + W3 (0)>]

— I c 1_ 1
+2Dmy T 112 (pwlll(o) + EPWzlo(O) + Eszo(O) +Wh (0)>]
— | cmu’* _
+2Dm | s (2pW3(0) + pW220(0)>]
— [ b 1_
+2D p— <pW111(—1) + Epwzlo(—l)>]
— [ br 1 : i
* ZDTO mo* +1 <§W220(0)elwom " W121 (O)e i O>]
— [ mbor i
+2D7 —me ! 0<W121(—1) +PW111(—1)>]
— [ mbo7 _
+ 2D _—Z(mv* " 1)26""”0 (WZZO(—l) + szlo(—l)>:|
— [ m*burorr » —itoyTy 2 — iy
+ 2DTO m <2W11 (—1)p€ + WZO(—l)pe ) .

(3.29)

Since W11(0) and Wy(0) for 6 € [-1,0] appear in g1, we need to compute them. It
follows from (3.26) that

W(z,Z) = Waozz + Wi12Z + W2z + WaZ Z4, .. .,

2 2 (3.30)
AuW = Aquoi + AuWHZE + AUWZOT + e

In addition, W (z, z) satisfies
W = AuW + H(z,z), (3.31)

where

Z2 z
H(z,z) = Hyy— + H Hp—+---
(z,2) 20 + Hqy12Z + Hypp > + (3.32)

= XoG(U;, 0) - (¢, (XoG(U4,0), fo)) - fo-
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Thus, from (3.24) and (2.18), we can get

[2iwoTy — Ay ]Wao = Hyg,
-AuWu = Hy,
[-2iwoTo — Au]Wo2 = Hop.

(3.33)

Note that Ay has only two eigenvalues +iwy 7o, therefore, (3.33) has unique solution W;; in Q

given by

Wag = [2iwoty — Aur] ™ Hao,
Wi = -A; Hn,

W02 = [—ZinTo - Au]_lHoz.
From (2.18), we know that for 6 € [-1,0)

H(z,2) = -¢(0)¢(0){G(Uy, fo)) - fo
=—[a(®)97(0) +q(6)7 (0)]{G(Uy, fo)) - fo
=-[9(0)8(z.2) +9(0)3(z,2)] - fo.

Therefore, for 6 € [-1,0)

H(0) = —[£209(0) + 8,9(0)] - fo,
Hy,(0) = _[311‘1(9) +§115(9)] - fo.

From (3.34), (3.36), and the definition of Ay, it follows that
W0 (0) = 2iwomoWa0(0) + [8209(0) + 81,9(0)] - fo-
Noting that g(0) = q(0)e™*™?, 0 € [-1,0), we have

i
3

ig20 iwomod
O Tt | +
WoTo q(0)e fo

W (6) =
Similarly, from (3.34) and (3.37), we obtain

i i 1811 —iwo Ty
Wi (6) = —%q(O)eW“Toe ot %q(me w0 fo 4 E.

gZO a(o)e—iwo’[‘oe . fO + ElleZinToe.
woTo

(3.34)

(3.35)

(3.36)
(3.37)

(3.38)

(3.39)

(3.40)
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In what follows, we will seek appropriate E] and E, in (3.39) and (3.40). From the
definition of Ay and (3.33), we have

0
f 1(0)Wa(0) = 2iwooW20(0) — H20(0), (3.41)
-1
0
J n(0)W11(0) = —H11(0), (3.42)
-1

where 77(0) = 7(0,0), then

Hao = —[8209(0) + 83,4(0)] - fo

a4, cmp*u*
(mv*+1)*  (mo*+1)° (3.43)
+ ZT() .
bp e—iuJng + meU < mpu _ 1)6—21'(4107'0
mo* + 1 (mv* + 1) \mv* +1

Substituting (3.43) into (3.41), note that

0 .
<iw07'o - I_l e”"oTOdq(G))ﬁ(O) =0,

0 .
<—iw07'0 - .[—1 e"‘"’“’dq(Q))q(O) =0,

(3.44)

then we deduce

p__, cmp*u*
(mo* +1)*  (mv* +1)°

bp —iwTo 4. bmpv* < mpu* _ 1>e—2iwo'ro

———e
mo* + 1 (mo* + 1) \mv* +1

2T0

0
= 220q(0) + 50,(6) + 2icorTsWo (6) — j (@)W (©)

Z 30
= —g20q(0) + go%"() + iwyToE

_J‘O drl(e) igiq(o)eiwome + @iq(o)eiwl)me +Eeziw07-0
-1 woTo 3wy Ty

0
= <2ionoI —f dq(@)eZiw°T°9>E
-1
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*

cu
—_ u* —_——
10 g (mo* +1)?
= | 2iwoTo <0 1) - Ty . . E
bv 72iw0'r0 — bmu 4 e—Ziono
(mo* +1) (mv* +1)2
2iwy + pu* Lz
(mov* +1) E
= TO * * .k :
_ bf’ e*Zi(UoTo 2lw0 + bmu v 5 e*zl‘on(]
(mv* +1) (mo* +1)
(3.45)
Finally, we arrive at
Dk
L cp cmpu
p 2t 3
, (mov* +1) (mov* +1)
E =2E] . . , (3.46)
bp e—inTo + bmpv < mpu _ 1>e—2inTg
mo* + 1 (mv* +1)> \mv* +1
where
* -1
2iwg + ﬂu* le
E - ) (mo ’ *) , (3.47)
) 2 ( s 7
mv* +
and from the above equation we can find the value of E! and E?.
Following the similar steps, we also get
Huy = -[8209(0) + §0,4(0)] - fo
2mppu* p+
-2+ ( fP e - P* Pl 2>(c+ bmv*) (3.48)
+10 (mov*+1)"  (mov*+1) )
mvb*r+ 1 (pe—iwo'ro + Peiwg'rg)
then
2mppu* p+
2P+ oo PP (c + bmv)
3 2
- (mov* +1) (mo* +1)
br

A, —ia)()‘l'() ia)[)To
(pe +pe )
mo* + 1

0
- 590) +3,30) - | dn@Wn(@)
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0 . —
_ gllq(o) + 3_7115(0) _ J‘ dq(@) [ 1811 q(o)eiwo‘t'oe + lgiﬁ(())eiwo‘ro@ + El
-1 070 woToy

w
. cu*
u 2
0 (mo* +1)
) f dn(O)E = E.
-1 B bov* bmu*v*
mv*+1  (mo* +1)?
(3.49)
Finally, we arrive at
2mppu* D+
_2ﬁ+< mppu3_ prp 2)(c+bmv*)
EI — E’z (mU* + 1) (m?]* + 1) , (3'50)
b? (_e—inTg + einTg)
mo* + 1 p p
where
* -1
cu
u* _
P (mv* +1)?
E, = . (3.51)
bo* bmu*v*

“mo*+1 (mov* +1)2

In a similar manner, we can calculate E! and E2. Then g1 can be expressed. Based on
the above analysis, it is enough to see that each g;; is determined by the parameters. Thus, we
can compute the following values which determine the direction and stability of the following
bifurcating periodic orbits:

2
1 2 |g02| 1
C1(0) = Yoo <311g22 -2|gul|" - 3 > 5

_Re(C1(0))
Re(V'(70))” (3.52)

P2 = 2Re(C1(0)),

_Im(C1(0)) + po Im (AN (70))
wWoTy '

po =

T, =

Theorem 3.1. For system (1.7),

(i) po determines the directions of the Hopf bifurcation: if pp > 0 (< 0), the direction of the
Hopf bifurcation is forward (backward), that is, the bifurcating periodic solutions exist for
T>T0=T](-) (T<T0=T](-)),'
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Figure 1: The phase portrait of model (1.7) without the diffusion and delay effects, thatis, 7 =0, di =d, =
0. The other parameters are takenasa =2, f=0.2, y =05, b =2,and ¢ = 3, m = 1. In this case, E; =
(0,0) and E; = (10,0) are saddle points; the unique positive equilibrium E* = (0.6623,1.6491) is globally
asymptotically stable. The dashed curve is the u-nullcline u(a — pu) — cuv/(mv + 1) = 0, and the dotted
curve is the v-nullcline v(-r + bu/(mv + 1)) = 0.

(ii) Po determines the stability of the bifurcating periodic solutions on the center manifold:
if o < 0 (> 0), the bifurcating periodic solutions are orbitally asymptotically stable
(unstable);

(iii) T, determines the period of the bifurcating periodic solutions: the period increases
(decreases) if T, > 0 (< 0).

4, Conclusions and Remarks

In this paper, under homogeneous Neumann boundary conditions, we have analyzed
dynamical behaviors of the diffusion predator-prey system (1.7) with and without delay. The
value of this study lies in two aspects. First, it presents the stability of positive equilibrium
E* = (u*,v*) of system (1.7) with and without delay, and the existence of Hopf bifurcation,
which indicates that the dynamical behaviors become rich and complex with delay. Second,
it shows the analysis of stability of Hopf bifurcation, from which one can find that small
sufficiently delays cannot change the stability of the positive equilibrium and large delays
cannot only destabilize the positive equilibrium but also induce an oscillation near the posi-
tive equilibrium.

Next, numerical simulations are performed to illustrate results with respect to the
theoretical facts under the special example. When 7 and d; (i = 1,2) are all equal 0, we
demonstrate that the positive equilibrium E* is globally asymptotically stable (see, Figure 1),
which means that if the intraspecific competitions of the prey and the predator dominate
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Figure 2: The solution of system (1.7) tends to the positive equilibrium E*. The parameters are taken as
a=2 p=02 y=05 b=2 c=3m=1,d; =001,d, =01, 7 = 0.9, and the initial values u(x,t) =
0.662 + 0.01t cos x, v(x, t) = 1.649 + 0.01tsin x, t € [-0.9,0], x € [0, sr]. In this case, T < Tg =1.0289.

the inter-specific interaction between the prey and the predator, then both the prey and the
predator populations are permanent [14].

In addition, we consider the dynamics of system (1.7) affecting by both spatial
diffusion and time-delay factors with fixed parameters d; = 0.01 and d, = 0.1. In this case,
Tg =1.0289, Re(C1(0)) = -0.6689 < 0. If T < Tg, the positive equilibrium E* is remain stability
(see Figure 2), which indicates that the predators and preys can coexist in stable conditions.

While if 7 > 7), the positive equilibrium E* losses its stability and Hopf bifurcation
occurs, which means that a family of stable periodic solutions bifurcate from E* since p» =
0.5515 > 0, B, = —0.1338 < 0 (see Figure 3). The numerical result indicates that the predator
coexists with the prey with oscillatory behaviors.

In the present paper, we incorporate time delay into biological system due to the
gestation of the predator, which causes stable equilibrium to become unstable and causes
the populations to oscillate via Hopf bifurcation. That is to say that the effect of delay for
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Figure 3: The solution of system (1.7) tends to aperiodic orbit. The parameters are takenas a =2, f=0.2,
y=05 b=2 ¢c=3m=1,d, =0.01,d, =0.1, 7 = 1.3, and the initial values u(x,t) = 0.662 + 0.01¢ cos x,
v(x,t) =1.649 + 0.01tsinx, and f € [-1.3,0], x € [0, r]. In this case, T > Tg =1.0289.

the population dynamics is tremendous. From a biological perspective, the time delay of
species may be related to the gestation of the predator, mature stage from juvenile to adult,
the interaction time between prey and predator and others. In these cases, the methods and
results in the present paper may provide a favorable value on controlling ecological popu-
lation. It would be more accurate to describe the growth rate of population.
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