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A class of stage-structured predator-prey model with time delay and delay-dependent parameters
is considered. Its linear stability is investigated and Hopf bifurcation is demonstrated. Using
normal form theory and center manifold theory, some explicit formulae for determining the
stability and the direction of the Hopf bifurcation periodic solutions bifurcating from Hopf
bifurcations are obtained. Finally, numerical simulations are performed to verify the analytical
results.

1. Introduction

Over the past decade, a great many predator-prey models have been developed to
describe the interaction between predator and prey. Their dynamical phenomena have
been extensively studied because of the wide application in the field of biomathematics. In
particular, the appearance of a cycle bifurcating from the equilibrium of an ordinary or a
delayed predator-prey model with a single parameter, which is known as a Hopf bifurcation,
has attracted much attention due to its theoretical and practical significance [1-5]. But most
of the research literature on these models are only connected with parameters which are
independent of time delay; thus, the corresponding characteristic equations are easy to deal
with. While in most applications of delay differential equations in population dynamics, the
need of incorporation of a time delay is often the result of existence of some stage structure [6—
8]. Indeed, every population goes through some distinct life stages [9, 10]. Since the through-
stage survival rate is often a function of time delay, it is easy to conceive that these models will
inevitably involve some delay-dependent parameters. Thus, the corresponding characteristic
equations dependent on the delay 7 become more complicated. In view of the fact that it is
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often difficult to analytically study models with delay-dependent parameters even if only a
single discrete delay is present, we resort to the help of computer programs.

In 2008, Wang et al. [11] introduced and investigated the following predator-prey
interaction model with time delay and delay-dependent parameters:

2
5(t) = x()[a - bx()] - %
(1.1)
]/(t) — sz(t - T)]/(t B T) e—dT _ dy(t),

1+ wx?(t—71)

where x(t) and y(t) stand for prey and predator density at time ¢, respectively. a, b, c, w are
real positive parameters and the time delay 7 is a positive constant. Wang et al. [11] obtained
the conditions that guarantee the system asymptotically stable and permanent. For more
knowledge about the model, one can see [11].

It is well known that time delays which occur in the interaction between predator-prey
will affect the stability of a model by creating instability, oscillation, and chaos phenomena.
Based on the discussion above, the main purpose of this paper is to investigate the stability
and the properties of Hopf bifurcation of the model (1.1) which involves some delay-
dependent parameters. Recently, there are few papers on the topic that involves some delay-
dependent parameters, for example, Liu and Zhang [12] investigated the stability and Hopf
bifurcation of the following SIS model with nonlinear birth rate:

10 = BN - 1) 5y - (d+ £ +1)10),
(1.2)
o PN(t-1) —dyr B
N = 1 Ko 7 AN €l ),

Jiang and Wei [13] studied the stability and Hopf bifurcation of the following SIR model:

) I(t)S
5() == st - LI i me,
(1.3)
, I()S(t
10 - 220~ e oo,

It worth pointing out that Liu and Zhang [12] investigated the Hopf bifurcation of system
(1.2) by choosing p (not delay 7) as the bifurcation parameters and Jiang and Wei [13]
studied the Hopf bifurcation of system (1.3) by choosing ¢ (not delay 7) as the bifurcation
parameters. In this paper, we will investigate the Hopf bifurcation by regarding the delay 7
as the bifurcation parameter which is different from the papers [12, 13]. To the best of our
knowledge, it is the first time to deal with the stability and Hopf bifurcation of system (1.1).

This paper is organized as follows. In Section 2, the stability of the equilibrium and
the existence of Hopf bifurcation at the equilibrium are studied. In Section 3, the direction of
Hopf bifurcation and the stability and periodic of bifurcating periodic solutions on the center
manifold are determined. In Section 4, numerical simulations are carried out to illustrate the
validity of the main results. Some main conclusions are drawn in Section 5.
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2. Stability of the Equilibrium and Local Hopf Bifurcations

Throughout this paper, we assume that the following condition
(H1) ce ¥ > dw, a*(ce ¥ — dw) > b*d holds.
The hypothesis (H1) implies that system (1.1) has a unique positive equilibrium

E.(x*,y*), where
_ * *2
oo ,+, . (a-bx*")(1+wx ) 2.1)
ce ™t —d cx*

The linearized system of (1.1) around E,(x*, y*) takes the form

dx(t
B~ ax) - iy,
p (2.2)
t
% = —dy(t) + crx(t - 1) + diy(t - T),
where
20x*y* 2 *3 . % *2
a; =a-2bx* - XYy X yw, blz—L,
T+@x?  (1+wx*)? 1+ wx*?
X (2.3)
o = 2’y 2xPy'w I cx*? ‘
1+ wx*? (] + wx*)z 1+ wx*?
The associated characteristic equation of (2.2) is
P(\,7)+Q(\,T)e =0, (2.4)
where
P\, 7)= A+ (d-a))\—ad,
(2.5)
Q(.)L, T) = — (d1./\ - (11d1 - blcl).
When 7 = 0, then (2.4) becomes
X+ (d=ar-d))L+bic) - ard - ad) = 0, (2.6)
where
2ex*yt 2xPy'w ox*
0_ _ , =T 2.7
“1 [1+wx*2 (1+wx*)2] 171 + w2 (2.7)

It is easy to obtain the following result.
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Lemma 2.1. If the condition

(HZ) d- al — d(l) > 0, blcﬁ) - ald - ald? > O,
holds, then the positive equilibrium E,(x*, y*) of system (1.1) is asymptotically stable.

In the following, one investigates the existence of purely imaginary roots A = iw (w >
0) of (2.4). Equation (2.4) takes the form of a second-degree exponential polynomial in 1,
which some of the coefficients of P and Q depend on 7. Beretta and Kuang [14] established
a geometrical criterion which gives the existence of purely imaginary roots of a characteristic
equation with delay-dependent coefficients. In order to apply the criterion due to Beretta and
Kuang [14], one needs to verify the following properties for all T € [0, Tmax), Where Tiax is the
maximum value which E,(x*, y*) exists.

(a) P(0,7) +Q(0,7) #0;

(b) P(iw, T) + Qliew, T) #0;

(c) imsup{|Q(\,7)/P(A,T)|: |A| = oo,ReA >0} < 1;

(d) F(w, ) = |P(iw, T)|* - |Q(iw, T)|? has a finite number of zeros;
)

(e) Each positive root w(t) of F(w,7) = 0 is continuous and differentiable in T
whenever it exists.

Here, P(\, 7) and Q(A, 7) are defined as in (2.5), respectively.
Let 7 € [0, Tmax).- It is easy to see that

PO,7)+Q(0,7) = —a1d + a1dy + bic1 #£0, (2.8)
which implies that (a) is satisfied, and (b)

P(iw,T) + Q(iw, T) = —w? + iw(d-a) — a1d — iwdy + a1dy + b1y

(2.9)
= —w? - ayd + a1dy + bicy +iw(d — a; — dy) #0.
From (2.4), one has
Jim B | = | ] = 210
Therefore, (c) follows. Let F be defined as in (d). From
IPlieo, T) = (e + and) + (d - ar)eo?
=wt+ <d2 + a%)wz +ad?, (2.11)
1Q(iw, 7)|* = d3w? + (ardy + bicr)?,
one obtain
F(w,T) =w* + <d2 +al - d%)wz +a1d? - (ardy + bicr)* (2.12)

Obviously, property (d) is satisfied, and by implicit function theorem, (e) is also satisfied.
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Now let A = iw (w > 0) be a root of (2.4). Substituting it into (2.4) and separating the
real and imaginary parts yields

(a1dy + bicy) coswt — diw sinwTt = W+ ard,

(2.13)
dyw coswt + (a1dy + bycy) sinwt = (d — a1)w.
From (2.13), it follows that
. (w2 + ald)dlw - (d - al)w(aldl + b1C1)
sinwt = - 5 ,
d%aﬂ + (a1d1 + blcl)
(2.14)
(w2 + ald)(aldl + blcl) + (d - al)wdlw
COSWT = .

d2w? + (ard; +bicr)?

By the definitions of P and Q as in (2.5), respectively, and applying the property (a), then
(2.14) can be written as

. 3 P(iw, T)
sinwt = Im m] , (2 15)
3 P(iw, T) '
cos wT = —Re m] ,

which yields |P(iw, 7)|* = |Q(iw, T)[>. Assume that I € R, is the set where w(7) is a positive
root of

F(w,T) = |P(iw, ) - |Q(iw, ), (2.16)

and for 7 € I, w(7) is not definite. Then for all 7 in I, w(7) satisfied F(w, ) = 0. The polynomial
function F can be written as

F(w,T) = h((uz,T), (2.17)
where h is a second degree polynomial, defined by
h(z,7) = 2% + <d2 +al - d%)z + ad? = (aydy + bicy)> (2.18)
It is easy to see that
h(z,7) =22 + (d2 +al - d%)z +ad® — (aidy —bier)? =0 (2.19)

has only one positive real root if the following condition (H3) holds:

(H3) a1d? < (ard; + bic1)?.
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One denotes this positive real root by z.. Hence, (2.17) has only one positive real root
w = 4/z;. Since the critical value of 7 and w(7) are impossible to solve explicitly, so one
will use the procedure described in Beretta and Kuang [14]. According to this procedure,
one defines 6(7) € [0, 2sr) such that sin 6(7) and cos 6(7) are given by the righthand sides of
(2.14), respectively, with 6(7) given by (2.19). This define 6(7) in a form suitable for numerical
evaluation using standard software. And the relation between the argument 6 and wr in
(2.18) forr > 0mustbe wr =0 +2nar,n=1,2,....

Hence, one can define the maps: 7, : I — R, given by

0(t) + 2nx

O 7,>0,n=0,1,2,..., (2.20)

Ty (T) 1=

where a positive root w(r) of F(w,T) = 0 exists in L. Let us introduce the functions S,(7) :
I — R,

_0(7) +2nx

Su(t) =1 e

, n=01,2,..., (2.21)

which are continuous and differentiable in 7. Thus, one gives the following theorem which is
due to Beretta and Kuang [14].

Theorem 2.2. Assume that w(T) is a positive root of (2.4) defined for T € I,1 C R., and at some Ty €
I, 5,(19) = 0 for some n € Ny. Then, a pair of simple conjugate pure imaginary roots A = %iw exists
at T = Ty which crosses the imaginary axis from left to right if 6(1) > 0 and crosses the imaginary
axis from right to left if 6(7y) < 0, where &(1y) = sign[F,,(wto, )] sign[(dS,(T))/dAT|r=r,].

Applying Lemma 2.1 and the Hopf bifurcation theorem for functional differential
equation [5], we can conclude the existence of a Hopf bifurcation as stated in the following
theorem.

Theorem 2.3. For system (1.1), if (H1)-(H3) hold, then there exists s Ty € I such that the positive
equilibrium E,(x*,y*) is asymptotically stable for 0 < T < 7y and becomes unstable for T staying in
some right neighborhood of Ty, with a Hopf bifurcation occurring when T = 7.

3. Direction and Stability of the Hopf Bifurcation

In the previous section, we obtained some conditions which guarantee that the stage-
structured predator-prey model with time delay undergoes the Hopf bifurcation at some
values of T = 7p. In this section, we will derive the explicit formulae determining the
direction, stability, and period of these periodic solutions bifurcating from the positive
equilibrium E,(x*, y*) at these critical value of 7, by using techniques from normal form
and center manifold theory [15]. Throughout this section, we always assume that system
(1.1) undergoes Hopf bifurcation at the positive equilibrium E.(x*, y*) for 7 = 79, and then
+iwy is corresponding purely imaginary roots of the characteristic equation at the equilibrium
E.(x*,y%).

For convenience, let T = 79 + p, pt € R. Then p = 0 is the Hopf bifurcation value of (1.1).
Thus, one will study Hopf bifurcation of small amplitude periodic solutions of (1.1) from the
positive equilibrium point E, (x*, y*) for u close to 0.
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Let ui(t) = x(t) — x*,ux(t) = y(t) — y*, xi(t) = ui(7t), (i = 1,2), T = 79 + p, then system
(1.1) can be transformed into an functional differential equation (FDE) in (C = C(-1,0], R?)
as

du

o = L)+ f (), (31)

where u(t) = (x1(t), x2(#))" € R? and L,:C — R, f:RxC — Rare given, respectively, by

Ly = (1o + p)BH(0) + (10 + p) Gp(-1), (3.2)
where
_ (w1 b /0 0
B_<0 —d>' C_<Cl d1>’
B . 2cxty” 2y w - cxt
T _1+wx*2+(1+w'x*)2/ b1 = 1+ wx*2’
5 (3.3)
_ 2cx*y* 2x¥yrw B ox*
_ dr _ _ dar
c=e [1 Tox? 1+ wx*)Z:I’ di=e Fr—
_ (A ¢)>
f(lu’ ¢) <f2 (#/ ¢) 7
where

11 9) = (r0-+ 1) g3 0) + mags (0)42(0) + msg}(0) + magi (0)(0) + hoct. |,

F2(1$) = (10+ ) [mgd (-1) + magr (~1)pa(=1) + na (1) + mag(-1)pa(-1) + hout],
(3.4)

where

4x*2y*w. C]/* Cx*Zy* (4ZU23C* _ ZU'X*Z _ ZU')
1= - - 7
(1+wx*)? 1+wx*? (1+wx*)*
2cwx*? 2ex*

my = -
2 (1+ wx*2)2 1+wx*2’
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2cox'yt  ox?y'g  2cex'yt(dwixt - wix? - w)
ms3 = — — ,
(1+wx*2)? 6 (1 +wx2)*
dewx*? c cx*? (4w’ x* - wx*? - w)
my = - PR s
(1+wx?)* l+wx (1 +wx2)*
. e—dTo [ Cy* cx*zy* (4w2x* _ wx*z _ W) ~ 4x*2y*w
|1+ @x? (1+wx*)* (1+wx*)? |
B—— [ 2cx* 2cwx?
2 | 1+@x? (14 wx2)? ’
J— ch*zy*gl . 2ex*y* (dw’x* — wix*? —w) 2cwx*y*
3 - 7
| 6 (1+wx*2)* (1 +wx*2)?
iy = &P [ ¢ . ox*? (4w’x* - w?x*? - w) ~ dctox*2
| 1 +@x (1+wx?)* (1 + wx2)?
(3.5)
where
18w2x* (1 + @?x™2)* (w?x* - dw?x™® + 2w x*? — dwwx* +1)
g =
(1 +wx?2)®
(3.6)

8w? (x* + 4x* - Bwx*? — dw)

(1+wx*2)*

Clearly, L, is a linear continuous operator from C to R?. By the Riesz representation
theorem, there exists a matrix function with bounded variation components #(6,u),0 €
[-1,0] such that

0
L.p= L dn(6,p)$(0), for ¢ €C. (3.7)

In fact, we can choose

n@w =+ (5 1)@ -mw (] g )s@+, (38)

where 6 is the Dirac delta function.
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For ¢ € C([-1,0], R?), define

A( )(i) % -1<0<0,
H)P = 0
0 =
J‘l dT[(S,#)(i)(S), 0/ (39)
0, -1<0<0,
RGe = {fw) , 6=0.

Then (1.1) is equivalent to the abstract differential equation
iy = A(p)uy + R(p)uy, (3.10)

where u = (xl,xz)T, u(0) =u(t+0),0 € [-1,0].
For ¢ € C([0,1], (R?)"), define

), se 1],
Ag(s)=1 (3.11)
f qu(t, 0)g(-t), s=0.
-1
For ¢ € C([-1,0], R?) and ¢ € C([0,1], (R?)"), define the bilinear form
0 0
(¢, ¢) =(0)$(0) - f f ¥(5—0)dn(0)¢(s) de, (3.12)
-1J¢=0

where 7(0) = 7(6,0). We have the following result on the relation between the operators
A= A(0) and A*.

Lemma 3.1. A = A(0) and A* are adjoint operators.

The proof is easy from (3.12), so we omit it.

By the discussions in Section 2, we know that +iwy7y are eigenvalues of A(0), and
they are also eigenvalues of A* corresponding to iwyT) and —iwyTy, respectively. We have the
following result.

Lemma 3.2. The vector
q(0) = (1,y) ™™, 9 e[-1,0], (3.13)

where

ia)o —a

b

(3.14)
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is the eigenvector of A(0) corresponding to the eigenvalue iwyTy, and

g*(s) = D(1,y")e™™s, se[0,1], (3.15)
where
iw0a1
* = — 316
Y Cle—leg ( )

is the eigenvector of A* corresponding to the eigenvalue —iwyTy; moreover, (q*(s),q(0)) = 1, where
D = 1+7y* + ciy*e™™ + diyy e ™. (3.17)

Proof. Let q(0) be the eigenvector of A(0) corresponding to the eigenvalue itwy1y and g*(s) be
the eigenvector of A* corresponding to the eigenvalue —iwyTy, namely, A(0)g(8) = iwyTogq(0)
and A*q*T(s) = —iwor0q*T(s). From the definitions of A(0) and A*, we have A(0)g(0) =
dq(0)/dO and A*q*T(s) = -dq*T(s)/ds. Thus, q(0) = q(0)e“*™® and g*(s) = g*(0)e’°™s. In
addition,

0
J dn(8)q(0) = 179Bq(0) + 76Gg(-1) = 19 A(0)q(0) = iwyTq(0). (3.18)
-1
That is,
iwy — m b _ /0
(_Cle—iwom iwo +d - d1e_iw0T">q(O) = <0> (3.19)

Therefore, we can easily obtain

in —a
= . 2
= (320)
And so
_ in —ay T
q(0)= (1, ——) , (3.21)
b
and hence
. T
q(e) _ <1, lwob_ a > eiWOTOG- (322)
1
On the other hand,

0
f g (-t)dn(t) = TOBTq*T(O) + TOGTq*T(—l) = TOA*q*T(O) = —ionoq*T(O). (3.23)
-1
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Namely,

—iwp — ay —cre iwom o (0
< by —iwg+d—ds e_imm)q ) = <0>' (3.24)

Therefore, we can easily obtain

yr = - (3.25)

- c e~iwoTo 4

and so
q'(0) = (1, —CiL:?ZlTO ) (3.26)
and hence
q(s) = (1, —%)ei“ms. (327)

In the sequel, one will verify that (g*(s),q(8)) = 1. In fact, from (3.12), we have
* Y — T
(7°(),9(0)) = D(1,¥*) (1)
o0 .
—f f D(1,77)e ™ dn(0) (1,y) e dg
-1J¢=0
0
=D [1 Yy - f (1,F> 0e™ dn(6) (1,Y)T] (3.28)
-1
= 5{1 +yy* - (1,F> [—TOCe*’I“’UTU] (1,y)T}
_ B[l + YF + Cly*e—iworg + d1YF€_inTO] 1.

Next, we use the same notations as those in Hassard et al. [15], and we first compute
the coordinates to describe the center manifold Cy at ¢ = 0. Let u; be the solution of (1.1)
when p = 0.

Define

z(t) = (q", us), W(t,0) = u;(0) —2Re{z(t)q(6)}, (3.29)
on the center manifold Cy, and we have

W(t,0) =W(z(t),z(t),0), (3.30)
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where

2 =2

W (z(b),Z(t),0) = W(z,Z) = w20% + Wii2Z + WOZ% been, (3.31)

and z and Z are local coordinates for center manifold C in the direction of g* and g*. Noting
that W is also real if 1 is real, we consider only real solutions. For solutions u; € Cy of (1.1) ,

2() = (g"(s), ) = (4" (), AQ)us + RO)u)
= (q"(5), A©O)m) +(q"(s), ROYms)
= (A" (6), ) + T OROm~ | L_O TE-0dOAOROUE@ & (332)

= (iwog*(s), ur) + g*(0) £ (0, 1,(6))

def iwoz(t) + g*(0) fo(z(t), Z(1)).

That is,
z(t) = iwoz + g(z,z), (3.33)
where
8(z,z) 2820%2+gllzz+g02%2+g21¥+"' . (3.34)
Hence, we have
2(z,2) =47 (0) fo(z,z) = f(O,us) = 5(1, ) (f1(0, 1), f2(0, ut))T, (3.35)

where

f1(0,us) =1 [mlxtz(O) + mox(0)y:(0) + mgxf’ 0) + m4xt2(0)yt(0) + h.o.t. ],
(3.36)
£200,11) = 70 [nle(—n + 12y (=) (=1) + m3x3 (=1) + mux(-1)yy(-1) + h.o.t. ]
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Noticing 1;(8) = (x;(8), y:(0))" = W(t,0) + zq(0) + Zq(6) and g(8) = (1,y)" e*™?, we have
WO Z D ez D
x:(0) = z+Z + Wy, (0)7 + Wy, (0)zz + Wy, (O)? £,
e WO N E W ® 0yas . W@ ) E
v (0) =yz+yz + Wy (0)? + W (0)zz + W, (0)? oo,
, (3.37)
xi(-1) = e 0T 7 4 pltToz W(l)( 1)— + W1 (-Dzz + Wé;)(_l)% Foen,
1 i 2 z2 2 2 Ez
yi(-1) = ye 0z + Fel oz + Wi (D5 + W (-1)2z + wgz><_1)7 ..
From (3.34) and (3.35), we have
8(z2) =7 (0)fo(22) = D[1(0,x) +T* f2(0, )]
= BTo[(ml +may) + 7" (m + nzy)]zz
+ D1y [2m1 + m2<y + F) <2n1 + n2<y + F))]ZE

+ 5’1’0 [ml + 1112? + F(Tll + 1’12?)]22
+ Dy [m1 (W‘ ') +2w ) (0))

(1)
+my < 0 @, W2 (0) + YW (0) + WP (0) + 3rms + ma (7 + 2y)>

+n1<wz<;)(—1) oW P (- 1))
Wl
n2< D + W2 (-1) + YW (-1)

WD (1) +3n3 + ns (¥ + 2}’)>] z’Z + h.out,
(3.38)

and we obtain

g0 = 257‘0[(1111 +may) +7* (1 + nzy)],
g = 57‘0 [Zml + m2<}f + F) +F (2111 + n2<y + F))],

gn = 2Dy [m1 +myy + F (n1 + nﬁ)],
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821 = 257‘0 [ml <W2((1)) (0) + 2W1(}) (O)>

(1)
0
;3 < > 0 ©) + W (0) + YW (0) + W (0) +3ms + ma( + 2y)>

+m (w;;) (1) +2W P (- 1))

=7
+n2< W D 4w 1)+ ywiD (1) + w2 (- 1>+3n3+n4<r+2Y)>]

2
(3.39)
For unknown
Wi (0), Wi (<1), Wi (0), Wi (=1), WP (0), WP (1), (3.40)
in g1, we still need to compute them.
From (3.10) and (3.29), we have
W -2Re {q*(())?q(e) } ~1<0<0,
W' = _ _
W-2Re {7'(0)fq(®)} +f, 0=0. (3.41)
def
= AW+ H(z,z,0),
where
z? Fa
H(z,%,0) = Ha(0) 5 + Hi(0)2Z + Hon(0) 5 + -+ . (3.42)
Comparing the coefficients, we obtain
(A = 2iwyT9)Wao = —Hy0(0), (3.43)
AW11(0) = —H11(0), (3.44)
and we know that for 8 € [-1,0),
H(z,z,0) =-4"(0) foq(6) - q* (0)705(9) =-g(z,2)9(0) — g(z,2)q(0). (3.45)
Comparing the coefficients of (3.42) with (3.45) gives that
Hy0(0) = —8204(0) - 8,9(0), (3.46)

H11(0) = -£119(0) - £,,9(0). (3.47)
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From (3.43) and (3.46) and the definition of A, we get
Wzo(e) = Zi(A}oT()Wzo(Q) + gzoq(Q) +§ﬁ(9)

Noting that g(0) = g(0)e™*™°, we have

iy, _ ) )
gOZ q(o)e—m}ofoe + EleZIa)oToG,

i )
Wan(0) = 2 q(0)e ™ + 252

wWwo'T(

where E; = (Eil), Eiz))T is a constant vector.
Similarly, from (3.44) and (3.47) and the definition of A, we have

W11(0) = g119(0) + 21 9(6),

i i 1811 — —iw
Win(0) = - £ g + Hgo)e 1k,

where E; = (Eél), Eéz))T is a constant vector.
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(3.48)

(3.49)

(3.50)

(3.51)

In what follows, one will seek appropriate E;, E; in (3.49) and (3.51), respectively. It

follows from the definition of A and (3.46) and (3.47) that
0
J‘ dTl(Q)Wzo(Q) = 2i(AJQTOW20(0) - Hzo (0),
-1
0
j dTl(Q)WH(G) = —Hn(O),
-1

where 77(6) = 7(0, 0).
From (3.43), we have

H(0) = —£204(0) — 02 4(0) + 70(M1, M2)",
where

M1 =my + nyy,

M2 =n1 + nyy.
From (3.44), we have
H11(0) = ~g14(0) - g1 (0)7(0) + 70(N1, N2)",

where
N1 =2my +m2()f +?),
N> =2n1 + nz(Y-i-?).

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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Noting that
O .
<iwo7‘0[ - j el“’“T“gdrl(G)> q(0) =0,
-1
0 .
<—inTQI - J‘ e‘WUTUedrl(G)>§(O) =0,
-1

and substituting (3.49) and (3.54) into (3.52), we have

0
<2ionOI - f eZiwDToedn(6)> Eqy = 1o(My, M),
-1

That is,
<2iw0ToI — 1B - TOGe—2"w0TO)E1 = 7o(M1, Ma)T,
then
2iwy — ay by Eil) _[(my +moy

<cle‘2i“’070 2wy + d — dle‘Zi“’UTU) < E§2)> B < ny + nay

Hence,
EY AA—T, E? = AA—?,

where

Al — det <21(U0 —a bl ),

cre”dwm Qi + d — dye 2wom

_ my + may by _
An = det( n +moy 2iwo+d- dle’z""m)’

2iwy — a1 my +myy
A]Z = det —~2iwyTo .
ci1e ni + myy

Similarly, substituting (3.51) and (3.56) into (3.53), we have

0
(J dﬂ(9)>E2 =10(N1, No).
1

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)
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Then,
(B+G)Ex = (-N1,-N»)". (3.65)
That is,
1)
ay —bl E2 _ —N1
(& pta) ()= () a6
Hence,
A A
P =22 EP =22 3.67
-2 =32 (367)
where

_ aq —bl
Az = det<C1 dl _ d),

_ —211’11 —my (}’ + ?) —b1
Ay = det( S (Y + ?) di—d) (3.68)

ar —2m —mz(y+?))
Ay = det ).
n=de <c1 -2n1 —na(y +7)

From (3.49) and (3.51), we can calculate g; and derive the following values:

2.(,()0’1'0

. 2
c1(0) = ' <gzog11 —2|g11|2 - @> + %,

_ Re{c1(0)}
H2 = Re{X (7o)}’ (3.69)
ﬂz =2Re (Cl(O)),
Im{c1(0)} + poIm {N(m0)}

T, = .
woToy

These formulae give a description of the Hopf bifurcation periodic solutions of (1.1) at 7 = 7
on the center manifold. From the discussion above, we have the following result. O

Theorem 3.3. The periodic solution is supercritical (subcritical) if pp > 0 (p2 < 0). The bifurcating
periodic solutions are orbitally asymptotically stable with asymptotical phase (unstable) if p, < 0
(B2 > 0). The periods of the bifurcating periodic solutions increase (decrease) if T, > 0 (T < 0).
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Figure 1: The time histories and phase portrait of system (4.1) with the following parameters: a = 0.5,b =
05,c=2,w =2,d=02,and 7 = 1.7 < 19 = 1.7355. The positive equilibrium E, (x*, y*) = (0.4928,1.3217) is
asymptotically stable. The initial value is (0.2, 2).

4. Numerical Examples

In this section, we present some numerical results to verify the analytical predictions obtained
in the previous section. As an example, we consider the following special case of system (1.1)
with the parameters a = 0.5,b =0.5,¢ =2,w =2,and d = 0.2. Then system (1.1) becomes

2 2
x(t) = x(H)[1-05x(t)] - %Z((tt))
(4.1)
o 2P (t-T)y(E=T) o,
y(t) = T © 027 _0.2y(t),

which has a positive equilibrium E,(x*,y*) = (1.4928,1.3217). By some complicated
computation by means of Matlab 7.0, we get only one critical values of the delay 7y =
1.7355, X' (79) = 0.2035 — 0.5423i. Thus, we derive ¢1(0) = —-1.3122 - 5.0131i, y, = 0.6177,, =
-3.3326,T, = 9.3042. We obtain that the conditions indicated in Theorem 2.3 are satisfied.
Furthermore, it follows that y, > 0 and f, < 0. Thus, the positive equilibrium E,(x*, y*)
is stable when 7 < 7y which is illustrated by the computer simulations (see Figures 1(a)—
1(d)). When 7 passes through the critical value 7, the positive equilibrium E, (x*, y*) loses
its stability and a Hopf bifurcation occurs, that is, a family of periodic solutions bifurcations
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Figure 2: The time histories and phase portrait of system (4.1) with the following parameters: a = 0.5,b =
05,c=2,w =2,d=02,and 7 = 1.8 > 19 = 1.7355. Hopf bifurcation occurs from the positive equilibrium
E.(x*,y*) = (0.5014,1.3108). The initial value is (0.2, 2).

from the positive equilibrium E, (x*,y*). Since y, > 0 and f; < 0, the direction of the Hopf
bifurcation is T > 79, and these bifurcating periodic solutions from E,(x*, y*) at 7y are stable,
which are depicted in Figures 2(a)-2(d).

5. Conclusions

In this paper, the main object is to investigate the local stability and Hopf bifurcation and also
to study the stability of bifurcating periodic solutions and some formulae for determining
the direction of Hopf bifurcation for a stage-structured predator-prey model with time delay
and delay. By choosing the delay as a bifurcation parameter, It is shown that under certain
condition, the positive equilibrium E,(x*,y*) of system (1.1) is asymptotically stable for
all 7 € [0,79) and unstable for 7 > 7y and under another condition; when the delay 7
increases, the equilibrium loses its stability and a sequence of Hopf bifurcations occur at
the positive equilibrium E,(x*,y*), that is, a family of periodic orbits bifurcate from the
positive equilibrium E,(x*,y*). At the same time, using the normal form theory and the
center manifold theorem, the direction of Hopf bifurcation and the stability of the bifurcating
periodic orbits are discussed. Finally, numerical simulations are carried out to validate the
theorems obtained.
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