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A modified Holling-Tanner predator-prey system with multiple delays is investigated. By
analyzing the associated characteristic equation, the local stability and the existence of periodic
solutions via Hopf bifurcation with respect to both delays are established. Direction and stability
of the periodic solutions are obtained by using normal form and center manifold theory. Finally,
numerical simulations are carried out to substantiate the analytical results.

1. Introduction

Predator-prey dynamics has long been and will continue to be of interest to both applied
mathematicians and ecologists due to its universal existence and importance [1, 2]. Many
population models investigating the dynamic relationship between predators and their
preys have been proposed and studied. For example, Lotka-Volterra model [3-5], Leslie-
Gower model [6-10], and Holling-Tanner model [11-16]. Among these widely used models,
Holling-Tanner model plays a special role in view of the interesting dynamics it possesses.
Holling-Tanner model for predator-prey interaction is governed by the following nonlinear
coupled ordinary differential equations:
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where X and Y denote the population densities of prey species and predator species at time
T, respectively. The first equation in system (1.1) shows that the prey grows logistically with
the carrying capacity K and the intrinsic growth rate r in the absence of the predator. And
the growth of the prey is hampered by the predator at a rate proportional to the functional
response mX/(a + X) in the presence of the predator. The second equation shows that the
predator consumes the prey according to the functional response mX/(a + X) and grows
logistically with the intrinsic growth rate s and carrying capacity X/h proportional to the
number of the prey. The parameter m denotes the maximal predator per capita consumption
rate. a is a saturation value; it corresponds to the number of prey necessary to achieve one
half the maximum rate m. The parameter h denotes the number of prey required to support
one predator at equilibrium when y equals X/h.

Recently, there has been considerable interest in predator-prey systems with the
Beddington-DeAngelis functional response. And it has been shown that the predator-prey
systems with the Beddington-DeAngelis functional response have rich but biologically
reasonable dynamics. For more details about this functional response one can refer to [17-
21]. Zhang [16], Lu and Liu [22] considered the following modified Holling-Tanner delayed
predator-prey system:

d_X_X<1_§>_ aXy
ar ~ " K) a+bX+cY’
(12)
ay Y(t-7)
ﬁ-Y[S(l hxa—?))'

where T is incorporated in the negative feedback of the predator density. aXY/(a+bX+cY) is
the Beddington-DeAngelis functional response. The parameters a, a, b, and ¢ are assumed to
be positive. a is the maximum value at which per capita reduction rate of the prey can attain.
a measures the extent to which environment provides protection to the prey. b describes
the effect of handling time on the feeding rate. ¢ describes the magnitude of interference
among predators. Zhang [16] investigated the local Hopf bifurcation of system (1.2). Lu and
Liu [22] proved that system (1.2) is permanent under some conditions and obtained the
sufficient conditions of local and global stability of system (1.2). Since both the species are
growing logistically, it is reasonable to assume delay in prey species as well. Based on this
consideration, we incorporate the negative feedback of the prey density into system (1.2) and
obtain the following system:

ax CX(T-T)\  aXY
ﬁ‘rx<1 K ) a+bX +cY’
ay Y(T -T») (1)
_ _YI-T)
=)

where T; and T, are the feedback time delays of the prey density and the predator density
respectively. Let X = Kx, Y = (rK/a)y, t = rT, 71 = rT1, ™2 = 1Ty, system (1.3) can be
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transformed into the following nondimensional form:

ax _ 4oy
dat X(1=x(t-m)) a; +bx + a1y’

(1.4)
dy _ [5_ﬁy(t—7‘2)

dat x(t—-m) |’

where a1 = a/K,c; = cr/a,6 = s/r,p = sh/a are the non-dimensional parameters and they
are positive.

The main purpose of this paper is to consider the effect of multiple delays on system
(1.4). The local stability of the positive equilibrium and the existence of Hopf bifurcation are
investigated. By employing normal form and center manifold theory, the direction of Hopf
bifurcation and the stability of the bifurcating periodic solutions are determined. Finally,
some numerical simulations are also included to illustrate the theoretical analysis.

2. Local Stability and the Existence of Hopf Bifurcation

In this section, we study the local stability of each of feasible equilibria and the existence of
Hopf bifurcation at the positive equilibrium. Obviously, system (1.4) has a unique boundary
equilibrium E;(1,0) and a unique positive equilibrium E, (x., y.), where

(a1 ~b)p + (1 - 1)8] + 4/ [(a1 — b + (1 — c1)6] + 4as (b + c16) s
2(bp + 16) SR A
2.1)

% =

The Jacobian matrix of system (1.4) at E; takes the form

oA 1
J(Eq) = a+b | (2.2)

The characteristic equation of system (1.4) at E; is of the form
(A-6) ()L + e_)‘“) = 0. (2.3)

Clearly, the boundary equilibrium E; (1, 0) is unable.
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Next, we discuss the existence of Hopf bifurcation at the positive equilibrium E(x,, y.).
Let x(t) = z1(t) + x., y(t) = z2(t) + y., and still denote z;(t) and z»(¢) by x(t) and y(t),
respectively, then system (1.4) becomes

dx ik i
i anx(t) + any(t) + bux(t —n) + Z 17kx yixk(t-m),
i+j+k>2
(2.4)
d_y _ _ _ ijk it _ kg
T =onx(t-m) +epy(t-n)+ D, fi ¥y (t-n)y (t-n),
i+j+k>2

where

bx.y. (a1 + bx,)x,
ap = ’ app = —

(a1 +bx, + 1)’ (a1 + bx, +c1y*)2,

62
b1 = —x,, 1= —, cn =-6,

p
fizx(-x(t-7)) - ——F f2=y<5_py(t_‘72)>, (2.5)

a; +bx +cry’ x(t - 1)
1 ai+j+kf1
i1j1k! 0xidyOxk (t — 1) 2T

1 ai+j+kj:2 |
ilj!k! dyioxI (t — 1) Oy* (t — 12) (eeys)®

flijkxiijk(t -T) =

f;jkyixf(t -T)y (t-7) =
Then we can obtain the linearized system of system (1.4)

d
d_atc = anx(t) + apy(t) + bux(t - 1),
(2.6)

d—:z = C21x(t = Tz) + szy(t - TZ)-

The characteristic equation of system (2.6) is

A2 - anA — bnle_)‘ﬁ + (a1162 — a1pc1 — C22)L)8_)LTZ + b11C22€_’\(Tl+T2) =0. (2.7)

Casel. =1 =71=0.
The characteristic equation of system (1.4) becomes

NP +(A+B+D)A+C+E=0, (2.8)
where

A=-an, B = -by, C = anicn — anc, D = —cp, E = biicp. (2.9)
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It is easy to verify that

a16%x,

C+E=06x,+ > 0.

B(ar +bx, +c1y.)’

(2.10)

Therefore, if (H1) : A+ B + D > 0, the roots of (2.8) must have negative real parts. Then, we
know that the positive equilibrium E.(x., y.) of system (1.4) is locally stable in the absence

of delay, if (H;) holds.

Case2. =1 =1>0.
The associated characteristic equation of the system is

.)Lz + Al)t + (B1 + Cl)L)E_)LT + D1€_2)LT =0,

where

Al =—an, By = ajicn — ancy, Ci = —(bi1 + ), Dy = byic.

Multiplying e'™ on both sides of (2.11), we can obtain
<)@ + Ay\)e“ +(By + C1A) + D™ = 0.
Now, for 7 > 0, if A = iw(w > 0) be a root of (2.13). Then, we have

<D1 - w2> cosTw — AjwsinTw = —By,

<D1 + w2> sinTw — Ajw cos Tw = Crw.

It follows from (2.14) that

sinTw = , COSTw =

w* + Alw? - D3 w* + Alw? - D3
Then we have

Wb+ e3w6 + ezw4 +ejw? + ep=0,

where

e3 =2A2-C3,  ey= A} +2CiD, - A3C? - B2 -2D3,

e1 =4A,B,C1D; - A3B? - CID? -2A3D? -2B?D;, ey =D} - BiD2.

C1w2 + (AlBl — ClDl)w (Bl - A1C1)w2 + B1D1

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Let v = w?, then (2.16) becomes

3

v+ esv® + e’ +ev+ey =0. (2.18)

Next, we give the following assumption. (H>): (2.18) has at least one positive real root.

Suppose that (H;) holds. Without loss of generality, we assume that (2.18) has four
real positive roots, which are defined by vy, vy, v3, and vy, respectively. Then (2.16) has four
positive roots wy = 1/vk, k = 1,2,3,4. Therefore,

j 1 By - A1Cy)w? + BiD
T}E]) — — arccos ( 1 1 1) k 11 +2j7r , k=1,2,34; ] =0,1,2... (2'19)
W wi + A2w? — D?
kT MW T
Then we can know that +iwy are a pair of purely imaginary roots of (2.11) with 7 = IE}' ).
Define
Ty = TIEO) = min{TIEO) }1 wy =wk,, k=1,2,34. (2.20)

Let A(7) = a(t) + iw(7) be the root of (2.11) near T = 1y which satisfies a(7y) = 0, w(7)) = wy.
Taking the derivative of A with respect to 7 in (2.13), we obtain

di A dd 2 At ar\ o s dry _
Cro+ 24+ Ae'™— +<A +A1/\>e <)L+TdT> Die <)L+TdT> =0. (221

it follows that

di _ /\(Dle‘“ - ()LZ + A1A)e’\7) (2 22)
dr — 20+ Ap)eM + Cy - 7(Die™ — (A2 + Ayd)er)’ '
Thus
-1 AT
[@] _ (2/\ + A1)€ + C1 _ Z (223)
dr Dile ™ — (A3 + Al)@)e“ A
Let
A= <D1w0 - wS) sin Towy + Alwg COS Tpwy, Ay = <D1w0 + wS) COS Towy + Alwg sin Tywy,
A3 = Aq cos Towy — 2wy sin Towy + Cq, Ay = A1 sin Tywy — 2wy Cos Towy.
(2.24)
Substitute A = iwy(wy > 0) into (2.23), we can get
d.)L(To) -1 (2/\ + Al)e)"‘ + C1 A1 X A3 + Az X A4
R =R = . .
e| dr € DlJ\ef}‘T = ()L3 + Al)tz)eh- \eico A% + A% (2 25)
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Noting that
, dA(1o) . [dReA(m)] 7!
it SLZY = 2.26
51gnRe[ i ] sign [ i ] . (2.26)

Therefore, we make the following assumption in order to give the main results: (Hz) : Aq x
Az + Ay x Ay #0. Then, by Corollary 2.4 in [23, 24], we have the following theorem.

Theorem 2.1. For system (1.4), if the conditions (H1)—(H3) hold, then the equilibrium E.(x.,y.) of
system (1.4) is asymptotically stable for T € [0, Ty) and unstable when T > 1. And system (1.4) has
a branch of periodic solution bifurcation from the zero solution near T = 1.

Case 3. my#1, 71 >0and 7, > 0.
The associated characteristic equation of the system is

A2+ Aod + Bode ™™ 4+ (Cy + Dod)e ™ 4 Epe (7)) (2.27)

where

Ay = —ay, By = -b11, Cy = anicn — ancy, Dy = —cp, Ey = biicn.  (2.28)

We consider (2.27) with 7 in its stable interval, regarding 7; as a parameter. Without loss of
generality, we consider system (1.4) under the case considered in [16], and 7> € [0, T»). T2 is
defined as in [16] and can be obtained by

Ty) = —arccos (2.29)

Wy

2 2
[(allczz +biicn = apen)wy — (an + b11)6‘22w+:|
7

2 2
(a1 + bricn — anen)” + (cnwy)

with

2
—<(011 + b11)2 - C§2> + \/<(a11 + b11)2 - C%z) +4(ancon + bicn - 1112621)2 (2.30)
7 .

w, =

Let A = iw(w > 0) be a root of (2.27). Then we obtain

(Bow — E; sin Tyw) sin Tyw + E» cOS Thw COS Tyw = w? — Cy cos Tow — Dyw sin mow,

(2.31)
(Baw — E; sin Tyw) cos Tyw — Ep cos Tow sin Tyw = Cp sin Tow — Dhw cos Thw — Ayw.
It follows from (2.31) that
. M;N; - M>N> M;N; + M>N,
sintjw = ————=, COSTIW = ———————— (2.32)

M? + M3 M? + M3
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With
M = Byw - E> sinhw, M, = E5 cos mrw,
(2.33)
N = w? — Cy cos Trw — Dyw sin Trw, Ny = —Asrw + Cy sin Thrw — Dyw cos Trw.
Then we have
P (w) + Py (w) sin Tow + P3(w) cos Tpw =0, (2.34)
where
Pi(w) = w' + (A} + D3 - B )w? + C2 - E3,
(2.35)

P> (w) = —2Dyw® — 2A,Cow + 2B, Esw, P3(w) = 2(AyD; — Gy

Suppose that (Hy): (2.34) has at least finite positive roots. If (Hy) holds, we define the roots
of (2.34) as wy,wy, ..., wk. Then, for every fixed w;(i = 1,2,...,k), there exists a sequence

{7 j =1,2,...) which satisfies (2.34). Let
1. —m1n{71])|1—1 2,. k,j:O,l,...}. (2.36)
When 7, = 71,, (2.27) has a pair of purely imaginary roots +iw, for 7, € [0, Tx).

To verify the transversality condition of Hopf bifurcation, we take the derivative of A
with respect to 77 in (2.27), we can obtain

dr Ae™AT (Byd + Epe ™)
dTl a (2)L + A2 + Bze_)"r1 + Dze_’\72) - Tle_’\Tl (Bz.)L + Eze_)ﬂ'z) - Tge_)”-z (C2 + Dz)t + Ege‘f\ﬁ) '
(2.37)
Thus
ax ] -1 B 20+ Ay + Bze")"“ + Dze_)”Tz - Tze_)wz (Cz + Do)\ + Eze_’h-l) 1 (2 38)
dr | Le=\71 (ByA + Exe ') A ’
Substitute A = iw, (w, > 0) into (2.38), we can get
d)L(Tl*)] Aq x Ag, + Ay x Ay (2 39)
dr A2+ A3 '
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where

A1 = Epw, COS Ty, SIN T4y — Wy COS Ty Wy (B, — Exw, sin Thwy ),
Ay = Epw, COS Tot, COS T14Ws + Wy SIN Ty (Baws — Exw, sin Thwy,),

Az = Ay + (Dy — 1Cp) cos Tow, — ToDow, sin Tow,
(2.40)
+ To E5 sin Thw, sin Ty.wy + (By — ToEo COS Thw,) COS T4y,

Ay = 2w, + (12Co + T2 Dow, — Dy) sin Tow,

+ To E5 Sin Thw,, €OS Ty — (By — To Ep COS Thtw, ) SIN T4y

Next, we make the following assumption: (Hs): A1 x Az + Ay x Ay #0.
Thus, by the discussion above and by the general Hopf bifurcation theorem for FDEs
in Hale [25], we have the following results.

Theorem 2.2. For 7, € (0,Tx), T is defined by (2.29). If the conditions (Ha)-(Hs) hold, then the
equilibrium E,(x., y.) of system (1.4) is asymptotically stable for 71 € [0, T1.) and unstable when
T > T1,. System (1.4) has a branch of periodic solution bifurcation from the zero solution near T = Ty,.

3. Direction and Stability of Bifurcated Periodic Solutions

In this section, we shall investigate the direction of the Hopf bifurcation and the stability of
bifurcating periodic solution of system (1.4) w.r. to 71 for 7, € (0, T), and T is defined by
(2.29). The idea employed here is the normal form and center manifold theory described in
Hassard et al. [26]. Throughout this section, it is considered that system (1.4) undergoes the
Hopf bifurcation at 71 = 7., ™2 € (0,70) at E.(x«, yx). Let 71 = T1. + u, 4 € R so that the
Hopf bifurcation occurs at p = 0. Without loss of generality, we assume that 7. < 71, where
T2« € (0, T20).

Let u;(t) = x(t) — x., uz(t) = y(t) — ys, and rescaling the time delay ¢t — (¢/7;), Then
system (1.4) can be transformed into an FDE in C = C([-1,0], R?) as:

u(t) = Lyuy + F(p,uy), (3.1)

where u(t) = (u1(t), u2(t))" € R?and L, : C — R?, F: RxC — R?are given, respectively, by

L = (1 + p) (A’d)(O) + C'¢<—:—i> + B'd’(‘l))' (32)

F(p,¢) = (r1a + 1) (f1, f2)'
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with

, _ {an an , (b1 0 , (0 0
A_<0 0>’ B_<0 0)’ C_<C21C22),
f1= 8197(0) + £21(0)¢2(0) + 35 (0) + gap1(0)p1 (1)
+ 13 (0) + hagh? (0)¢2(0) + M1 (0)§3(0) + ha3(0) + -+,

f2= g9t <—T2*> + &P (‘%)4’2(0) + g§¢1<—2>¢2 (—Ti) (3.3)

T1x T1x T1x

+ gia (-2 ) + g (=2 ) + g (<2 ),

T1x T1x

+hé¢%< 7'2*)4)2(_7'2*) Fhagd0) +-o-

T1x T1x

where

by, (a1 + c1yx) _a% + arbx, + aijc1ys + 2bci x. Y.

82 =

7

81 =

B (ar+bx, +c1y.)’ (a1 +bx, + 1)’

c1x.(ar + bx,)

3= g =-1,

B (a1 + bx, +cly*)3’

L b*y. (a1 + c1ys) ’ a?b + a1b*x, + 2b%ci X,y — bely?
1=- 7 2 = ’
(a1 +bx, +c1y.)* (a1 +bx, + c1y.)*

(3.4)

aicy + a1ty + 2bx, . — bPeyx? cix, (a1 + bx.)
h3 - 1 7 h4 ==
(a1 + bx, + c1yx)

/__ﬂ_yf ’ % / & ’ _E

(a1 + bx, + cly*)4’

Using Riesz representation theorem, there exists a 2 x 2 matrix function #(6, x),0 € [-1,0]
whose elements are of bounded variation, such that

0
L. = J‘_1 dn(6,u)$©®), ¢ e C([-1,0],Ry). (3.5)
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In fact, choosing

(Tiesp) (A’ +C' + B), 0
(T1e4) (C' + B, € [—f*,0>,

(6, ) = 5

(Tl*-hu)B,/ 9 € <_]-/__>/

0, =-1.

(3.6)

\
For ¢ € C([-1,0]), we define

d$(0)
do ’

0
f dn(6,u)$(0), 6=0, (3.7)
-1

-1<0<0,
A(p)g =

0, -1<6<0,

Rup= {F(#Iqb), 6=0.

Then system (3.1) can be transformed into the following operator equation
i(t) = A(u)ur + R(p)uy, (3.8)

where u; = u(t +0) = (u1(t + 0),ux (t + 6)).
For ¢ € C'([0,1], (R?)"), where (R?)" is the 2-dimensional space of row vectors, we
further define the adjoint operator A* of A(0):

_d({pj_(ss), 0<s<1,
A*(p) = 0 (3.9)
[ poaneo, s=o
and a bilinear inner product:
0 0
(9(5),$(6)) =" (0)(0) - f f P (2 - 0)dn(0)$(é)dé, (3.10)
0=-1¢=0

where 77(0) = 7(8,0).
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Since #+iw,T. are eigenvalues of A(0), they are also eigenvalues of A*. Let
q0) = (1, qz)Tei“*T1*9 be the eigenvectors of A(0) corresponding to iw.T. and q*(s) =
(1/p)(1,q§)Tei“’*T1*s be the eigenvectors of A* corresponding to —iw,Ti.. By a simple
computation, we can get

iwy, — a;g — bnei“’*T1* _ iwy + ap + bllei“’*TT*

2= ap ’ =" Cop @i ' (3.11)

ﬁ =1+ qzﬁ; + bllTl*e_lw*Tl* + 021T2*§;€_IW*T2* + ngTz*qzﬁze_lw*Tz*.

Then (q",q) =1,(q",q) =

In the remainder of this section, Following the algorithms given in [26] and using
similar computation process to that in [16], we can get that the coefficients which will be
used to determine the important qualities of the bifurcating periodic solutions,

2T, 2
§0 = % {g1 + 2490+ g(42(0)) + 819V (1)
—x ' Tox Tox T
(o (2)) o (B () (2)
) Tox
saro(2)))
gu== {2g1 + (470 +77(0) + 284”077 ©0) + g (V-1 +7V(-1)
—f _ Tox _ Tos
a2 ()1 () (o (1) 0 70 ()7 0)
(T2 N T\ L o T\ @) _Tex
+83<q < T1*>q ( Tl*>+q < T+ 1 < Tl*))
, _ Tox
(7077 () <17 0% () ) )}
2714 _ _ 2 _
g0 = % {gl + 247 (0) + g3 <q(2)(0)> +g1g" (-1)
2
—f (=) _ T2x =) T2x \=(2) 1=(1) « \=2) (T2«
+q2<gl<q < T1*>> +gq ( Tl*) (0)+g < T1*>q ( Tl*)
T«
+8477(0)7' ”( - ))}
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27Ty, w e
2= —= o (0) +2W;,°(0)
& 5 {g( 11 >
1 _
+ g2< w2 0) + w2 (0) + EWZ%) 07 (0) + wﬁ)(O)q<2>(0))
+ (Wi (077 0) +2w,7 (09 (0))
+g4<1W<1)( D+ W (1) + 5 W“)(O)q(”(—l)+W“>(0)q<l)( 1)> +3h
2
+12(29%(0) +770) + 15 (297 ©F7 0 + (42©)°) +3hs(47 @) T2 )
(1) T2x \=(1) Tox 1) Tox 1) _&
(s ()10 () 2 () (5))
(1 <1><_2>—(2) <1><_2> @ @) (= (Tz*)
+g2(2W20 ™ q7(0)+wWy ™ q (0)+ W (O) ™
T«
wo(-22))
(1o (T =) _2) <1><_2) (2><_2>
+g3<2W20< T1*>q Tl *Wh Tl q Tix
10 T —(1)(_2))
+2W20< Tl*>q T1x
(L@ gyz@ (T2 @ na@ (2 . Lo (T2 \-0
+g4<2W20 or P + Wi (0)g p +2W20 T q7(0)
T«
(o)
(2 ()
! q T1x q T1x
2
' m(_«\\ 7@ WP\ (_Px ),
+hz<<q (Tl*>)q (0) +29 (Tl*>q (Tl*)q (0)>
2
(a0 (T 50 (2 TZ*)—u)(_z) (2)(_2)
+h3<<q < T1*>> 1 < Tl*>+2q < T1x 1 T1x il T1x !

(3.12)
with

wW. (9) — lgzoq(O) eiTl*w*Q lg02q(0) —1’1‘1 w, 0 +E eZiTl,,w*G
20 T1x W 3Tl*w* 20 ! (3 13)
lgub](O) em*w*e " l?llﬁ(o) e—in*w*e

Wi (0) = -
T1x W T1x W

+En,
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where Ey and Eq; can be computed as the following equations, respectively,

£ _ B
E — 2 20 % 21L(J* —dai — blle_ZlT“w* —ar .
20 @ —cn 6—2172*(0* 2i w, — sze—Zsz* w, ,
EZO
) (3.14)
E -1
Eyp =~ ! x <a11 +bn al?)

E(Z) 21 C22

with
2
Ey = g1+24?(0) + & <q(2)(0)> +81q'V(-1),
' T2« 2 / T2x
E;?)) =& <q(1> (‘%)) +82‘7(1)<_i>q(2) ()
1% T1x
g (2 ) (T2 2@ (0)g®@ (=
e ()7 () a0 (3.
EY =251+ £(470) +7%0) +28:42 07”0 + &1 (4P -1 +3"(-1),  (3.15)
@) _ oot ) T2 \=() [ _T2x (@ _Tx \=0) ) (_T2x\
Ei =284 <T1*>q (T1*>+gz<q <n*)‘7 0)+7q <n*>‘7 (0)>
g (22 \g@ (22 ) L g0 (22 ) oo (T2
+g3<q <Tl*>q ( Tl*>+q ( Tl*>q < Tl*))
+ 8 (q‘”(o)ﬁ(z) <—Ti) +q?(0)g"” <—Ti>>
T1x T1x

Therefore, we can calculate the following values:

C1(0) = Zrliw* <g11gzo ~2|gn|*- @) + %
__Re{G(0)}
2= TRe(W ()} (3.16)
P2 =2Re{C1(0)},
_Im(CI(O)) + e Im{X (1)}

T1xWx

T, =

Based on the discussion above, we can obtain the following results.

Theorem 3.1. The direction of the Hopf bifurcation is determined by the sign of po: if po > 0 (pp <
0), the Hopf bifurcation is supercritical (subcritical). The stability of bifurcating periodic solutions is
determined by the sign of B: if o < 0 (B2 > 0), the bifurcating periodic solutions are stable (unstable).
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The period of the bifurcating periodic solutions is determined by the sign of To: if T, > 0 (T, < 0), the
period of the bifurcating periodic solutions increases (decreases).

4. Numerical Example

In order to support the analytic results obtained above, we give some numerical simulations
in this section. We only study the most important steady state, namely, the positive steady
state. We consider the following system by taking the same coefficients as in [16]:

dx xy
ar XA xt-m)) - oy

at
dy y(t-m)
@ =Pl

(4.1)

where we get the positive equilibrium E, (0.6328,1.1074). For system (4.1), we can get that
A+ B+ D =3.9017 > 0, namely, the condition (H;) holds.

For 71 = m = 7#0. By a simple computation, we obtain that (2.18) has two positive
roots: v; = 12.0256, v, = 0.3915. Thus, we know that the condition (H;) holds. Further, we
get wo = 3.4678, 7p = 0.4292. In addition, we have A1 x Az + Ay x Ay = 94.4826 > 0. Therefore,
the condition (Hj3) is satisfied. Hence, from Theorem 2.1, we conclude that the positive
equilibrium E,(0.6328,1.1074) is asymptotically stable when 7 € [0, 79). The corresponding
waveform and the phase plot are illustrated by Figure 1. When the delay 7 passes through the
critical value 7y the positive equilibrium E, (0.6328,1.1074) will lose its stability and a Hopf
bifurcation occurs, and a family of periodic solution bifurcates from the positive equilibrium
E,(0.6328,1.1074). This property is illustrated by the numerical simulation in Figure 2.

For 11 #7, 71 > 0 and 7, > 0. Regard 7, as a parameter and let 7, = 0.36 € [0, ),
and from (2.29) we can obtian 1,y = 0.4037. Then by a simple computation, we can obtain
(2.34) has a positive root w, = 0.6792. Thus, the condition (Hy) holds. Further, we we can
get 7, = 23211 and A; x Az + Ay x Ay = 3.7131 > 0. Namely, the condition (Hs) holds.
Thus, by Theorem 2.2, the positive equilibrium E,(0.6328,1.1074) is asymptotically stable
when 71 € [0, 71.) and unstable when 71 > 71,, and a family of periodic solution bifurcates
from the positive equilibrium E, (0.6328,1.1074). The corresponding waveform and the phase
plot are illustrated by Figures 3 and 4, respectively. In addition, from (3.16), we can get
C1(0) = —26.2632 — 7.5707i, then p, = 12.1471, p, = -52.5264, T, = 5.8586. From Theorem 3.1,
we know that the Hopf bifurcation is supercritical and the bifurcating periodic solutions are
stable.

5. Conclusion

In this paper, a delayed predator-prey system with Beddington-DeAngelis functional
response has been investigated. The bifurcation of a predator-prey system with single delay
has been studied by many researchers [16, 27-30]. However, there are few papers considering
the bifurcation of a predator-prey system with multiple delays (see [31-33]). Compared
with the system considered in [16], the system in this paper accounts for not only the
feedback delay of the prey density but also the feedback delay of the predator. The sufficient
conditions for the stability of the positive equilibrium and the existence of periodic solutions



16 Abstract and Applied Analysis

2.5

15}

y(t)
y(b)

05

0 20 40 60 0 20 40 60 0.6 0.65 0.7
Timet Time t x(t)

—— Prey —— Predator

Figure 1: E, is stable for 71 = 7 = 7 = 0.4 < 79 = 0.4292 with initial value 0.62,2.35.
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Figure 2: E, is unstable for 71 = 7, = 7 = 0.44 > 7y = 0.4292 with initial value 0.62,2.35.

via Hopf bifurcation at the positive equilibrium are obtained when 7 = 7, and 71 # 7> with
T, € [0, Ty). Special attention is paid to the direction of the Hopf bifurcation and the stability
of the bifurcating periodic solutions. By computation, we find that the feedback delay of the
predator is marked because the critical value of 7, is much smaller when we only consider it.
The feedback delay of the prey is unremarkable because the critical value of 7; is much bigger
when we consider it with 7, in its stable interval. Furthermore, Zhang [16] has obtained that
the two species in system (1.4) with only the feedback delay of the predator could coexist.
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Figure 3: E, is stable for 71 = 0.8 < 7% = 2.3211, 7» = 0.36 with initial value 0.62,2.35.
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Figure 4: E, is unstable for 7y = 2.4 > 7y = 2.3211, 7, = 0.36 with initial value 0.62,2.35.

However, we get that the two species could also coexist with some available feedback delays
of the prey and the predator. This is valuable from the view of ecology.

Unfortunately, the existence of the periodic solutions remain valid only in a small
neighborhood of the critical value. It is definitely an interesting work to investigate whether
these nonconstant periodic solutions which are obtained through local Hopf bifurcation can
still exist for large values of the corresponding parameter time delay. The global continuation
of the local Hopf bifurcation is left as the future work.



18 Abstract and Applied Analysis

Acknowledgments

The authors are grateful to the two anonymous reviewers for their helpful comments and
valuable suggestions on improving the paper. This work was supported by Doctor Candidate
Foundation of Jiangnan University (JUDCF12030) and Anhui Provincial Natural Science
Foundation under Grant no. 1208085QA11.

References

[1] E. Beretta and Y. Kuang, “Global analyses in some delayed ratio-dependent predator-prey systems,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 32, no. 3, pp. 381-408, 1998.

[2] A. A.Berryman, “The origins and evolution of predator-prey theory,” Ecology, vol. 73, no. 5, pp. 1530-
1535, 1992.

[3] H. J. Guo and X. X. Chen, “Existence and global attractivity of positive periodic solution for a
Volterra model with mutual interference and Beddington-DeAngelis functional response,” Applied
Mathematics and Computation, vol. 217, no. 12, pp. 5830-5837, 2011.

[4] X.L.Wang, Z.]. Du, and J. Liang, “Existence and global attractivity of positive periodic solution to a
Lotka-Volterra model,” Nonlinear Analysis: Real World Applications, vol. 11, no. 5, pp. 4054-4061, 2010.

[5] Z. D. Teng, “On the persistence and positive periodic solution for planar competing Lotka-Volterra
systems,” Annals of Differential Equations, vol. 13, no. 3, pp. 275-286, 1997.

[6] P. H. Leslie, “Some further notes on the use of matrices in population mathematics,” Biometrika, vol.
35, no. 3-4, pp. 213-245, 1948.

[7] M. A. Aziz-Alaoui and M. D. Okiye, “Boundedness and global stability for a predator-prey model
with modified Leslie-Gower and Holling-type II schemes,” Applied Mathematics Letters, vol. 16, no. 7,
pp- 1069-1075, 2003.

[8] Z. Zhao, L. Yang, and L. Chen, “Impulsive perturbations of a predator-prey system with modified
Leslie-Gower and Holling type II schemes,” Journal of Applied Mathematics and Computing, vol. 35, no.
1-2, pp. 119-134, 2011.

[9] S. Gakkhar and A. Singh, “Complex dynamics in a prey predator system with multiple delays,”
Communications in Nonlinear Science and Numerical Simulation, vol. 17, no. 2, pp. 914-929, 2012.

[10] G. O. Eduardo, M. L. Jaime, A. Rojas-Palma, and ]J. D. Flores, “Dynamical complexities in the
Leslie-Gower predator-prey model as consequences of the Allee effect on prey,” Applied Mathematical
Modelling, vol. 35, no. 1, pp. 366-381, 2011.

[11] J. T. Tanner, “The stability and intrinsic growth rates of prey and predator populations,” Ecology, vol.
56, no. 4, pp. 855-867, 1975.

[12] A. Gasull, R. E. Kooij, and J. Torregrosa, “Limit cycles in the Holling-Tanner model,” Publicacions
Matematiques, vol. 41, no. 1, pp. 149-167, 1997.

[13] E. Sdez and E. G. Olivares, “Dynamics of a predator-prey model,” SIAM Journal on Applied
Mathematics, vol. 59, no. 5, pp. 1867-1878, 1999.

[14] T. Saha and C. G. Chakrabarti, “Dynamical analysis of a delayed ratio-dependent Holling-Tanner
predator-prey model,” Journal of Mathematical Analysis and Applications, vol. 358, no. 2, pp. 389402,
2009.

[15] K. Q. Lan and C. R. Zhu, “Phase portraits, Hopf bifurcations and limit cycles of the Holling-Tanner
models for predator-prey interactions,” Nonlinear Analysis: Real World Applications, vol. 12, no. 4, pp.
1961-1973, 2011.

[16] ].-E. Zhang, “Bifurcation analysis of a modified Holling-Tanner predator-prey model with time delay,”
Applied Mathematical Modelling, vol. 36, no. 3, pp. 1219-1231, 2012.

[17] J. R. Beddington, “Mutual interference between parasites or predators and its effect on searching
efficiency,” Journal of Animal Ecology, vol. 44, no. 1, pp. 331-340, 1975.

[18] D. L. DeAngelis, R. A. Goldstein, and R. V. ONeill, “A model for trophic interaction,” Ecology, vol. 56,
no. 4, pp. 881-892, 1975.

[19] T.-W. Hwang, “Global analysis of the predator-prey system with Beddington-DeAngelis functional
response,” Journal of Mathematical Analysis and Applications, vol. 281, no. 1, pp. 395-401, 2003.

[20] M. Fan and Y. Kuang, “Dynamics of a nonautonomous predator-prey system with the Beddington-
DeAngelis functional response,” Journal of Mathematical Analysis and Applications, vol. 295, no. 1, pp.
15-39, 2004.



Abstract and Applied Analysis 19

[21] K. Q. Lan and C. R. Zhu, “Phase portraits of predator-prey systems with harvesting rates,” Discrete
and Continuous Dynamical Systems A, vol. 32, no. 3, pp. 901-933, 2012.

[22] Z. Q. Lu and X. Liu, “Analysis of a predator-prey model with modified Holling-Tanner functional
response and time delay,” Nonlinear Analysis: Real World Applications, vol. 9, no. 2, pp. 641-650, 2008.

[23] S. G. Ruan and J. J. Wei, “On the zeros of transcendental functions with applications to stability of
delay differential equations with two delays,” Dynamics of Continuous, Discrete & Impulsive Systems A,
vol. 10, no. 6, pp. 863-874, 2003.

[24] Y. Kuang, Delay Differential Equations with Applications in Population Dynamics, vol. 191, Academic
Press, New York, NY, USA, 1993.

[25] J. K. Hale, Theory of Functional Differential Equations, Springer, New York, NY, USA, 1977.

[26] B.D. Hassard, N. D. Kazarinoff, and Y. H. Wan, Theory and Applications of Hopf Bifurcation, Cambridge
University Press, Cambridge, UK, 1981.

[27] L.Fengand L. H. Wei, “Hopf bifurcation of a predator-prey model with time delay and stage structure
for the prey,” Mathematical and Computer Modelling, vol. 55, no. 3-4, pp. 672-679, 2012.

[28] Y. Yang, “Hopf bifurcation in a two-competitor, one-prey system with time delay,” Applied Mathematics
and Computation, vol. 214, no. 1, pp. 228-235, 2009.

[29] Y. L. Song, S. L. Yuan, and J. M. Zhang, “Bifurcation analysis in the delayed Leslie-Gower predator-
prey system,” Applied Mathematical Modelling, vol. 33, no. 11, pp. 4049-4061, 2009.

[30] S. Yuan and Y. Song, “Stability and Hopf bifurcations in a delayed Leslie-Gower predator-prey
system,” Journal of Mathematical Analysis and Applications, vol. 355, no. 1, pp. 82-100, 2009.

[31] Y. E Ma, “Global Hopf bifurcation in the Leslie-Gower predator-prey model with two delays,”
Nonlinear Analysis: Real World Applications, vol. 13, no. 1, pp. 370-375, 2012.

[32] X.-Y.Meng, H.-F. Huo, and H. Xiang, “Hopf bifurcation in a three-species system with delays,” Journal
of Applied Mathematics and Computing, vol. 35, no. 1-2, pp. 635-661, 2011.

[33] S. Gakkhar, K. Negi, and S. K. Sahani, “Effects of seasonal growth on ratio dependent delayed prey
predator system,” Communications in Nonlinear Science and Numerical Simulation, vol. 14, no. 3, pp.
850-862, 2009.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



