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By means of the fixed-point theorem in the cone of strict-set-contraction operators, we consider

the existence of a nonlinear multi-point boundary value problem of fractional integro-differential
equation in a Banach space. In addition, an example to illustrate the main results is given.

1. Introduction

The purpose of this paper is to establish the existence results of positive solution to nonlinear
fractional boundary value problem

Dg+u(t)+f<t,u,u',...,u("_z),Tu,Su> =0, 0<t<l, n-1<q<n,

m-2 (11)
w(0)=u'(0)=---=u"20) =06, w2 (1) = > au"? (n;)
i=1

in a Banach space E, where 0 is the zero elementof E,and n>2, 0 <1 < <20 <1, a; >
0(i=1,2,...,m-2), Dj, is Riemann-Liouville fractional derivative, and

1
Tu(t) = f; K(t,s)u(s)ds, Su(t) = fo H{(t, s)u(s)ds, (1.2)
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where K € C[B,R,], B={(t,s) e IxI:t>s}, He C[IxI,R,], I=1]0,1],and R, denotes
the set of all nonnegative numbers.

Fractional differential equations have gained importance due to their numerous
applications in many fields of science and engineering including fluid flow, rheology,
diffusive transport akin to diffusion, electrical networks, and probability. For details see [1-3]
and the references therein. In recent years, there are some papers dealing with the existence
of the solutions of initial value problems or linear boundary value problems for fractional
differential equations by means of techniques of nonlinear analysis (fixed-point theorems,
Leray-Schauder theory, lower and upper solutions method, and so forth), see for example,
[4-23].

In [8], by means of the fixed-point theorem for the mixed monotone operator, the
authors considers unique existence of positive to singular boundary value problems for
fractional differential equation

Dg+u(t) + a(t)f(t,u, u',...,u(”‘2)> =0, O0<t<l, .
u(0) =u'(0) =--- = u"2(0) = u"?(1) =0,

where Dg+ is Riemann-Liouville fractional derivative of ordern-1<g<n, n>2.
In [11], El-Shahed and Nieto study the existence of nontrivial solutions for a multi-
point boundary value problem for fractional differential equations

Diu(t)+ f(tu(t) =0, 0<t<l, n-1<g<nneN,

m-2 (14)
u(0) =u'(0) =---=u"20) =0,  u(l)=> au(n),
i=1

wheren >2, 1, € (0,1),a; >0 (i =1,2,...,m-2), and D!, is Riemann-Liouville fractional
derivative. Under certain growth conditions on the nonlinearity, several sufficient conditions
for the existence of nontrivial solution are obtained by using Leray-Schauder nonlinear
alternative. And then, Goodrich [24] was concerned with a partial extension of the problem
(1.3)

Dlu(t)=f(tu(t)), 0<t<l, n-n<qg<n-2,
_ (1.5)
u(0)=0, 0<i<n-2, Dhu(l)=0, 1<p<n-2,

and the authors derived the Green function for the problem (1.5) and showed that it satisfies
certain properties.

By the contraction mapping principle and the Krasnoselskii’s fixed-point theorem,
Zhou and Chu [13] discussed the existence and uniqueness results for the following fractional
differential equation with multi-point boundary conditions:

Dl u(t)+ f(t,u,Ku,Su)=0, 0<t<1, 1<q<2,

ayu(0) — b (0) = dyu(m), ayu(1) - bou' (1) = dou(12),

(1.6)
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where CDg+ is the Caputo’s fractional derivative, ay, as, b1, by, d1, and d, are real numbers,
O<mn,and 1 < 1.

In [20], Stanek has discussed the existence of positive solutions for the singular frac-
tional boundary value problem

Du(t) + f(t,u,u',DPu) =0, 2<g<3,0<p<]1,
(1.7)
u(©0)=0, #(0)=u(1)=0.

However, to the best of the author’s knowledge, a few papers can be found in the
literature dealing with the existence of solutions to boundary value problems of fractional
differential equations in Banach spaces. In [25], Salem investigated the existence of Pseudo
solutions for the following nonlinear m-point boundary value problem of fractional type

Dl.u(t) +a(t)f(t,u(t)) =0, 0<t<l,

m-2 (18)
u(0) =4/ (0) =--- = u""2(0) =0, u(1) = > giu(n)
i=1

in a reflexive Banach space E, where DY, is the Pseudo fractional differential operator of order
n-1<g<n,n>2.

In [26], by the monotone iterative technique and monch fixed-point theorem, Lv
et al. investigated the existence of solution to the following Cauchy problems for differential
equation with fractional order in a real Banach space E

“Diu(t) = f(t,u(t),  u(0)=up, (1.9)

where € D7u(t) is the Caputo’s derivative order, 0 < g < 1.

By means of Darbo’s fixed-point theorem, Su [27] has established the existence result
of solutions to the following boundary value problem of fractional differential equation on
unbounded domain [0, +c0)

Dl.u(t) = f(t,u(t)), te[0,+m), 1<g<2,
(1.10)
u(©0) =6, DI 'u(oo) = u

in a Banach space E. Dg+ is the Riemann-Liouville fractional derivative.

Motivated by the above mentioned papers [8, 13, 24, 25, 27, 28] but taking a quite
different method from that in [26-29]. By using fixed-point theorem for strict-set-contraction
operators and introducing a new cone €2, we obtain the existence of at least two positive
solutions for the BVP (1.1) under certain conditions on the nonlinear term in Banach spaces.
Our results are different from those of [8, 13, 24, 25, 28, 30]. Note that the nonlinear term f
depends on u and its derivatives u',u”, ..., um2),
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2. Preliminaries and Lemmas

Let the real Banach space E with norm || - || be partially ordered by a cone P of E; thatis, u < v
if and only if v — u € P; and P is said to be normal if there exists a positive constant N such
that 0 < u < v implies |lu|| < N||v||, where the smallest N is called the normal constant of P.
For details on cone theory, see [31].

The basic space used in this paper is C[I, E]. For any u € C[I, E], evidently, (C[L, E], |-
|lc) is a Banach space with norm ||u||c = sup, ,|u(t)|,and P = {u € C[I,E] : u(t) > 6 for t € I}
is a cone of the Banach space C[I, E].

Definition 2.1 (see [31]). Let V be a bounded set in a real Banach space E, and a(V) = inf{6 >
0 :V = UV, all the diameters of V; < 6}. Clearly, 0 < a(V) < oco. a(V) is called the
Kuratovski measure of noncompactness.

We use a, ac to denote the Kuratowski noncompactness measure of bounded sets in
the spaces E, C(I,E), respectively.

Definition 2.2 (see [31]). Let E;, E; be real Banach spaces, S C E;. T : S — E; is a continuous
and bounded operator. If there exists a constant k, such that a(T(S)) < ka(S), then T is called
a k-set contraction operator. When k < 1, T is called a strict-set-contraction operator.

Lemma 2.3 (see [31]). If D c C[I, E] is bounded and equicontinuous, then a(D(t)) is continuous
on I and

ac(D) = max a(D(t)), a({L u(t)dt:u e D}) < L a(D(t))dt, (2.1)

where D(t) = {u(t) :ue D,t eI}
Definition 2.4 (see [2, 3]). The left-sided Riemann-Liouville fractional integral of order g > 0

of a function y : R — Ris given by

t
Iyt = fo (t— )Ty (s)ds. (2.2)

1
I'(q)
Definition 2.5 (see [2, 3]). The fractional derivative of order q > 0 of a function y : R} — Ris

given by

1 d\" ' n-q-1
DLy = s () [, -9 ves @3)

where n = [q] + 1, [q] denotes the integer part of number g, provided that the right side is
pointwise defined on RY.

Lemma 2.6 (see [2, 3]). Let q > 0. Then the fractional differential equation

Dl.yt)=0 (2.4)

has a unique solution y(t) = cit7 '+ cpt12 + -+ ¢c,t7", ; €R, i=1,2,...,mheren-1<g<n.
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Lemma 2.7 (see [2, 3]). Let g > 0. Then the following equality holds for y € L(0,1), D]y €
L(0,1),

Ig+Dg+y(t) =y(t) +ctT + ot 4ot (2.5)

forsomec; € R, i=1,2,...,N; here N is the smallest integer greater than or equal to q.

Lemma 2.8 (see [31]). Let K be a cone in a Banach space E. Assume that Q1,€2, are open subsets

of Ewith 0 € Q, Q; C Q. IfT:Kn (ﬁz \ Q1) — K is a strict-set-contraction operator such that
either:

(1) ITx|| < |lx]l, x € KN 0oLy, and ||Tx|| > ||x||, x € KN 0Ly, or
(i) |ITx|| > ||x|l, x € KN oLy, and ||Tx|| < ||x||, x € KN 0Ly,

then T has a fixed point in K N (Q,\ ).

3. Main Results
For convenience, we list some following assumptions.

(H1) There exist a € C[I,R,] and h € C[R""!, R,] such that

+

lf(tur, .. upd) || < a@®h(funll, ... lupall), Vi€l uc€P, k=1,...,n+1. (3.1)

(H2) f : I x P™*! — P, for any r > 0, f is uniformly continuous on I x P! and there
exist nonnegative constants Ly, k =1,...,n+ 1, with

2 nzz Le v+ ) <1 (3.2)
T(g-n+2)pr \Em-2-k! """ @-3)"" -3 " '

such that

n+l

a(f(t,D1,Dy,...,Dypi1)) < D Lya(Dy), Vt €I, bounded sets Dy € P, (3.3)
k=1
where a* = max{K(t,s) : (t,s) € B}, b* = max{H(t,s) : (t,s) € I xI}, P, ={u € P : |u|]| <
« m-2 q-n+1
ry,nt=1-30"am;
Lemma 3.1. Giveny € C[I,E] and 1 - 37}? aiq?_"H #0 hold. Then the unique solution of

Dg:"+2x(t)+y(t):O, 0<t<l, n-1<g<n n>2,

m-2 (34)
x(0) =0, x(1) = Zaix(qi),
i1
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is
1
x(t) = J G(t,s)y(s)ds, (3.5)
0
where

G(t,s) = g(t, s) + Zn—g(ns) pa-nil (3.6)

(H(1 = )7 = (t— )7

r( 2) , S§<HU,
-n+
g(t/ S) = (t(l _ S))qfln+1 (37)
_—, t<s
[(g-n+2)
Proof. Deduced from Lemma 2.7, we have
x(t) = =172y (t) + et 4 ot (3.8)
for some ¢y, c2 € R. Consequently, the general solution of (3.4) is
t n+1
(t B S)q +1
x(t) = —I —y(s)ds + ot ot (3.9)
0T(q-n+2)
By boundary value conditions x(0) =0, x(1) = ngz a;x(1;), there is ¢c; = 0, and
1 _ o\qntl i A oy
c1 = ! ) (1-5) y(s)ds — 2 a = (1~ 5) y(s)ds.
1_ le alq" o T(g-n+2) 71— lealqﬂ 0o T'(g-n+2)
(3.10)
Therefore, the solution of problem (3.4) is
bop_ g)antl g-n+1 1 _ o\gntl
x(t) = - f o) (oyds + —— A=97"(s)ds
0oI[(g—n+2) 1- 372 amemt Jo T(q-n+2)
m-2 —n+1 ; q-n+l
pq-n+ 1i ;=
Z ai - (7’1 S) y(S)dS (311)
1 s 7"* 0o I'(g—n+2)
1
= f G(t, s)y(s)ds.
0
The proof is complete. O

Moreover, there is one paper [8] in which the following statement has been shown.
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Lemma 3.2. The function g(t, s) defined in (3.7) satisfying the following properties:

(1) g(t,s) > 0 is continuous on [0,1] x [0,1], and g(t,s) < 771 /T(g-n+2), g(t,s) <
g(s,s) forall0<t,s<1;

(2) ihere)exizts a positive gunctiondpo € C(0,1) such that miny«<s g(t,s) > po(s)g(t,s),s €
0,1), where0 <y <6<1lan

(6(1 _ S))q—n+1 _ (5 _ s)q—n+1

po(s) = ) q_:i(l - et (3.12)
() sel),
where y < & < 6 is the solution of
(B(1-8)T™ = (6" = (y(1-8)". (3.13)

For our purpose, one assumes that

H3) 7" =1-3"2am ™" >0and 0 <y <min(26 -1,6/2}, 2/3 < 6 < 1, wherey, & are
the constants in (2) of Lemma 3.2.

Remark 3.3. We note that if (H3) holds, then the function G(t, s) defined in (3.4) is satisfying
the following properties:

(i) G(t,s) > 0 is continuous on [0,1] x [0,1], and G(t,s) < At forall0 <t s<1,
where A™! = *T (g — n +2);

(ii) G(t,s) < G(s) for all0 <t, s <1, where

m-2 .
G(s) = gls,s) + 2L 48(15). (14)

Indeed, it is obvious from (1) of Lemma 3.2 and (3.6) that

1 m-2
G(t,s) < g(s,s) + ¥Zaig(ni,s) = G(s)
i=1
N (3.15)
—n+1 m-2 o 47"
<L f DB g ppa,
I(g-n+2) nT(qg-n+2)

Lemma 3.4. Let u(t) = I}?x(t), x € C[I, E]. Then the problem (1.1) can be transformed into the
following modified problem:

DI x(t) + f<s, I2x(s), .. ,I&x(s),x(s),T(Igfzx(s)>,S(Igfzx(s)» =0,
m-2 (3.16)
x0)=6,  x(1)= > ax(n),
i=1
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where 0 <t <1, n—1<g<n, n22 Moreover, if x € C[I, E] is a solutions of problem (3.16), then
the function u(t) = Igfzx(t) is a solution of (1.1).

The proof follows by routine calculations.
To obtain a positive solution, we construct a cone Q2 by

Q= {x(t) eP:x(t)> %x(s), tel”, se I}, (3.17)

where P = {x € C[I,E],x(t) >0,t €1}, A = min{minygtggp(t),yq‘””}, I* = [y, 6].
Let

(Ax)(t) = f: G(t, s) f<s, I72x(s), . ..,x(s),T<Ig:2x(s)),s<13:2x(s)))ds, 0<t<1. (3.18)

Lemma 3.5. Assume that (H1)-(H3) hold. Then A : Q — Q is a strict-set-contraction operator.
Proof. Let x € Q. Then, it follows from Remark 3.3. that
1
(Ax)(t) < L G(s)f (s, 172x;(s), .. .,xj(s),:r(lg:2x,~(s)), S<Igf2x,-(s)>>ds
Y o 1
- <f +I +f )G(s)f(s,lgf2xj(s),...,xj(s),T<Igf2xj(s)>,S<I6’f2xi(s)>>ds
0 y 6

<3 fﬁ G(s)f <s, Igfzxj(s),. ., xj(s), T(Igfzxj(s)>, S(Ig’fzxj(s)))ds,
¥
(3.19)

here, by (H3), we know thaty <6 -yand 6 -y >1-6.
From (3.6) and (3.18), we obtain

min (Ax)(t) = En[*tyi,rg] f: Gl(t, s) f<5, 1272 (s), ... ,xj(s),T<Igf2xj(s)>, s(rg;zxj(s)))ds

te[y,&]
6 —n+1 m-2
> f (g(t,5)+ a Zaig(m,s)>
i=1

Y Ul

X f(s, Ig’fzxj(s), . ,xj(s),T<Igf2xj(s)>, S<I(')':2x,-(s)>>ds
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6 q-n+1m-2
> f (Po(s)g(S/S)+ ! Zag(nuS)>

Y

X f(s, Igfzx]-(s), o, xj(s), T(Igfzx]-(s)>, S(Igfzxj(s)»ds

>4 J‘ﬁ G(s) f<s, I77%xi(s), .. .,x,-(s),T<Ig:2x,-(s)), S(Igfzxj(s)»ds

—

§(Ax) (t), tel
(3.20)

which implies that (Ax)(t) € Q; thatis, A(Q2) C Q.

Next, we prove that A is continuous on Q. Let {x;}, {x} C Q,and ||x; - x|lo — 0 (j —
o). Hence {x;} is a bounded subset of Q. Thus, there exists r > 0 such that r = supj||x7-||g < oo
and ||x||q < r. Itis clear that

I1(Ax)) (1) - (ax)(1)]| = f G(t,9)||£ (5 12505, x3(9), T(12x5() ), S (1 2x1(9) ) )
-f(s,lg:zx(s) L x(s), (1" 2x(s)) (1" 2x(s)>>”ds

£ (s I52x15), - 1), T (1571(5) ) S (1571 (5)) )

~f (s, 172x(5), ..., x(), T(12x(5) ), S (18x(5) ) ) “ds.

< Atq—n+1

(3.21)
According to the properties of f, for all € > 0, there exists | > 0 such that
n f(s, I72xi(s), ..., xi(s), T(I;;:ij(s)), s(rg:zxj(s)))
. (3.22)
_ n-2 n-2 n-2 e
f<s, Iy x(s),. .. ,x(s),T(I(y x(s)>,5<10+ x(s)>> ” < A
forj> ], forall tel.
Therefore, forall ¢ >0, forany t € I and j > ], we get
| (Ax;) (1) — (Ax)(t)|| < 9™ e < e. (3.23)

This implies that A is continuous on Q.
By the properties of continuous of G(t,s), it is easy to see that A is equicontinuous
on .
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Finally, we are going to show that A is a strict-set-contraction operator. Let D C Q be

bounded. Then by condition (H1), Lemma 3.1 implies that ac(AD) = max;e; a((AD)(t)). It
follows from (3.18) that

a((AD) (1) < a(EO{G(t, 5) f(s, 172x(s), ..., x(s), T(I(’)’fzx(s)>, s(lg:2x(s)))

:sG[O,t],tEI,xGD})

<A a({ f<s, I72x(s), ..., x(s),T(Ig:zx(s)>,s(lg:2x(s)>)
:s€[0,t], tel, xeD})
(3.24)
<A- a( f<I x (13:2[)) (I) x --- x D(I) x T<15‘+‘2D> (I) x s(Ig:ZD) (1)))
<A {:Lka(<lg:l-kp) (1)) + Lya(D(I)) + a*Lna<T (I;;:ZD) (1))
+b* Lpsia (S<Ig:2D) (1)) }
which implies
ac(AD) < A - {nZZLka«Ig‘Il‘kD) (1)) + Lyaa(D(I))
= (3.25)
+a*L,,a(T<Ig:2D> (1)) + b*L,,+1oc<S (Ig:ZD) (I)> }
Obviously,
_ st ,
a(IO+ D)(I) = a<{ mx(’r)d’r :T1€[0,s], sel, k= 1,...,n—2}>
‘ ' (3.26)
< ma(om),
t S (o -2
a<T<Igj2D>)(I) = a<{J‘O K(t, s)< ) (?n _T;)! u(T)dT>ds ueb,te I}> )
< (n‘j—;)!auum ctel, ue D))< (n‘j—;)!awa»,
1 s _ n-2
a(S(IS‘:zD))(I) = zx<{f0 H(t,s)< O (?n _T;)! u(T)dT)dS rueD,te I}> os)

b* b*
< ma({u(t) :tel, ueD}) < ma(p([))_
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Using a similar method as in the proof of Theorem 2.1.1 in [31], we have
a(D(I)) < 2ac(D). (3.29)
Therefore, it follows from (3.26)—(3.29) that

n2 Lk a*L,, b*Ln+1
ac(AD) < 2A - <;m + Ly + 3 + e 3)!>ac(D). (3.30)

Noticing that (3.3), we obtain that T is a strict-set-contraction operator. The proof is complete.
O

Theorem 3.6. Let cone P be normal and conditions (H1)~(H3) hold. In addition, assume that the
following conditions are satisfied.

(H4) There exist u* € P\ {0}, c; € C[I*,R,] and hy € C[P"*}, R,] such that

ftur, ... upa) 2 c1(hi(uy, ..., up)u™, Vtel™, ux €P,

et (331)
hl(ulrzi-l- -,unfl) — o0, as Z”uk” —> 00, Uk c P.
D kel k=1

(H5) There exist u. € P\ {0}, c; € C[I*,R,], and hy € C[P™!, R,] such that

ftur, ... upa1) 2 c2(Oho(uy, ..., up1)us, Vtel™, ux €P,
n-1 (3.32)

ho(uy, ..., u,
SIS 1;71 i) — oo, as > |lukll —0, ux€P.
Zk:l || k=1

(H6) There exists a p > 0 such that

N Mg f: G(s)a(s)ds < B, (3.33)

where Mg = maxy,ep, {h(|[u1ll, ..., [[un1ll)}. Then problem (1.1) has at least two positive solutions.
Proof. Consider condition (H4), there exists an r; > 0, such that

SINED (|7

hl(ull"'lun—l) > 5 ’
A2 [/ G(s)er(s)ds - [Jur]|

n-1
Vug € P, > |lug|l > 1. (3.34)
k=1
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Therefore,
3N2 3" nl
Ftur ) > —— Dl e e Sl 2. (335)
A2 fy G(s)c1(s)ds - ||lu*|| k=1
Take
7o > max{3N)C1r1, p}. (3.36)

Then for t € [y, 6], ||x|la = ro, we have, by (3.18),

2rsn. (3.37)

(o)l 2 o~

> g 2

Hence,
(Ax)(t) > fj G(t,s) f(s, 772x(s), ..., x(s),T(Ig:zx) (s), s(Ig:2x) (s))ds

3N? J’ ) <Z

)LJ' G(s)ci(s)ds - ||lu*|| k=1

177 x(s) || + ||x(s)||>c1(s)ds u*

3N?2 .
> — f Gs)e(s)1x(s) ds - u
Af) Gs)er(s)ds - ]
(3.38)
N o .
> — Il <j G(s)q(s)ds) u
fy G(s)ci(s)ds - [lu|] ¥
! (f Gls)er (s)dslu ||> Nixlg,.
f G(s)ci(s)ds - |Ju*|| [l
Nlxlg .
=l ’
and consequently,
[Axllq 2 |x[lg,  Vx € Q,[[x[lg = 7o. (3.39)
Similarly, by condition (H5), there exists r, > 0, such that
3N2 3" Hu nl
hZ(ull‘ . 'Iun—l) > Zk71” k” ’ Vuk € P/ 0< Z”uk” < 1, (340)

[T G, s)ea(s)ds - ||| P
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where ¢ is given in (2) of Lemma 3.2. Therefore,

3N2 3 Yy n-l
fur, o upn) 2 — St ] co(Huy, Yur€eP, 0< Z””k” <.
A [0 G, s)ca(s)ds - =

Choose

n21 -1
0 <7 <min < —> r, B o
k!
k=0

Then for t € [y, 6], x € Q, ||x||q = r, we have

(Ax) (&) = J; G(¢, ) f<s, 12x(s), ..., x(s), T(Ig:zx) (s), s<13:2x> (s))ds

> Jj G, ) f(s, 12x(s), ..., x(s), T(Ig:2x> (s), S(Ig:2x> (s))ds

2 2
3N fc@@<z
k=1

M G(& s)ca(s)ds - [Jul

S 3N?
A GE s)ea(s)ds -

fc@ﬁmﬂﬂkﬂ9$4h
Y

I3}
> N =)l [ GEeaEds .
fy G(¢,8)ca(s)ds - ||us|| ¥
5
- 1 ||x(s)||g<f G(g,s)cz(s)ds||u*||>.mu*
[° G, s)ca(s)ds - | ) o]
N|lx(s)|lq
[l Y

which implies

[(Ax))llq 2 lx(s)lla,  Vx € Q, [lx]lq =7,

that is,

[Axllg > [[x(s)lla,  Vx €€ llx]lq =7

I x(s) || + ||x(s)||>cz(s)ds U,

13

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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On the other hand, according to (ii) of Remark 3.3 and (3.18), we get
(Ax)(t) < J' GOV f (5, 172x(5),..., x(5), T(172x) (5), S (137x) () ) ds. (3.46)
By condition (H1), for t € I, x € Q, ||x||o = B, we have

| f(t s, un)|| < a®h(lall, ..., unall) < Mpa(t). (3.47)

Therefore,
1
[I(Ax)(t)llg < NMy - fo G(s)a(s)ds < p = ||x||o- (3.48)

Applying Lemma 2.7 to (3.39), (3.45), and (3.48) yields that T has a fixed-point x* €
ﬁr,ﬁ, r < ||x*|| £ B, and a fixed-point x** € ﬁﬁ,m, P < ||lx**|| < ro. Noticing (3.48), we get
|lx*|| # p and ||x**|| # B. This and Lemma 3.4 complete the proof. O

Theorem 3.7. Let cone P be normal and conditions (H1)~(H4) hold. In addition, assume that the
following condition is satisfied:

(H7)
n+l
h(||”1||n+1 ) — 0, asux€P, Z””k” — 0. (3.49)
S el =

Then problem (1.1) has at least one positive solution.

Proof. By (H4), we can choose 1y > 3NA"!ry. As in the proof of Theorem 3.6, it is easy to see
that (3.39) holds. On the other hand, considering (3.49), there exists r; > 0 such that

n+1 n+l
h(llall, - Nl ll) < €03 lluxll,  for t €1, ux € P, 0.< Y Jluxll <73, (3.50)
= k=1

where gy > 0 satisfies

n * * 1 -1
( {Zkl (‘;j:)!}foc(s)a(s)ds> . (3.51)
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Choose 0 < 7* < min{(37=] (1/k!) +(a*+b*)/ (n—=3)!)"'r3,10}. Thenfort € I, x € Q, ||x||q = 1%,
it follows from (3.46) that

I(Ax)(B)|| < N f: G(s) || f(s, I2x(s), ..., x(s), T(Ig:zx) (s), S<I{ffzx> (s)) nds

1
< Nf G(s)a(s)h<
0

72x(S)]| - Ix6)1,

1) o200 e
n-1

1
SN%LG®M®<Z
k=1

Igfl—kx(s)” + ||T<16‘f2x> (s)“ + “S(Ig+_2x> (5)||>d5

n-1 1 a* +b* 1
< - * — x
< Ngy <; T + -3 r fo G(s)a(s)ds=r
(3.52)
and consequently,

[(Ax)(B)llq < llxllo, V¥ € Q, llx[lg <77 (3.53)

Since 0 < r* < ry, applying Lemma 2.7 to (3.39) and (3.53) yield that T has a fixed-point
X* € Qppy, 7* < ||x*|| < 10. This and Lemma 3.4 complete the proof. O

4. An Example

Consider the following system of scalar differential equations of fractional order

—DS/Zuk (t) = (d+ t)3 Ui (t) + u,3k (t) + iu% (t) + iul‘(t) 3
960k3 =

j=1

1/2
+ <3uk(t) + 31 (1) + D ui(t) + Zu'zj(t)>
j=1 j=1

1+2 (" . ”
+ e" sy, (s)ds
=

+ ! Il e °sin”(t — s)arugk(s)ds tel
4 7 4

; ) 1/1\ 1, /4
uk(0) = u (0) =0, “k(l):§”k<z>+§”k<§>/ k=1,2,3,....

(4.1)

Conclusion. The problem (4.1) has at least two positive solutions.
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Proof. Let E = I' = {u = (w1, up, ..., uk,...) : Doy [uk| < oo} with the norm |lu|| = 32, |uxl,
and P = {(uy,...,ug,...) s ux >0,k =1,2,3,...}. Then P is a normal cone in E with normal
constant N = 1, and system (4.1) can be regarded as a boundary value problem of the form
(1.1). In this situation, g = 5/2, n = 3, a1 = 1/8, ao = 1/2, ;1 = 1/4, np = 4/9, n* =
29/48, K(t,s) = e 1*s, H(t,s) = e*sin®(t—s)or, u= (u1,...,uk,...), f=(f1, far-ees fir---),
in which

3
1+1)° x 2
fi(t,w,v,x,y) = ﬁ Upk + U3k + Dt + D 0
j=1 =1

1/2
© 0 1+ 1+#
+ <3uk + 30k + Z”f + szi > " 36k x}(/5 T g Yk

=1 =1
(4.2)
Observing the inequality 352, (1/k%) < 3/2, we get, by (4.2),
1F o)l = 2l fi(t w0, y)|
= (4.3)
(1+t)3<1 5 1 e 1o s 1 )
< _ _ _ —
< S (g Ul + o)’ + s (el + ol + s > + 2yl )-
Hence (H1) is satisfied for a(t) = (1 + #)>/2 and
1 3 1 12, 1 45 1
_ 1 1 L 2 44
h(u,v,x,y) 40(u+v) +160(u+v) X gy (4.4)

Now, we check condition (H2). Obviously, f : [ x P! — P, for any r > 0, and f is
uniformly continuous on I x P, Let f = fO + f@ where f® = (fV,..., f{",...) and @ =

(f2,..., f2,...), in which

3
1+1)° S S
A (uvy) = Gy (o s S+ 3o
j=1 j=t

1/2
+ <3uk + 3Uk+1 + Zuj + Z’Uz]'> (4 5)

i=1 i=1
1+t3 1/5
bl (=123,
1+t
éz)(t,u,v,x,y) = +—y2k, (k=1,2,3,..).

24k*
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For any t € I and bounded subsets D; C E, i = 1,2,3,4, from (4.5) and by the diagonal
method, we have

a< £, Dl,Dz,Dg,D4)> =0, Vtel, boundedsets D; CE, i=1,2,3,4,

(4.6)
1
a(f(Z)(I/D1/D2/D3/D4)> S Ea(D4)I Vi e I’Di C E’ i= 1’2’3’4'
It follows from (4.6) that
tX(f(I,Dl,Dz,D3,D4)) < 11—211(D4), Vt € I,D;CcE,i=1,2,3,4,
(47)

a* b*

r(q n+2)11 <Z(n 2-k)! + L1+ (n_3)!Ln+ (n_3)!Ln+1

> = (0.1565 < 1.

that is, condition (H2) holds for L; = L, = L3 =0,Ls = 1/12.
On the other hand, take y = 1/4, 6 = 3/4. Then 1/4 = y < min{6/2, 26 -1} =
3/8, 2/3 < 6, which implies that condition (H3) holds. By (4.2), we have

1+1¢)°
fi(t, w0, x,y) > (960k)3 (lull + |ol)?, VteI*, u,v,x,yeP, (k=1,2,3,...),
. (4.8)
1
fe(t w,v,x,y) > (9651?3 lull + lol, Vtel*, wv,x,yel (k=1,2,3,..).

Hence condition (H4) is satisfied for

(1+1)°

ci(t) = 960

hy k(u,0) = (JJull + ||o])°, U= (1,..., 1 >, (4.9)

in this situation,

3
il + el (4.10)
lull+lio] —oo 2]l + [|2]]

And condition (H5) is also satisfied for

(1+1)°

oft) = 960

1
o, (1, 0) = A/ 1ull + [0, u*=<1,...—...>, (411)

in this situation,

+
- im [|ul] IIUIIZOO' (4.12)
lull+lol—0 |l + [[o]]
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Finally, choose f§ = 1, it is easy to check that condition (H6) is satisfied. In this case, My =
0.4162, and so

1

NMﬂ_[ G(s)a(s)ds =0.7287 < p =1. (4.13)
0
Hence, our conclusion follows from Theorem 3.6. O
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