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We obtain some new estimates for the error of Simpson integration rule, which develop available
results in the literature. Indeed, we introduce three main estimates for the residue of Simpson
integration rule in L'[a, b] and L*[a, b] spaces where the compactness of the interval [a, b] plays
a crucial role.

1. Introduction

A general (n + 1)-point-weighted quadrature formula is denoted by

b n
f w(x) f(x)dx = Y wif (xk) + Ruaa [f], (1.1)

k=0

where w(x) is a positive weight function on [a,b], {xk}}_, and {wy}}_, are, respectively,
nodes and weight coefficients, and R,.1[f] is the corresponding error [1].

Let IT; be the set of algebraic polynomials of degree at most d. The quadrature formula
(1.1) has degree of exactness d if for every p € II; we have R,.i[p] = 0. In addition, if
Ry+1[p] #0 for some Iy, formula (1.1) has precise degree of exactness d.

The convergence order of quadrature rule (1.1) depends on the smoothness of the
function f as well as on its degree of exactness. It is well known that for given n + 1 mutually
different nodes {xi};_, we can always achieve a degree of exactness d = n by interpolating
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at these nodes and integrating the interpolated polynomial instead of f. Namely, taking the
node polynomia

1P‘n+1(x) = ﬁ(x - xk)/ (12)
k=0

by integrating the Lagrange interpolation formula

f(x) = > f(xr)L(x; xx) + 11 (fi %), (1.3)
k=0
where
. _ W (x) _
L(x;xk) = V() (> — x0) (k=0,1,...,n), (1.4)

we obtain (1.1), with

1 b q‘n+1(x)w(x)
= dx (k=0,1,...,n),
T ) f . X-Xk ( )

b

Rualf] = [ ma(fimpwds.

a

(1.5)

Note that for each f € IT, we have r,.1(f; x) = 0, and therefore R,.1[f] = 0.

Quadrature formulae obtained in this way are known as interpolatory. Usually the
simplest interpolatory quadrature formula of type (1.1) with predetermined nodes {xx};_, €
[a,b] is called a weighted Newton-Cotes formula. For w(x) = 1 and the equidistant nodes
{xk}io = {a+kh}i_, with h = (b - a)/n, the classical Newton-Cotes formulas are derived.
One of the important cases of the classical Newton-Cotes formulas is the well-known
Simpson’s rule:

Kf(t)df = b%(f(a) +4f<aT+b> +f(b)) +E(f). (1.6)

In this direction, Simpson inequality [2-7] gives an error bound for the above quadrature
rule. There are few known ways to estimate the residue value in (1.6). The main aim of this
paper is to give three new estimations for E(f) in L'[a, b] and L*[a, b] spaces.

Let L”[a,b] (1 < p < oo0) denote the space of p-power integrable functions on the inter-
val [a, b] with the standard norm

b 1/p
i, = ([ rora) 0

and L*[a, b] the space of all essentially bounded functions on [a, b] with the norm

11l = ej:[ilbl]lvlf ()] (1.8)
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If f € L'[a,b] and g € L*[a, b], then the following inequality is well known:

b
[ s <lflLlsl,. (19)

Recently in [8], a main inequality has been introduced, which can estimate the error of
Simpson quadrature rule too.

Theorem A. Let f : 1 — R, where Iis an interval, be a differentiable function in the interior I°0f I,
and let [a,b] C I°. If ag, By are two real constants such that ag < f'(t) < o for all t € [a,b], then for
any L € [1/2,1] and all x € [(a+ 2L —1)b) /24, (b + (2A —1)a) /2] C [a, b] we have

1 b f(b)-f(a) (2A- Da+b
'f(x)_)t(b—a)J‘af(t)dt_ b—a X+ 2.1(1? f()_

Po—ao A2+ (1-24)*
Sib-a 1

a+ (2A 1)b

f(a)

((x —a+ (- x)2>.
(1.10)

As is observed, replacing x = (a +b)/2 and A = 2/3 in (1.10) gives an error bound for the
Simpson rule as

ff(t)dt——(f(a) 1(%57)+5®)]| <

To introduce three new error bounds for the Simpson quadrature rule in L![a, b] and L*[a, b]
spaces we first consider the following kernel on [a, b]:

% b- a) (ﬂo—ao) (111)

t—5a+b, ¢ [alazb,
K(t) = 1.12
® a+>5b a+b ( )
t— c t€<—,b.

After some calculations, it can be directly concluded that

jjf’(t)K(t)dt = (f( )+ 4f<a+ b> +f(b)> - f:f(t)dt, (1.13)

1
max|K (5] = 3 (b~ a). (1.14)
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2. Main Results

Theorem 2.1. Let f : I — R, where Lis an interval, be a function differentiable in the interior I°of 1,
and let [a,b] C I°. If a(x) < f'(x) < B(x) for any a, B € Cla,b] and x € [a,b], then the following
inequality holds:

(5a+b) /6 (a+b)/2
my = f (t - 5"‘6+ b>ﬂ(t)dt +J (t - 5“6+ b>a(t)dt

a (5a+b)/6

(a+5b)/6 b
+f <t— a+5b)ﬂ(t)dt+j <t— ”+5b)a(t)dt
(a+b)/2 6 (a+5b)/6 6

< b;“<f(a)+4f<“;b)+f(b)>-f:f(t)dtg (2.1)

(5a+b)/6 (a+b)/2
M, =J (t— 5a6+b>a(t)dt+J‘ <t— 5a6+b>ﬂ(t)dt

a (5a+b) /6
(a+5b)/6 b
+f <t— a+5b>zx(t)dt+f (t— a+5b>ﬂ(t)dt.
(a+b)/2 6 (a+5b)/6 6

Proof. By referring to the kernel (1.12) and identity (1.13) we first have

f:m) (£ -
= b;a<f(a) +4f<a;rb> +f(b)> —f::f(t)dt— %<I:K(t)(a(t) +ﬂ(t))dt>
- b;a<f(a) +4f<a;b) +f(b)> -f:f(t)dt

S e ean (S o ponar)

(2.2)

On the other hand, the given assumption a(t) < f'(t) < f(t) results in

fit)-

a(t) +p(t)| _ P(t) —a(t)
. < (2.3)
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Therefore, one can conclude from (2.2) and (2.3) that

a(f(a) +4f<“ b) +f(b)> —I:f(t)dt

) % <J‘<a+b>/z<t 5a+b>( (t)+ﬁ(t))dt+f(a+b)/z<t_ a+5b)( (t)+ﬂ(t))dt>

ﬁ(t) alt) .

a(t) + p(t)
OB

b
K(t) <f’(t) -

1/ (@72
2

f k() HO=20

b

a+b a+5b

|66 - aar + |

[cOR a<t>)dt>

(a+b)/2
(2.4)

After rearranging (2.4) we obtain

m—f(a+b)/2<<t_5a+b_| 5a+b‘>ﬁ_ < 5a+b ‘t_5a+b )@)dt
1= . 6 2 6 2

b
+,[ ((t_a+5b | B | < a+5b+‘t_a+5b D@W
(a+b)/2 6 2 6 2

)
=J(5a+b)/e<x 5a+b>ﬁ(x)dx+l[a+b)/z< 54+ b> (rdx

a (5a+b)/

(a+5b) /6 b

+j <x a+5b)ﬂ(x)dx+f <x—a+5b>a(x)dx,
(a+b)/2 (a+5b)/6 6

(a+b)/2 5a+b 5a+b|\ a(t) 5a+b S5a+b|\ p(t)

mo= [ (-5 - ) (e e )T

b

+J <<t_a+5b_‘t_a+5b >ﬂ+<t_a+5b+'t_a+5b|)@>dt
b)) 6 6 2 6 6 2

(5a+b)/6 (a+b)/2
=f (x— 5a6+b>zx(x)dx+f (x 5a+b>ﬂ(x)dx

a (5a+b)/6

(a+5b)/6 b
+J (x—a+5b>a(x)dx+J (x “+5b>ﬁ( x)dx.
(a+b)/2 6 (a+5b)/6

(2.5)
O

The advantage of Theorem 2.1 is that necessary computations in bounds m; and M;
are just in terms of the preassigned functions a(t), f(t) (not f’).
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Special Case 1

Substituting a(x) = ayx + ap #0 and p(x) = f1x + fo#01in (2.1) gives

f(t)dt__<f a) + 4f<a+b>+f(b)> 5(b a)’

((ﬂl al)(a+b)+2(ﬁ0—ao)).
(2.6)

In particular, replacing a; = ff; = 0 in above inequality leads to one of the results of [9] as

(t)dt——<f(a) 1(%57)+1w)]| <3

S 72 b (l) (ﬂo—ao) (2.7)

Remark 2.2. Although a(x) < f'(x) < p(x) is a straightforward condition in Theorem 2.1,
however, sometimes one might not be able to easily obtain both bounds of a(x) and f(x) for
f'. In this case, we can make use of two analogue theorems. The first one would be helpful
when f’ is unbounded from above and the second one would be helpful when f’ is unbound-
ed from below.

Theorem 2.3. Let f : I — R, where 1is an interval, be a function differentiable in the interior 1° of
I, and let [a,b] C I°. If a(x) < f'(x) for any a € C[a,b] and x € [a, b] then

J‘:m)/z (t - 5“6+ b >zx(t)dt + ﬂ;b)/z <t _4 *’651’ )zx a < £(b) - f(a) - Ib tx(t)dt>
<22 (r@ v (557) 4 5®) - fjf(t) dt
) J.:Hb)/z <t ) 5a6+ b> (bt + J‘(”m)/z (t— a +65b>a(t)dt
20 - a <f(b) ~ f(a) - Ib zx(t)dt>.

Proof. Since

(2.8)

o)}

b —
[ KO ®-awa="22 (@ +47( %

b) +f(b)> - f:f(t)dt— (J:K(t)a(t)dt>
_b- c <f(a) +4f< ) +f(b)> f f(t)dt

(a+b) /2 b
- f <t—5a+b>a(t)dt+f (t—a+5b>a(t)dt )
a 6 (a+b)/2 6

(2.9)

m
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so we have

(f( )+ 4f<a+b> +f(b)> - f:f(t)dt
_ < [ :”WZ (- 2222 )atwdr + fja+b)/2<t - ars >a(t)dt>
b

, (2.10)
< [ KOOI O - aw)ar
b
< max|K(0) f (F() - a(v)dt = <f(b) f(a)- f a(t)dt)
After rearranging (2.10), the main inequality (2.8) will be derived. O

Special Case 2

If a(x) = a1x + ap #0, then (2.8) becomes

(@ (50) @)

G —3a)2 <f(b;:£(a> B <a0 . “T”’al))
(2.11)

if and only if a1x + ay < f'(x) for all x € [a,b]. In particular, replacing a; = 0 in above
inequality leads to [10, Theorem 1, relation (4)] as follows:

- 222 (f@waf () + 1)) | <

Theorem 2.4. Let f : I — R, where Lis an interval, be a function differentiable in the interior I° of
I, and let [a,b] C I°. If f'(x) < B(x) for any p € C[a,b] and x € [a,b] then

J—:z+b>/2<t 5a+b>ﬁ(t)dt+I:a+b)/z< “+5b)ﬁ(t)dt——<f p(t)dt - f(b) +f(u)>
b a(f(a)+4f< ) f(b)>_fjf(t)dt

(a+b)/2 b
gf <t—5a+b>p(t)dt+f <t—a+5b>ﬁ(t)dt+
a (a+b)/2 6

(b-a)’ / f(b) - f(a)
3 < b-a a0>.

(2.12)

> <Lﬂ(t)dt—f(b)+f(a)>-

(2.13)
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Proof. Since

b
f K0 (f (1) - pt))dt

b;a (f(a) +4f<a;rb) +f(b)> _Kf(t)dt— <fj1<(t)p(t)dt>

"2 (@ 4 (452 + @) - [ rena

_ (I:Hbm(t - 5a6+ b)ﬂ(t)dt + fmwm (t - +65b>ﬂ(t)dt>,

(2.14)

Q

so we have

‘b;a<f(a) (45 e rw) - [ swa

_<£a+b)/2 fa<t - 5a6+ b)ﬁ(t)dt + ffa+b)/2<t - +65b>ﬂ(t)dt> ‘

b
f K0 (F (1) - pt)) e

(2.15)

b
< j KOI(B(E) — £(6))dt

b 3 b
< maxIK (o) [ ()~ £t = 257 <f Bt - f(b) + f(a)>-

After rearranging (2.15), the main inequality (2.13) will be derived. O

Special Case 3

If B(x) = p1x + Po #0in (2.13), then

[ -2t s (152) 1) [+ €52 (252 - 21)

2 b-a
(2.16)

if and only if f'(x) < pix + fo, for all x € [a,b]. In particular, replacing f; = 0 in above
inequality leads to [10, Theorem 1, relation (5)] as follows:

[ rmar-22 (@ ar(50) e 50) |« ©52 (- LOL@Y )

3
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