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Considered here is the first initial boundary value problem for a semilinear degenerate parabolic
equation involving the Grushin operator in a bounded domain . We prove the regularity and
exponential growth of a pullback attractor in the space S3(Q) N L¥*-2(Q) for the nonautonomous
dynamical system associated to the problem. The obtained results seem to be optimal and, in

particular, improve and extend some recent results on pullback attractors for reaction-diffusion
equations in bounded domains.

1. Introduction

Let Q be a bounded domain in RN x RN2 (N7, N, > 1), with smooth boundary 0Q. In this
paper, we consider the following problem:

ur — Gsu + f(u) = g(t/x)/ (t,.X') € QT,T = (T/T] X Q/
u(x,t) =0, xeoQ, te(r,T], (1.1)

u(x,7) =u-(x), x€Q,
where

Gsu= Ay u+ |x1|25Ax2u, x=(x1,%) € QCRM xRN, 5

WV
&

(1.2)
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is the Grushin operator, u, € L?(Q) is given, the nonlinearity f and the external force g satisfy
the following conditions.

(H1) The nonlinearity f € C!(R,R) satisfies

fuzCiul’ -G, p22, (1.3)
|f' )| < CslulP? + Cy, (1.4)
flu) >-¢, (1.5)

where ¢, C;, (i = 1,2,3,4) are positive constants. Relation (1.3) and (1.4) imply that

arful’ —ay < F(u) < asluf’ + ay, (1.6)

where F(s) = fg f(r)dr,and a; (i = 1,2,3,4) are positive constants.

(H2) g € W2(R; L*(Q)) satisfies

loc

t
[ e (lsON + 18 O g)ds <0, Ve, (7

where 1, is the first eigenvalue of the operator -G, in Q with the homogeneous Dirichlet
boundary condition.

The Grushin operator G, was first introduced in [1]. Noting that if s > 0, then G; is
not elliptic in domains of RNt x RN2 which intersect the hyperplane {x; = 0}. In the last few
years, the existence and long-time behavior of solutions to parabolic equations involving the
Grushin operator have been studied widely in both autonomous and nonautonomous cases
(see, e.g., [2-7]). In particular, the existence of a pullback attractor in S(lJ(Q) N LP(Q) for the
process associated to problem (1.1) is considered in [2].

In this paper we continue the study in the paper [2]. First, we will prove the existence
of pullback attractors in S5(2) (see Section 2 for its definition) and L??72(Q). As we know,
if the external force g is only in L*(Q), then solutions of problem (1.1) are at most in
L?72(Q) N S3(RQ) and have no higher regularity. Therefore, there are no compact embedding
results that hold for this case. To overcome the difficulty caused by the lack of embedding
results, we exploit the asymptotic a priori estimate method which was initiated in [8, 9] for
autonomous equations and developed recently for nonautonomous equations in the case
of pullback attractors in [10]. Noting that, to prove the existence of pullback attractors in
S})(Q) N LP(Q), we only need assumption (H2) of the external force g; however, to prove the
existence of pullback attractors in S%(Q) and L%*72(Q), we need an additional assumption
of g, namely, (3.18) in Section 3. Next, following the general lines of the approach in [11],
we give exponential growth conditions in S3(Q) N L?72(Q) for the pullback attractors. It
is noticed that, as far as we know, the best known results on the pullback attractors for
nonautonomous reaction-diffusion equations are the boundedness and exponential growth
in H?(Q) of the pullback attractors [11, 12]. Therefore, the obtained results seem to be optimal
and, in particular when s = 0, improve the recent results on pullback attractors for the
nonautonomous reaction-diffusion equations in [11-15].
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The content of the paper is as follows. In Section 2, for the convenience of the reader,
we recall some concepts and results on function spaces and pullback attractors which we
will use. In Section 3, we prove the existence of pullback attractors in the spaces S3(Q) and
L?P72(Q) by using the asymptotic a priori estimate method. In Section 4, under additional
assumptions of g, an exponential growth in S5(Q) N L?72(Q) for the pullback attractors is
deduced.

2. Preliminaries
2.1. Operator and Function Spaces

In order to study the boundary value problem for equations involving the Grushin operator,
we have usually used the natural energy space S} (Q) defined as the completion of C(Q) in
the following norm:

) ) ) 1/2
Iullsyor = ([ (19 + 190 v ) 1)

and the scalar product

(u,v)) := <I <Vx1qulv + |x1|2SVxZquZv>dx>1/2. (2.2)
Q

The following lemma comes from [16].

Lemma 2.1. Assume that Q is a bounded domain in RN x RN> (N1, N, > 0). Then the following
embeddings hold:

(i) SH(Q) — L?(Q) continuously;
(i) S§(Q) — LP(Q) compactly if p € [1,2),

where 2* = 2N (s)/(N(s) - 2), N(s) = Ny + (s + 1)N}.

Now, we introduce the space Sé(Q) defined as the closure of Ci°(Q2) with the norm

1/2 1/2
lells2) = <fg<|Ax1u|2 + |x1|2s|Ax2u|2>dx> = (fQ |Gsu|2dx> ) (2.3)

The following lemma comes directly from the definitions of S(l)(Q) and S%(Q).

Lemma 2.2. Assume that Q is a bounded domain in RN x RN2 (N, N, > 0), with smooth boundary
9Q. Then S3(Q) C S} () continuously.

It is known that (see, e.g., [3]) for the operator A = -G;, there exist {e;} i>1
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such that

(ej,ex) =6jx, Aej=M\ie;, jk=12,...,
j j i = A€ (2.4)
O<M<A<A3<-+-, Aj—+00 asj— oo,

and {e;} j>1 is a complete orthonormal system in L*(Q).

2.2. Pullback Attractors

Let X be a Banach space with the norm ||-||. B(X) denotes all bounded sets of X. The Hausdorff
semidistance between A and B is defined by

dist(A, B) = sup inf[|x - y/|-
ist(A, B) = sup infl|x -y (2.5)

Let {U(t, T) : t > 7, T € R} be a process in X, thatis, U(t, 7) : X — X such that U(7, 7) = Id
and U(t,s)U(s, T) = U(t, T) forallt > s > 7,7 € R. The process {U(¢t, T)} is said to be norm-
to-weak continuous if U(t, T)x, — U(t, T)x,as x, — xin X, for all t > 7,7 € R. The follow-
ing result is useful for proving the norm-to-weak continuity of a process.

Proposition 2.3 (see [9]). Let X, Y be two Banach spaces, and let X*,Y* be, respectively, their dual
spaces. Suppose that X is dense in'Y,, the injection i : X — Y is continuous, and its adjoint i* : Y* —
X* is dense, and {U(t, T)} is a continuous or weak continuous process on Y. Then {U(t, T)} is norm-
to-weak continuous on X if and only if for t > T, T € R, U(t, T) maps compact sets of X into bound-
ed sets of X.

Definition 2.4. The process {U(t, )} is said to be pullback asymptotically compact if for any
t € R, any D € B(X), any sequence 7, — —oo, and any sequence {x,} C D, the sequence
{U(t, T)x,} is relatively compact in X.

Definition 2.5. A family of bounded sets B = {B(f) : t € R} C X is called a pullback absorbing
set for the process {U(t,T)} if for any f € R and any D € B(X), there exist 7o = 79(D,t) < ¢
and B(t) € B such that

\J u,7)D c B). (2.6)

T<T)

Definition 2.6. The family «# = {A(t) : t € R} C B(X) is said to be a pullback attractor for
{ut, )} if

(1) A(t) is compact for all t € R,

(2) &4 is invariant, that is,

U(t,T)A(T) = A(t), Vt>T, (2.7)
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(3) o is pullback attracting, that is,

lim dist(U(t,7)D, A(t)) =0, VD eB(X), andallteR, (2.8)

(4) if {C(t) : t € R} is another family of closed pullback attracting sets, then A(t) c C(t),
forallt € R.

Theorem 2.7 (see [13]). Let {U(t,T)} be a norm-to-weak continuous process which is pullback
asymptotically compact. If there exists a pullback absorbing set B = {B(t) : t € R}, then {U(t,T)}
has a unique pullback attractor 4 = {A(t) : t € R} and

A = (Ju(t, 7)B(z). (2.9)

s<t T<s

In the rest of the paper, we denote by | - |5, (,-) the norm and inner product in L?(<2),
respectively, and by |- |, the norm in LP(Q). By ||-|| we denote the norm in S} (€2). For a Banach
space E, || - ||g will be the norm. We also denote by C an arbitrary constant, which is different
from line to line, and even in the same line.

3. Existence of Pullback Attractors in S}(Q) N L¥%(Q)

It is well known (see, e.g., [2] or [14]) that under conditions (H1) — (H2), problem (1.1) de-
fines a process

Ut T): L2(Q) — Sy(Q)NLP(Q), Vt>T, (3.1)

where U(t, T)u; is the unique weak solution of (1.1) with initial datum u, at time 7. The
process {U(t, )} has a pullback attractor in Sé(Q) N LP(Q).
In this section, we will prove that the pullback attractor is in fact in S5(Q) N L#2(Q).

Lemma 3.1. Assuming that f and g satisfy (H 1)-(H 2), u(t) is a weak solution of (1.1). Then the
following inequality holds for t > T:

t
Jul? + < C<e_h“‘”lurli e[ etlgo Eds)’ >

where C is a positive constant.

Proof. Multiplying (1.1) by u and then integrating over Q, we get

1d 1 A
EE'“@ + ) + fgf(u)udx = fQ g(Hudx < rl|g(t) |§ + Zl|u|§. (3.3)
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Using hypothesis (H1) and the inequality ||u||? > A1|u[3, we have
d
s+ dafuy + C(Jull + lufy) < C(1+ |g®)[3)- (34)
Letting F(s) = [; f(t)dt, by (H1), we have
ar|ulf —ay < F(u) < aslul’ + ay. (3.5)

Now multiplying (3.4) by e“f and using (3.5), we get

%<ehf|u(t)|§) + Cett <||u||2 +2 fg F(u(t))dx) < ceMt (1 +|g) |§). (3.6)

Integrating (3.6) from 7 to s € [7,t — 1] and s to s + 1, respectively, we obtain

S
eV |u(s) 3 < eMTuL|} + CeMt + Cj e)‘1’|g(r)|§dr, Vs e [r,t-1], (3.7)

T

s+1
CI e)‘1’<||u(r)||2+2j F(u(x,r))dx)dr
s Q
s+1 )
<evu@feC| e (1elgmfE)dr

S
< eM|u, |y + Cel® + Cf eMr|g(r) |§d1‘ (3.8)

T

s+1
+CeMt*D) 4 Cf e)‘1’|g(r) |§dr
S

t
< C<e)‘17|ur|§ +elt 4 j eMr|g(r) |§dr>.

T
Multiplying (1.1) by u; and integrating over ©, we have
2 1 d 2 1 2 1 2
(@) + 535 (WO +2 [ Futoo)dx) = [ gouts) < 3lg@f+ 3@k 69

s Q Q 2
Thus

eVl (s) 3 + i[ehs(nu(s)n2 +2 [ F(u(x,s))dx)|

27 ds Q ’

(3.10)
< e’ <||u(s)||2 +2 fQ F(u(x, s))dx) +e'|g(s) |§.
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Combining (3.8) and (3.10), and using the uniform Gronwall inequality, we have
t
e“<||u(t)||2 + 2f F(u(x, t))dx> < c<e*ﬂ|uf|2 +eMt +I e“\ls|g(s)|§ds>. (3.11)
Q -

Using (H1) once again and thanks to e)‘17|u7|§ — 0as T — —oo, we get the desired result
from (3.11). O

Lemma 3.2. Assume that (H 1), (H 2) hold. Then for any t € R and any D C L*(Q) that is bounded,
there exists Ty < t — 1 such that

t
s (£)} < C<1 ret f e (|g(s)]5 + Ig’<s>|§)ds>, (3.12)

for any T < 7y and any u, € D, where u,(s) = (d/dt) (U (t, T)ur) |s=s.

Proof. Integrating (3.10) from r tor + 1, r € [7,t — 1] and using (3.8) and (3.11), in particular
we find

r+1
f eV uyf3ds < .«3*1f<||u(r)||2 + zf F(u(x, r))dx)
Q

r

+ ) JM ehs <||u(s) I1*+2 fg F(u(x, s))dx> ds (3.13)

r

r+1 t
+ f "4\ g(s)[2ds < C<e“|u7|§ et f e“"lg<s>|§ds>-
On the other hand, differentiating (1.1) and denoting v = u;, we have

v - Gsv+ f'(u)v = g'(b). (3.14)

Taking the inner product of (3.14) with v in L2(Q), we get
1d 2 2 ! /
5 7ok + ol + (f (wyv, 0) = (8'(1),v). (3.15)
Using (1.5) and Young’s inequality, after a few computations, we see that
d

A 2 A 2 A1 2 A ' 2
E(e f|v|2)+2e Yol? < CeM'fol + ettt g ()] (3.16)

Combining (3.16) and (3.13) and using the uniform Gronwall inequality, we obtain
t
Mot < c<e*ﬂ|ur|§ +eht 4 j e*15(| g2+ g'(s)|§)ds>. (3.17)

The proof is now complete because e"17|u,[3 — 0as 7 — —co. O
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3.1. Existence of a Pullback Attractor in . *(Q)

In this section, following the general lines of the method introduced in [9], we prove the
existence of a pullback attractor in L?*72(Q). In order to do this, we need an additional con-
dition of g

t
J el D [nqdt <+, VEER, (3.18)

where m, m' are defined as in (3.30).

Lemma 3.3. The process {U(t, T)} associated to problem (1.1) has a pullback absorbing set in
L?P72(Q).

Proof. Multiplying (1.1) by |u[P~?u and integrating over Q, we get

f wlulPudx + (p - 1)f <|Vx1u|2 + |x1|ZS|Vx2u|2>|u|p_2dx+j f(u)||u|p_2udx|
Q Q Q

(3.19)
= f |g(t)u|p_2udx.
Q
From (1.3) and the fact that L (Q) C LP~2(Q) continuously, we have
f £ () [ulP2udx > f (Cilul - Co)ufP2dx > Cilul? i(g) ~ Colul}. (3.20)
Q Q
On the other hand, by Cauchy’s inequality, we see that
_ C 2p-2 1
'IQ ut|u|” 2udx < T‘l”u”LF;P*Z(Q) + C—1|ut|§, (321)
— C 2p-2 ].
U g(B)|ulfudx| < IlIIuHL’;p_Z(Q) + Z|g(t)|§. (3.22)
Q
Combining (3.19)—(3.22) imply that
2p-2
lull e ) < C (1l + luly + | (D]3). (323)

Applying (3.2) and Lemma 3.2, we conclude the existence of a pullback absorbing set in
L?P72(Q) for the process U (t, T). O
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Lemma 3.4. Forany s € R, any 2 < p < oo, and any bounded set B C L*(Q), there exists Ty such
that

j [us(s)[Pdx < M, V1 <70, Ur €B, (3.24)
Q

where M depends on s, p but not on B, and u;(s) = (d/dt) (U (t, T)ur) |-

Proof. We will prove the lemma by induction argument. Letting = N(s)/(N(s)-2) > 1and
denoting v = u; we prove that for k =0, 1,2,. .., there exist 7 and Mj(s) such that

e)”SJ‘ |v(s)|2ﬂkdx < My(s) forany u, € B, T <1, (Py)
Q

s+1 " 1/p
f (e” f lo(r) 2" %zx) dr < Mx(s) for any u, € B, 7 <7y, Qo)
Q

S

where 7, depends on k and B and My depends only on k.

For k = 0, we have (P)) from (3.17). Integrating (3.16) and using S}(Q) — L*#(Q)
continuously, we get (Qo).

Assuming that (Px), (Qk) hold, we prove so are (Pi+1) and (Qk+1). Multiplying (3.14)
by |[v**"-2v and integrating over Q, we obtain

d . +
c [ 1P [ (190 0P + 0 PIoP ol 2
to Q

(3.25)

<o P dx+ (310, 10" ).

Q
Using the imbedding S})(Q) — L[2(Q) once again, we get
f <'Vxlv|2+lx1I2s|Vx2v|2)lv|ﬂ“”dxzf oo 2dx

Q Q
3.26
e ]2 sgr .\ (3.26)

L2(Q) o
Combining Holder’s and Young’s inequalities, we see that
k+1 1/m 1 1/n
f g O0* Podx < <f Ig’(t)lmdx> (f 0| @ _1)"dx>
Q o o

(3.27)

) “1_1)n n'/n
< (IQ |g’(t)|mdx)m/m ) (J‘Q |v|(2ﬂk 1) dx)

m' n

7
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where1/m+1/n=1/m +1/n = 1. Choose n, n’ such that

(261 = 1)n =262, % = % (3.28)
thus
"= zﬂzf—fil "= Zﬁzf—fil (3.29)
Hence
Then from (3.27), we infer that
[ @ odx < g e + (] |v|2ﬂ“dx)1/ﬂ. (331)

Applying (3.26) and (3.31) in (3.25), we find that

+1 +2 1/p +1 m
%(e)tltj‘ |’U|2ﬂk dx) + Ce)qt <J‘ |v|2ﬂk dx) < Ce)qt’[ |,U|2ﬂk dx + Ce)t]t”g/(t)”Lm(Q)
Q Q Q
(3.32)

Combining (Qk) and (3.32), using the uniform Gronwall inequality and taking into account
assumption (3.18), we get (Px.1). On the other hand, integrating (3.32) from f to t + 1, we find
(Qk+1)- Now since ff > 1, and taking k > loggp/2, we get the desired estimate. O

We will use the following lemma.

Lemma 3.5 (see [15]). If there exists o > 0 such that ﬁm e%|p(s)|*ds < oo, for all t € R, then

t
lim e 1) |g(s)|’ds =0, teR. (3.33)

Y —+oo

Let H,, = span{ey, e, ..., ey} in L>(Q), and let P,, : L*>(Q) — H,, be the orthogonal
projection, where {e;}; are the eigenvectors of operator A = —G;. For any u € L%(Q), we
write

u=Pyu+ (I-P,)u=u+u,. (3.34)
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Lemma 3.6. Forany t € R, any B C L?(Q) and any &, there exist 7y(t, B, €) and my € N such that

|(I-Pp)vl3<e, V7<70,Yur €B, m>my.

Proof. Multiplying (3.14) by v = (I-P,,)v and then integrating over Q, using |Vov,[3 >

and Cauchy’s inequality we get
d 2 2 ! 2 ! 2
Elvzb + Am|oal5 < C . |f'(w)o|"dx + C|g'(1)]5.
We multiply (3.36) by e't and use assumption (1.4). We get

d
S (e ea) < Ce [ Polofdx + et |g 0
Q

Integrating (3.37) from s to ¢,

t t
e*tloy (1)) < e Soy(s))5 + cj etn” f [ulP* 2 |oPdx dr + cf et g (r) |§dr
s Q s

t t
<e'lo(s)); + cf e f u*P? o] dx dr + Cf e\ g (r)|5dr.
) Q -

Now integrating (3.38) with respect to s from 7 to f, we infer that

t

t
(t = 7)Moy ()5 < J’ e lo(r)adr + C(t-T1) f eimrf [u*?2|v|*dx dr
-0 Q

T

t
+C(t-1T) J et g (r) |§dr.
Thus

1 t t
loa(t)f; < ﬁj e Dlo(r)fpdr + C f e-*m“-”j [ul*P P o dx dr
- - ) Q
! 2
+C f e o/ (1) |dr.
—00

By Lemma 3.5 and since A,, — +oo as m — +oo, there exist 71 and m; such that

1 f e—Am(t—r)CJt e_)L'"(t_r) |g,(7‘) |2d1' < E
t—-7)_ o 2 3

2 £
da —
|U(T)|2 r< 3/

(3.35)

)Lm|'02|%

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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for all T < 71 and m > m;. For the second term of the right-hand side of (3.40), using Holder’s
inequality we have

t
f e-*m“-r)f " [v*dx dr
- Q

t i (p-2)/(p-1) _— 1/(p-1)
< J' < J' (/20,6 20 dx) < J' e~ P (t=1) gy 2= dx) dr
—00 Q Q

¢ (p2)/(p-1) ¢ 1/(p-1)
< < f P/ (p=2),,) (1)) u||i€,ﬁ(g) dr> < f e~ P DAn(t-1) 1, jg lo|P2d x> )
—® -0

(3.42)
From Lemmas (3.5)—(3.7), we see that there exist 7, and m; € N such that
t £
C’[ e~ m(t=1) f [ul?P=2 o> dx dr < 3 V1 <19, m > my. (3.43)
- Q

Let 79 = min{7, 72} and my = max{m;,, m,}, from (3.40), taking into account (3.41) and (3.43),
we obtain (3.35). O

Lemma 3.7 (see [9]). Let B be a bounded subset in L1(€2)(q > 1). If B has a finite e-net in L1(Q),
then there exists an M = M(B, €), such that for any u € B, the following estimate is valid:
f lu|7dx < e. (3.44)
Q(lu[>M)
Using Lemma 3.7 and taking into account Lemmas 3.2 and 3.6 we conclude that the
set {u;(s) : s < t,u, € B} has a finite e-net in L*(Q). Therefore, we get the following result.

Lemma 3.8. Forany t € R, any B C L*(Q) that is bounded, and any ¢ > 0, there exists 7y < t and
My > 0 such that

f lu(t)|Pdx <e, VT <710, M> M), u, €B. (3.45)
Q(jul>M)

Lemma 3.9 (see [9]). Forany t € R, any bounded set B C L*>(Q), and any & > 0, there exist T and
My > 0 such that

mes(Q(u(t) > M))<e V<1, M > M)y, u; €B, (3.46)

where mes is the Lebesgue measure in RN and Q(u(t) > M) = {x € Q : u(t,x) > M}.

Lemma 3.10 (see [2]). Let {U(t, T)} be a norm-to-weak continuous process in L*(Q) and L1(Q), g >
2. Then {U(t, T)} is pullback asymptotically compact in L1(Q) if
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(i) {U(t, 7)} is pullback asymptotically compact in L*(Q);
(ii) for any t € R, any bounded set D C L*(Q), and any € > 0, there exist M > 0 and 7o <t

sup sup f [U(t, T)u.|dx ) < Ce, (3.47)
Q(U(t,T)u|>M)

T<T) u;€D

where C is independent of M, T, u,, and e.

We are now ready to prove the existence of a pullback attractor in L?2(Q).

Theorem 3.11. Assume that assumptions (1.3)—(1.7) and (3.18) hold. Then the process {U(t,T)}
associated to problem (1.1) possesses a pullback attractor Aoy = {Asp-o(t) }iep in LP2(Q).

Proof. Because of Lemma 3.10, since {U(t,T)} has a pullback absorbing set in L?~2(Q), we
only have to prove that for any t € R, any B C L*(Q), and any € > 0, there exist 7, < t and
M > 0 such that

f ul?2dx < Ce, Y1 <75, M >M,, u: €B. (3.48)
Q(|ul=M)

Taking the inner product of (1.1) with (u - M )ﬁ_l in L?(Q), where

u-M ifu>M,
-M), = - 3.49
(u e {0 if u<M, ( )

we have
f w(u— M) dx + (p-1) ’[ <|Vx1u|2dx + |x1|25|Vx2u|2> (u— M) dx
Q Q
+ f Fu)(u— MY dx (3.50)
Q

< j (O (- M) dx.
Q

Some standard computations give us

f Fu)(u-M)P " dx>C f | 2dx + cf ulPdx, (3.51)
Q Q(u>M) Q(u>M)
_ _ p-1 C 2p-2 1 2
u(u— M), dx<— [u|P"dx + = |ug|“dx, (3.52)
Q 4 Qu>M) C Qu>M)

f g(t) (- M) dx < % f [ul?P~2dx + é f |g(t)*dx. (3.53)
Q Qu>M)

Qu=M)
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Combining (3.50)—(3.53), we find

j [u*~2dx < C<I g *dx + j |g(t)|?dx +C |u|”’dx>. (3.54)
Q(u>M) Q(u>M) Q(u>M) Q(u>M)

Applying Lemmas 3.7 and 3.8 to (3.54) we find there exist 7p and M such that

f [u*2dx <e V<19, M > M. (3.55)
Qu=M)

Repeating the above arguments with |(u + M)_|P~?(u + M)_ in place of (u - M )z_l, we have

J‘ |u|2p_2dx <e Vr<T, M>M,, (3.56)
Q(us-M)

for some 71 <t and M; > 0, where

u+M ifu<-M,
(u+M)_= (3.57)
0 if u> M.

Letting 7, = min{7y, 71} and M, = max{My, M1} we have

f [u[*2dx < Ce, VT <75, M > M. (3.58)
Q(lulzMz)

This completes the proof. O

3.2. Existence of a Pullback Attractor in S%(Q)

In this section, we prove the existence of a pullback attractor in S3(Q).
Lemma 3.12. The process {U (t,T)} associated to (1.1) has a pullback absorbing set in S%(Q).

Proof. We multiply (1.1) by —Gu; then, using f(0) = 0, we have
leelge ) = L u,Gsudx — fQ f(w) (|v,qu|2 + |x1|25|VxZu|2>dx - fQ g()Geudx.  (3.59)
Using f'(u) > —¢, Cauchy’s inequality, and argument as in Lemma 3.3, from (3.59) we have
4l g < 2 (Il + el + |2()]3). (3.60)

Taking into account (3.11), the proof is complete. O
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In order to prove the existence of the pullback attractor in S3(Q), we will verify so-
called “(PDC) condition”, which is defined as follow

Definition 3.13. A process {U (t, T)} is said to satisfy (PDC) condition in X if for any t € R, any
bounded set B C L?(Q) and any ¢ > 0, there exists 7y < t and a finite dimensional subspace
X; of X such that

(i) P(U;<r, U(t,7)B) is bounded in X; and

(ii) |[(Ix=P)U(t, T)u.l|x < ¢, forall T < 7g and u, € B, where P : X — X is a canonical
projection and Ix is the identity.

Lemma 3.14 (see [13]). If a process {U(t, T)} satisfies (PDC) condition in X then it is pullback
asymptotically compact in X. Moreover, if X is convex then the converse is true.

Lemma 3.15 (see [9]). Assume that f satisfies (1.3) and (1.5). Then for any subset A C L*72(Q),
if k(A) < g in L?7%(Q), then we have

x(f(A)) < Ce in L*(Q), (3.61)

where the Kuratowski noncompactness measure x(B) in a Banach space X defined as

x(B) = inf{6 : B has a finite covering by balls in X with radii 6}. (3.62)

Theorem 3.16. Assume that f satisfies (1.3)—-(1.5), g satisfies (1.7) and (3.18). Then the process
(U (t, T)} generated by (1.1) has a pullback attractor 4 = {A(t) : t € R} in Sé(Q).

Proof. We consider a complete trajectory u(t) lies on pullback attractor oy, in L#72(Q) for
U(t, ), that is, u(t) € #zp2(t) and U(t, T)u, = u(t), for all t > 7. Denoting A = -G, and
multiplying (1.1) by Auy = A(I - P,)u = (I - P,,) Au we have

(ur, Aup) + ”uZ”éS(Q) + IQ f(u)Auzdx = (g(t), Au2)~ (3.63)
Using Holder’s inequality we get
Il gy < C(10 = P+ [T Pa)g®O + [ (7)), (3.64)

Thanks to Lemmas 3.6 and 3.15 and the fact that g € Cioc(R; L*(R2)), we see that {U(t, 7)}
satisfies condition (PDC) in S(ZJ(Q). Now from Lemmas 3.3 and 3.14 we get the desired result.
O]

4. Exponential Growth in 55(Q) N L#72(Q) of Pullback Attractors

In this section, we will give an exponential growth condition in S}(Q) N L?72(Q) for the
pullback attractor (7).
First, we recall a result in [17] which is necessary for the proof of our results.
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Lemma 4.1. Let X, Y be Banach spaces such that X is reflexive, and the inclusion X C Y is con-
tinuous. Assume that {u,} is bounded sequence in L*(ty,T;X) such that u, — u weakly in
Li(ty, T; X) for some q € [1,+o0) and u € C°([ty, T);Y). Then, u(t) € X forall t € [ty, T] and

llullx < sup”un||L°°(t0,T;X)/ vt € [to, T]. (4.1)

n>1

In the following theorem, instead of evaluating the functions u, which are differen-
tiable enough and then using Lemma 4.1, we will formally evaluate the function wu.

Theorem 4.2. Assume that f satisfies (1.3)-(1.5), g satisfies (H 2), (3.18) and the following con-
ditions

T+1
lim e“TJ‘ |g’(s)|§ds =0,

i T (4.2)
: T 2\ _

Jim, (e 5)) =0

Then A (t) satisfies

. 2p-2
lim &7 sup ||w||L’§p,2(Q) + sup ||w||§2(g) =0. (4.3)
T weA(T) 0

weHA(T)

Proof. We differentiate with respect to time in (1.1), then multiply by u;, we get

3o OB OP == [ e [ o

(4.4)
! 1 ! l !
<l [+ 51 M5+ 518 O
Integrating in the last inequality, in particular, we get
2 2 ' 2 ' 2
W) < W)+ e +1) |u’(6)|2dQ+I 15/(6)|2. (4.5)
T+e/2 T+e/2
forall 7 + €/2 <'s < 7 < t. Now, integrating with respect to s, between 7 + ¢/2 and r
t
€ ' 2 € ’ 2
o Z < T
<r T 2>|u (]; < [(r T 2>(2l +1) + 1] L+e/2 |/ (6) 5,46 o

t

+(r-t- ;)I | (6)|2de.

T+€e/2
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forall T + €/2 < r < t, in paricular,

|u/ ()] < 2¢7! [(r - g) Q1+1) + 1] f;/z |/ (6)|2d6

t 4.7)
+f |¢'(6)]5de.
T+e/2
forallr € [T +¢,t].
Multiplying (1.1) by u and then integrating on €2, we get
1 d 2 2 ]. 2 .A,l 2
- = < L ul?. .
5B+ [ foudx = [ gtudx < s lg0f+ S 48)
Using hypothesis (H1) and the fact that |[u|? > (1/2)||ul|* + (/\1/2)|u|§, we have
L1+ Ml + 2C ul! - 2C,10 < : 49
E|”|z+ 1uly +2C1[ul, - 2C|Q < )L_1|g(t)|2' (4.9)

Integrating (4.9) from 7 to r € [7, ], we have
9 T 0y s p 5 1 T 5
lu(r)|; + I lu(s)||°ds + 2C4 f lu(s)lpds < |u(t)l; + T j |g(s)|5ds +2Co|Q|(t — 7). (4.10)
T T T
Thus,

)+ [ uPds+ [ lus)fds <

|u(7)|? +f |g(s)[3ds + (t - 7). (4.11)
Multiplying (1.1) by u; then integrating over Q, we have
o 1d ) 1 > 1, o
| ()] + 57 <||u(r)|| + ZIQF(u(x, r))dx> < 5 lg(M)|; + 5 | (1) (4.12)
Integrating now between s € [7,r] and r < f, we obtain
f |u’(9)|§d6 + lu@®|? +J F(u(x,r))dx < f |g(9)|§d6 +lu(s)|? +J F(u(x,s))dx. (4.13)
s Q s Q
From (4.13) and using hypothesis (H1), we get
" 2
f |4/(0) 26 + [[u(r) > + s f fu(x, )P dx - a2
s Q

) (4.14)
< |lu(s)|* + J‘ |g(9)|§d6 + agf [u(x, r)[Pdx + ayQ|.
s Q
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Hence

f |u’(9)|§d9+||u(r)||2+a1u(r)5S||u(s)||2+f |g(9)|§de+a3|u(s)|§+(a2+a4)|gz|. (4.15)

Integrating inequality (4.15) with respect to s from 7 to r, we obtain
(r =) [Ilu@) I + [ur)lp]

SCU ||u(s)||2ds+f |u(s)|§ds +C(t—T)I |g(s)|§ds+C|Q|(t—T),

forallt >, r € [1,t].
From (4.16) and (4.11), we obtain that

T

T+2
l(r)|? + ()l < c[w% - j |g(s)3ds + 1],

forallr € [T+1,7+2].
From (4.7), taking t = 7 + 3 and € = 2 we have

T+3 T+3
|/ (r)]5 < (41 + 3)f 1 |/ (6) 546 + f |¢'6)]5d6

T+1

forallr € [T+2,7+3].

Analogously, and if we take s = 7+ 1 and r =t = 7 + 3 in inequlity (4.15), then

T+3
J' |u/(s) |5ds + |lu(T +3)|* + anlu(r + 3) [}
T+1
T

+3
|g(s) |§ds + aslu(t + 1)|Z + (oo + aq)|Q].

< fu(r + 1|2 +j

From (4.18) and (4.19), we obtain

|/(1)]; < @1+ 3)|llu(r + DIP + aslu(r + ]

T+3 ) T+3 )
+ (41 + 3) I:(aZ +ag)|Q| + f |g(s)|2ds] + f |g'(0)],46

T+1

forallr € [T+2,7+3].
Owing to this inequality and (4.17), we have

9 T+3 ) )
|u,(T)|2§C[|uT|§+I [|g(5)|2+ |g’(s)|2]ds+1],

forallr € [T +2,7+3].

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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From (3.23), (3.60) and using Young’s inequality, we have
2p-2
(12 ) + 14(N) 52 g < C<|u (D)5 + ()P + [l + 1+ |80 > (4.22)

forallr > 7.
From (4.22) and thank to (4.21), we have

T+3
(Il g + 14 s g < C[|u7|§ + f |lg©) 3+ 18 (s)[3]ds + 1]
T (4.23)
+C (@) + ()l + |5)[3)

forall r € [T+ 2,7 + 3]. From (4.23) and thanks to (4.17), we have

lu() 3 0 +||u<r>||§g(g)sc[|u7|+f |lg©)f;+ 18/ e)3]ds +1+  sup |g<r>|2],

re[T+2,7+3]
(4.24)
forall v € [T + 2,7 + 3]. Now, observe that by Cauchy’s inequality
T+3 1/2
8] 2 [8(z+2)] + <f |g’<s>|§ds> : (4.25)
T+2
forallr € [T+2,7+3], T €R, u, € L>(Q).
Thus, from (4.23), we have
||U(T + 2 T)u‘r”sz -2(Q) + HU(T + 2 T)”T”SZ(Q)
(4.26)

T+3
<clits [ (s IR+ 1 st 2]

for all T € R, u, € L?(Q). From this inequlity, and the fact that 4 (7) = U(7, T - 2) A(T - 2), we
obtain

c€A(T-2) T

T+1
1% 20 + 01 ) < C[ sup |l + f X (Is@;+ 18 ()3)ds +1+ |g(r) |§]. (4.27)
for all v € A(7), and any 7 € R. Now, thank to (4.2), (4.3), we obtain (4.3) from (4.27). O
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