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We discuss the existence of positive solutions to the following fractional m-point boundary value
problem with changing sign nonlinearity Dg, u(t) + Af(t,u(t)) = 0,0 < t < 1,u(0) = 0, Dg+u(1) =
Z{Z[Z qiDg+u(§i), where ) is a positive parameter, 1 <a <2, 0<f<a-1,0<¢ < <{épn <1

with 372 11145?7'6 e, Dg, is the standard Riemann-Liouville derivative, f and may be singular
att =0and/ort = 1 and also may change sign. The work improves and generalizes some previous
results.

1. Introduction

In this paper, we consider the following fractional differential equation with m-point boun-
dary conditions:

DEu(t) + Af(tu(t) =0, 0<t<l,

5 m=2 s (1.1)
w(0) =0, Dou(l) = > mDy,u),
i=1
where 1 <a <2,1>0isaparameter,0 < f<a-1,0<¢ <--- <&, o < 1with 37"? mcj?_ﬂ_l <

1, Dy, is the standard Riemann-Liouville derivative, and f € C((0,1) x [0, +o0) — (-0, +c0))
may be singular at t = 0 and/or t = 1 and also may change sign. In this paper, by a positive
solution to (1.1), we mean a function u € C[0, 1] which is positive on (0, 1] and satisfies (1.1).
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In recent years, great efforts have been made worldwide to study the existence of
solutions for nonlinear fractional differential equations by using nonlinear analysis methods
[1-24]. Fractional-order multipoint boundary value problems (BVP) have particularly
attracted a great deal of attention (see, e.g., [13-19]). In [10], the authors discussed some
properties of the Green function for the Direchlet-type BVP of nonlinear fractional differential
equations

Df,u(t) + f(t,u(t)) =0, 0<t<l,
(1.2)
u(0)=0, u(1)=0,

where 1 < a <2, Dg, is the standard Riemann-Liouville derivative and f : C([0,1]x[0, +o0) —
[0, +00)) is continuous. By using the Krasnosel’skii fixed-point theorem, the existence of
positive solutions was obtained under some suitable conditions on f.

In [14], the authors investigated the existence and multiplicity of positive solutions by

using some fixed-point theorems for the fractional differential equation given by

DS u(t) + f(t,u(t)) =0, 0<t<l,
(1.3)
u(0) =0, Db u(l)=aD u),

wherel1 <a<2,0<p<1,0<¢<1,0<ac< 1witha§”“ﬂ‘2 <1-B0<a-p-1,fis
nonnegative.

It should be noted that in most of the works in literature the nonlinearity needs to
be nonnegative in order to establish positive solutions. As far as we know, semipositone
fractional nonlocal boundary value problems with 1 < a < 2 have been seldom studied due
to the difficulties in finding and analyzing the corresponding Green function.

In [23], the authors investigated the following fractional differential equation with
three-point boundary conditions:

DS u(t) + f(t,u(t)) +e(t) =0, 0<t<1,
(1.4)
u(0) =0, Dfu(l)=aDf u@),

wherel <a<2,0<f<1,0<¢<1,0<a<10<a—-p-1,e(t) € L[0,1], and f satisfies the
Caratheodory conditions. The authors obtained the properties of the Green function for (1.4)
as follows:

pt's(1-s)" $971(1 — 5)* 1

M ST agy 0

By using the Schauder fixed-point theorem, the authors obtained the existence of positive
solution of (1.4) with the following assumptions:

(A;) for each L > 0, there exists a function ¢, > 0 such that f (¢ t*!x) > ¢.(t) for a.e.
te (0,1), forall x € (0, L];
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(Ay) there exist g(x), h(x), and k(t) > 0, such that

0< f(t,x) <k(t){g(x)+h(x)}, Vxe(0,), ae. te(0,1), (1.6)

here g : (0,00) — [0, o) is continuous and nonincreasing, h : [0, ) — [0, o) is continuous,
and h/ g is nondecreasing;

(A3) There exist two positive constants R > r > 0 such that

R>®ri+y.21r>0,
' 1
Io k(s)g(rs )ds < +oo, (1.7)

hR)\ (1 Q-9 -
Rz (14 g(R)) fo (1= a8 (s e

Here

a-p-1
f ﬁs(lr(s)) br(s)ds. (1.8)

The assumptions on nonlinearity are not suitable for frequently used conditions, such as
superlinear or some sublinear. For instance, f(t,x) = x*, u > 0, obviously, f does not satisfy
(A1).

Inspired by the previous work, the aim of this paper is to establish conditions for the
existence of positive solutions of the more general BVP (1.1). Our work presented in this
paper has the following new features. Firstly, we consider few cases of 1 < a < 2 which
has been studied before, and in dealing with the difficulties related to the Green function
for this case, some new properties of the Green function have been discovered. Secondly, the
BVP (1.1) possesses singularity; that is, f may be singular at t = 0 and/or t = 1. Thirdly,
the nonlinearity f may change sign and may be unbounded from below. Finally, we impose
weaker positivity conditions on the nonlocal boundary term; that is, some of the coefficients
7; may be negative.

The rest of the paper is organized as follows. In Section2, we present some
preliminaries and lemmas that are to be used to prove our main results. We also discover
some new positive properties of the corresponding Green function. In Section 3, we discuss
the existence of positive solutions of the semipositone BVP (1.1). In Section 4, we give an
example to demonstrate the application of our theoretical results.

2. Basic Definitions and Preliminaries

For the convenience of the reader, we present here the necessary definitions from fractional
calculus theory. These definitions can also be found in the recent literature.
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Definition 2.1. The fractional integral of order a > 0 of a function u : (0, +o0) — Ris given by

1 »
a — —_g)* 2.1
I5,u(t) @) fo (t-s)" " u(s)ds, (2.1)
provided that the right-hand side is pointwisely defined on (0, +0).

Definition 2.2. The Riemann-Liouville fractional derivative of order a > 0 of a function u :
(0,+00) — Ris given by

a — 1 d " n-a-1
Dg,u(t) = Ti—a) (E) -[o (t-s) u(s)ds, (2.2)

where n = [a] + 1 and [a] denotes the integer part of the number a, provided that the right-
hand side is pointwisely defined on (0, +0).

Lemma 2.3 (see [3]). Let a > 0. Then the following equality holds for u € L(0,1), Dg,u € L(0,1);
I5. DS u(t) = u(t) + cit™ L+ ot 2 4 -+ - + cut™ ", (2.3)

+

wherec; € R,i=1,2,...,.n,n-1<a<n.

Set
Cire o L (1 - g)* P 0<t<s<l, ”4
o(,S)—m (1) Pl () 0<s<t<l, (2.4)
L a-p-1
p(s) = l—éni(";’_SS) , (2.5)
G(t,s) = Go(t, s) +q(s)t**, (2.6)
where
_p(s)—p(0) a-p-1 1 = pap-1
q(s) = W(l -5) , p0)=1 i;mgi ) (2.7)

For convenience in presentation, we here list the assumption to be used throughout the paper.
(Hi1) p(0) >0, g(s) > 0o0on [0,1].

Remark2.4. Ifn; =0 (i=1,...,m-2),wehavep(0) =landg(s)=0.1f; >0 (i=1,...,m-2)
and Y2 mgf_ﬁ_l <1, wehave g(s) >0on [0,1].
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Lemma 2.5 (see [14]). Assume that g(t) € L[0,1] and a > > 0. Then
t t
D!, fo (t-5)*"g(s)ds = % fo (t—s)* P lg(s)ds. (2.8)

Lemma 2.6. Assume (H;) holds, and y(t) € L[0,1]. Then the unique solution of the problem

Dj.u(t) +y(t)=0, 0<t<1,

s m=2 5 (29)
u(0) =0, Dy,u(l)= > miDg,u()
i=1
is
1
u(t) = I G(t, s)y(s)ds, (2.10)
0
where G(t, s) is the Green function of the boundary value problem (2.9).
Proof. From Lemma 2.3, the solution of (2.9) is
u(t) = -I5,y(t) + et + ot 2. (2.11)
Consequently,
u(t) = L ft (t- s)“’ly(s)ds + ot 4 o2 (2.12)
I'(a) Jo '
From u(0) = 0, we have ¢; = 0.
By Lemma 2.5, we have
t
p _ 1 a-p-1 al(a) o pa
Dy u(t) =——— f (t-s) y(s)ds + t . (2.13)
" T(a-p) Jo T(a-Pp)
Therefore,
p _ a-p-1 c1l'(a)
Dy, u(1) = - —-5) y(s)ds + ,
’ T'(a-Pp)
(2.14)
a cal(a) L a—p-
Db u(d) = - 9 (e +
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By D€+u(1> = ﬂiDgﬂ(éi), we have

_ L =9 y(s)ds - S i G- 9)" Py (s)ds

1

I'(a)p(0)
) s (2.15)
_ o =9 p(s)y(s)ds
I'(a)p(0) '
Therefore, the solution of (2.9) is
u(t) = ct* ' - L ft (t—s)* " y(s)ds
- I'(a) Jo Y
) (2.16)
= f G(t,s)y(s)ds.
0
O
Lemma 2.7. The function Gy(t, s) has the following properties:
(1) Go(t,s) >0, fort,s € (0,1);
(2) T(a)Go(t, s) <t for t,s € [0,1];
(3) B h(s) < T()Golt, s) < k()12 for t,5 € (0,1),
where
h(s) = s(1—s)* P, (2.17)
Proof. (1) When 0 <t <s <1, itis clear that
Go(t,s) = Lt”“l(l -s)*P1s0 (2.18)
olt, T(a) . .
When 0 < s<t<1,wehave
ta—l(l _ S)a—ﬂ—l _ (t _ s)a—l > ta—l(l _ S)a—ﬂ—l _ ttx—l(l _ S)a—l
(2.19)
= 1971 (1 — g)* P! [1 ~(1- s)f’] > 0.
(2) By (2.4), for any t,s € [0, 1], we have
T(a)Go(t, s) < 711 —s)" P < 41, (2.20)

In the following, we will prove (3).
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(i) When 0 < s <t <1, noticing that 0 < f < a -1 < 1, we have

%{t“‘zs(l — ) P el - s)“*f’*l} = t2(1 - 6)* P (t - ) In(1 - 5) < 0.

Therefore,

ta72s(1 _ S)a—ﬁ—l _ <ta71(1 _ S)vc—ﬁ—l _ (t _ S)ﬂ(—l) > pa2g _qa-l (i’ _ S)a—l

= 1" 2(t—s)+ (t—5)"1 >0,
which implies
T'(a)Go(t,s) < h(s)t* 2.
On the other hand, we have

dis{ﬂ5+(1—s)ﬂ} <0, s€][0,1).

Therefore, fs + (1 - s)ﬁ <1, which implies
[1 ~(1- s)ﬂ] > .

Then

[(a)Go(t,s) = (1 - ) P = (t - 5)*!

> ta—l(l - s)rx—ﬁ—l —(t- S)ﬂ(t _ ts)a—p—l
= [1 _ <1 _ ?)ﬂ] (1 = g)a bl
> [1 -(1- S)ﬂ] i’a_l(l _ S)u—ﬁ—l

> pt*h(s).

(ii) When 0 <t < s <1, we have

r(a)GO (t/ S) = ta_l(l — S)a7ﬁ71 — tu—zt(l _ s)a,ﬂ,1

< 19725(1 - 5)" P = B(s)t2,

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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On the other hand, clearly we have
T(a)Go(t,s) = t*1(1 - ) P! > ptah(s).

The inequalities (2.23)—(2.28) imply that (3) holds.
By Lemma 2.7, we have the following results.

Lemma 2.8. Assume (Hi) holds, then the Green function defined by (2.6) satisfies

(1) G(t,s) >0, forall t,s € (0,1);
(2) G(t,s) <t 1((1/(T(a))) +q(s)), for all t,s € [0,1];
(3) pt*ld(s) < G(t,s) < t*72D(s), forall t,s € (0,1),

where
_ [ h(s)
o) = (F3 +4)):
Lemma 2.9. Assume (Hy) holds, then the function G*(t, s) =: t**G(t, s) satisfies

(1) G*(t,5) > 0, forall t, s € (0,1);
() G*(t,5) < H(1/(T())) + q(s)), for all t,5 € [0,1];
(3) BHO(s) < G*(t,5) < D(s), for all t,s € [0,1].

For convenience, we list here four more assumptions to be used later:

(Hz) f € C((0,1) x [0, +00), (—o0, +0)) satisfies

fx) 2 -r(t), f(L1"2x) <2(H3(x), te(0,1), x € [0,+w),

where r,z € C((0,1), [0, +0)), g € C([0, +o0), [0, +0)).

(Hs) [y r(s)ds < +o0, 0 < [, z(s)ds < +oo.

(Hy) There exists [a,b] C (0,1) such that

t,x
liminf min ft,x) =+
x—+oo te[a,b] X

(Hs) There exists [¢,d] € (0,1) such that

liminf min f(t, x) = +co,
X — +o0o te[c,d]f( ) *

lim @ =0.

x—+00 X

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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Remark 2.10. The second limit of (Hs) implies

lim £ _ g, (2.33)

u—+oo U
where

g (u) = E}Sﬁ]g(x)‘ (2.34)

Proof. By lim,, _, 4o, (g(1) /u) = 0, for any € > 0, there exists N7 > 0, such that for any u > N;
we have

0< g(u) <eu. (2.35)
Let N = max{Nj, ((g"(N1))/€)}, for any u > N we have
0<g"(u) <eu+g"(Ny) <2eu. (2.36)

Therefore, lim,, ., ((g*(u))/u) = 0. O
Lemma 2.11. Assume (H;) holds and r(t) € C(0,1) N L[0, 1] is nonnegative, then the BV P

Dju(t)+r(t)=0, 0<t<l1,

(2.37)
u(0) =0, Zm ()
has a unique solution cw(t) = J’S G(t, s)r(s)ds with w(t) < kt*1, where
1
1
= — 2.38
k fo <F(0c) + q(s))r(s)ds, te[0,1]. (2.38)

Proof. By Lemma 2.6, w(t) = jé G(t,s)r(s)ds is the unique solution of (2.37). By (2) of
Lemma 2.8, we have

1 1
w(t) = fo G(t,s)r(s)ds < t"“lf (r %) + q(s)>r(s)ds (2.39)

O

Let E = C[0,1] be endowed with the maximum norm ||u|| = maxg<<1|u(t)| and define
a cone P by

P ={u(t) € E: there exists I, >0 such that pt|ul| < u(t) <Lt} (2.40)

and then set B, = {u(t) € E: ||u|| <r}, P, = PNB,, 0P, = PN 0B,.
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Next we consider the following singular nonlinear BVP:

D§u(t) + A[f(t, [u(t) - Aw(H)]") +r(t)] =0, 0<t<1,

m-2 (241)
u(0) =0, Dhu(l)= > nDyu(),
i-1
where A > 0, [v(t)]" = max{wv(t),0}, w(t) is defined in Lemma 2.11.
Let
1 +
Tu(t)=A| G(t, , [s%7%u(s) - A ds. 242
u(t) L (t,5) [f(s [s u(s) w(s)] ) + r(s)] s (2.42)

Clearly, if u(t) € P is a fixed point of T, then y(t) = t*2u(t) is a positive solution of
(2.41).

Lemma 2.12. Suppose that (H1)—(Hs3) hold. Then T : P — P is a completely continuous operator.

Proof. 1t is clear that T is well defined on P. For any u € P, Lemma 2.9 implies
1 +
Tu(t) > ﬂt)uf D(s) [f (s, [s"‘iu(s) - /\w(s)] ) + r(s)]ds. (2.43)
0
On the other hand,
1
Tu(t) <3 @) [ (5[5 2u() - 1)) + )] ds. (2.44)
0
Therefore, Tu(t) > pt ||Tu||. Noticing that

Tu(t) < At Jd <ﬁ + q(s)) [f (s, [s“‘zu(s) - .)L(A](S)]+> + r(s)]ds, (2.45)

0

wehaveT : P — P.
Using the Ascoli-Arzela theorem, we can then get that T : P — P is a completely
continuous operator. O

Lemma 2.13 (see [25]). Let E be a real Banach space and let P C E be a cone. Assume that Qi and
Q, are two-bounded open subsets of E with 8 € Q1,01 C Qp, T : PN (Qy \ Q1) — P a completely
continuous operator such that either

) ITull < lull, u € PN oLy and ||Tu|| > ||ul|, v € PN oLy, or
) ITul| = ||ull, u € PN oQy and ||Tul| < ||ul|, u € PN oQs.

Then T has a fixed point in PN (Qy \ Q1).
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3. Existence of Positive Solutions

Theorem 3.1. Suppose that (Hy)—(Ha) hold. Then there exists A* > 0 such that the BVP (1.1) has
at least one positive solution for any A € (0, 1*).

Proof . Choose r; > kff~!. Let

A" =min< 1, T n ’ (3.1)
(8" () +1) [, D(s)(z(s) +r(s))ds
where
g (r) = xrg[gf]g(x)- (3.2)
In the following of the proof, we suppose A € (0, 1*).
For any u € 0P,,, noticing u(t) > ptr; and Lemma 2.11, we have
F2u(t) = Aw(t) > (Bry — Akt > (Bri — k)t >0, (3.3)
1 > u(t) — M w(t) > (Br - k)t > 0. (3.4)
Therefore,
1 +
Tu(t)=A| G*'(t, L[5 2u(s) - A d
u(t) .[o (t,s) (f(s [s u(s) w(s)] ) + r(s)) s
1 +
V2
< .)LJ‘O D(s) <z(s)g<[u(s) As w(s)] > + r(s))ds
) (3.5)
< Mg )+ 1) | ) (a(s) + r(o)ds
0
1
<A (g"(r)+1) f @(s)(z(s) +r(s))ds < ry.
0
Thus,
[Tu|| < ||u|l, YueodPb,. (3.6)
Now choose a real number
2
L> (3.7)

AR [0 @(s)s%1ds
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By (Hy), there exists a constant N > 0 such that

f(t,x)>Lx, foranyte][ab], x>N.

Let

2k 2N
rh=r1+—+

ﬂ ﬂau—l :

Then for any u € 0P,,, we have
2u(t) — dw(t) > (ry — k)1 > %t“‘l, vt e (0,1].
Thus, for any t € [a, b], we have t*u(t) — Aw(t) > N. Hence, we get

ITull = max f: G*(t, 5) [f<s, [s”‘_zu(s) - J\w(s)r) + r(s)]ds

> maxA\ ’ G*(t, s)f<s, [s"‘*zu(s) - Aw(s)])ds

te[0,1]

\%

b
* a-2 _
> g{iﬁAL L G*(t,s) (s u(s) )taJ(s)>ds

\%

b
maxAL f G*(t,s) @s“_lds
te[0,1] 2 2

v

AL 2 b
max e t f D(s)s* ds
te[0,1] 2 a

AL 2 b
_ # f D(s)s* \ds > .

Therefore,

ITull > |ull, VuedP,.

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

By Lemma 2.13, T has a fixed point u € P such that r; < ||u|| < r2. Let u(t) = t*u(t) - lw(t).
Since ||lu|| > r1, by (3.3) we have u(t) > 0 on (0,1] and lim;_,o-t*2u(t) = 0. Notice that w(t) is
the solution of (2.37) and #*~2u(t) is the solution of (2.41). Thus, #(t) is a positive solution of

the BVP (1.1).

O

Theorem 3.2. Suppose that (H1)—(H3) and (Hs) hold. Then there exists A* > 0 such that the BVP

(1.1) has at least one positive solution for any A € (1*, +o0).
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Proof. By the first limit of (Hs), there exists N > 0 such that

f(t,x)> dL, forany t € [c,d], x > N.
p? [ D(s)ds
Let
N
A= .
kca—l

In the following part of the proof, we suppose A > 1*.
Let

R, 21k

Then for any u € 0Pg,, we have

F2u(t) — dw(t) > (BRy — M) = Akt > Ikt*, V€ (0,1].

Therefore, t*u(t) — Aw(t) > N, for any t € [c,d] and u € OPg,. Then

Tu(t) = A fl G*(t,5) [ f(s, [s“’zu(s) - Aw(s)r) + r(s)]ds
0

>\ J‘d G*(t, s)f<s, [s”‘2u(s) - )L(,U(S)] +>ds

21k a_.
> m L G*(t,s)ds

A d
> ﬂjdz(bﬁ L @(s)ds = Ryt.

This implies

[ITull > |lull, Vu € OPkg,.

13

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

On the other hand, g(x) is continuous on [0, +c0), and thus from the second limit of

(Hs), we have

lim 8 x)

x—+00 X

:0/

(3.19)
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where ¢g*(x) is defined by (3.2). For

1 -1
€= <2/\J (D(s)z(s)ds> , (3.20)
0
there exists Xy > 0 such that g(u) < ex for any x > Xp and u € [0, x].
Let

1
Ry =Xo+ Ry + zxf @(s)r(s)ds. (3.21)

0

For any u € 0Pg,, by (3.16) we can get Ry > u(t) — \**w(t) > 0, for all t € [0, 1]. Therefore,

| Tull < A f: D(s) [z(s)g<[u(s) - )Lsz-“w(s)r) + r(s)]ds

< AeR, f: @(s)z(s)ds + A I: @(s)r(s)ds (3.22)
< % + % =Ro.
Thus,
[ITull < llull, Vu € OPg,. (3.23)

By Lemma 2.13, T has a fixed point u € P such that Ry < |[u < Ry. Let u(t) = t*2u(t) — lw(t).
Since |lu|| > Ry, by (3.16) we have u(t) > 0 on (0,1] and lim;_,¢+#*u(t) = 0. Notice that w(t)
is a solution of (2.37) and t*2u(t) is a solution of (2.41). Thus, u(t) is a positive solution of
the BVP (1.1). O

By the proof of Theorem 3.2, we have the following corollary.

Corollary 3.3. The conclusion of Theorem 3.2 is valid if (Hs) is replaced by (H?). There exist [c,d] C
(0,1) and N > 0 such that for any t € [c,d] and x > N,

2k

tx)> ——,
Jtx) [ ®(s)ds

(3.24)
lim @ =0.

x—+00 X
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4. Example

Example 4.1 (a 4-point BVP with coefficients of both signs). Consider the following problem:

DY *u(t) + Af(t,u(t)) =0, te(0,1), u(0) =0,

N A (4.1)
1/4 1/4 1/4
D0+ u(l) = DO+ u<1> a §D0+ u<§>’
where
f(t,x) =x>+Int. (4.2)
We have
) £3/4(1 - 5)1/2, 0<t<s<l,
Go(t,s) = =7~ (9
I'(7/4
T ey -sp, 0<s<i<,
, 1/4) - s\"2 1/(4/9) -5\ 1
1 (¢ _ 0<s<
1-s 2\ 1-s LT
\12
ps)=41_L(@#/9=s , 15555 &9
2\ 15 4 9
4
\1’ ) <s<1.

By direct calculations, we have p(0) = (1/6) and g(s) > 0, which implies that (H;) holds.
Let r(t) = —Int, z(t) = t7V/2, g(x) = x% It is easy to see that (H,) and (H3) hold.
Moreover,

t,x
liminf min —f( ) = +oo
x—+oo te[(1/4),(3/4)] X

(4.5)
Therefore, the assumptions of Theorem 3.1 are satisfied. Thus, Theorem 3.1 ensures that there
exists A* > 0 such that the BVP (4.1) has at least one positive solution for any A € (0, 1*).

Remark 4.2. Noticing that Ax? does not satisfy (A;), therefore, the work in the present paper
improves and generalizes the main results of [23].
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