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Global attractor of atmospheric circulation equations is considered in this paper. Firstly, it is proved

that this system possesses a unique global weak solution in L*(€, R*). Secondly, by using C-
condition, it is obtained that atmospheric circulation equations have a global attractor in L*(Q, R*).

1. Introduction

This paper is concerned with global attractor of the following initial-boundary problem of
atmospheric circulation equations involving unknown functions (u, T, q,p) at (x,t) = (x1, x2,
t) € Qx (0,00) (2 =(0,27) x (0,1) is a period of C* field (oo, +o0) x (0,1)):

?j_‘t‘ = P, (Au-Vp - ou) +P,<RT—ﬁq>ﬁ—(u-V)u, (1.1)
%—{:AT+u2—(u-V)T+Q, (1.2)
oq
N =L.Aq+u— (u-V)q+G, (1.3)

divu =0, (1.4)

where P, R, ﬁ, and L. are constants, u = (u1,u2), T, g, and p denote velocity field, tem-
perature, humidity, and pressure, respectively; Q, G are known functions, and o is constant

matrix:
_ (00 w
o= (w 01>. (1.5)
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The problems (1.1)-(1.4) are supplemented with the following Dirichlet boundary
condition at x, = 0,1 and periodic condition for x;:

(u,T,q) =0, x=0,1,
(1.6)
(u,T,q)(0,x2) = (u,T,q) (27, x2),

and initial value conditions
(u,T,q) = (uo,To,q0), t=0. (1.7)

The partial differential equations (1.1)—(1.7) were firstly presented in atmospheric
circulation with humidity effect [1]. Atmospheric circulation is one of the main factors
affecting the global climate, so it is very necessary to understand and master its mysteries
and laws. Atmospheric circulation is an important mechanism to complete the transports
and balance of atmospheric heat and moisture and the conversion between various energies.
On the contrary, it is also the important result of these physical transports, balance and
conversion. Thus, it is of necessity to study the characteristics, formation, preservation,
change and effects of the atmospheric circulation and master its evolution law, which is not
only the essential part of human’s understanding of nature, but also the helpful method of
changing and improving the accuracy of weather forecasts, exploring global climate change,
and making effective use of climate resources.

The atmosphere and ocean around the earth are rotating geophysical fluids, which
are also two important components of the climate system. The phenomena of the atmosphere
and ocean are extremely rich in their organization and complexity, and a lot of them cannot be
produced by laboratory experiments. The atmosphere or the ocean or the couple atmosphere
and ocean can be viewed as an initial and boundary value problem [2-5], or an infinite
dimensional dynamical system [6-8]. We deduce the atmospheric circulation model (1.1)—
(1.7) which is able to show features of atmospheric circulation and is easy to be studied
from the very complex atmospheric circulation model based on the actual background and
meteorological data, and we present global solutions of atmospheric circulation equations
with the use of the T-weakly continuous operator [1]. In fact, there are numerous papers
on this topic [9-13]. Compared with some similar papers, we add humidity function in this
paper. We propose firstly the atmospheric circulation equation with humidity function which
does not appear in the previous literature.

As far as the theory of infinite-dimensional dynamical system is concerned, we refer to
[9-11, 14-18]. In the study of infinite dimensional dynamical system, the long-time behavior
of the solution to equations is an important issue. The long-time behavior of the solution to
equations can be shown by the global attractor with the finite-dimensional characteristics.
Some authors have already studied the existence of the global attractor for some evolution
equations [2, 3, 13, 19-21]. The global attractor strictly defined as w-limit set of ball,
which under additional assumptions is nonempty, compact, and invariant [13, 17]. Attractor
theory has been intensively investigated within the science, mathematics, and engineering
communities. Lii et al. [22-25] apply the current theoretical results or approaches to
investigate the global attractor of complex multiscroll chaotic systems. We obtain existence of
global attractor for the atmospheric circulation equations from the mathematical perspective
in this paper.
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The paper is organized as follows. In Section 2, we recall preliminary results. In
Section 3, we present uniqueness of the solution to the atmospheric circulation equations.
In Section 4, we obtain global attractor of the equations.

| - |lx denote norm of the space X; C and C; are variable constants. Let H = {¢ =
(u,T,q) € L*(Q,R*) | ¢ satisfy (1.4), (1.6)}, and Hy = {¢ = (u,T,q) € HY(Q, R*) | ¢ satisfy
(1.4), (1.6)}.

2. Preliminaries

Let X and X; be two Banach spaces, X; € X a compact and dense inclusion. Consider the
abstract nonlinear evolution equation defined on X, given by

@ =Lu+ G(u),
dt (2.1)

u(x,0) = u,

where u(t) is an unknown function, L : X; — X a linear operator, and G : X; — X a
nonlinear operator.

A family of operators S(t) : X — X (¢t > 0) is called a semigroup generated by (2.1) if
it satisfies the following properties:

(1) S(t) : X — X is a continuous map for any t > 0;

(2) S(0) =id : X — X is the identity;

(3) S(t+s) =5(t) - S(s), for all t, s > 0. Then, the solution of (2.1) can be expressed as

u(t,ug) = S(t)up. (2.2)

Next, we introduce the concepts and definitions of invariant sets, global attractors, and w-
limit sets for the semigroup S(t).

Definition 2.1. Let S(t) be a semigroup defined on X. A set X C X is called an invariant set of
S(t) if S(H)X = Z, for all t > 0. An invariant set X is an attractor of S(t) if X is compact, and
there exists a neighborhood U C X of X such that for any uy € U,

inf||S(t)up —v||x — 0, ast— oco. (2.3)
veX

In this case, we say that X attracts U. Particularly, if ¥ attracts any bounded set of X, =
is called a global attractor of S(t) in X.
For a set D C X, we define the w-limit set of D as follows:

w(D) = Js®D, (2.4)

520 t>s

where the closure is taken in the X-norm. Lemma 2.2 is the classical existence theorem of
global attractor by Temam [13].
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Lemma 2.2. Let S(t) : X — X be the semigroup generated by (2.1). Assume that the following
conditions hold:

(1) S(t) has a bounded absorbing set B C X, that is, for any bounded set A C X there exists a
time t4 > 0 such that S(t)ug € B, for all up € Aand t > ta;

(2) S(t) is uniformly compact, that is, for any bounded set U C X and some T > 0 sufficiently
large, the set ;7 S(H)U is compact in X.

Then the w-limit set A4 = w(B) of B is a global attractor of (2.1), and 4 is connected providing
B is connected.

Definition 2.3 (see [19]). We say that S(t) : X — X satisfies C-condition, if for any bounded
set B C X and ¢ > 0, there exist tg > 0 and a finite dimensional subspace X; C X such that
{PS(t)B} is bounded, and

I(I-P)S(tyully <&, Vt>ts, ueB, (2.5)

where P : X — X is a projection.

Lemma 2.4 (see [19]). Let S(t) : X — X (t > 0) be a dynamical systems. If the following conditions
are satisfied:

(1) there exists a bounded absorbing set B C X;
(2) S(t) satisfies C-condition,

then S(t) has a global attractor in X.
From Linear elliptic equation theory, one has the following.

Lemma 2.5. The eigenvalue equation:

—AT(x1,%2) = pT(x1,x2), (x1,%x2) € (0,20r) x (0,1),
T=0, x,=0,1, (2.6)
T(Or x2) = T(2Jl‘, x2)

has eigenvalue { P}, and

O<pr<pp<---, Pr — oo, ask — oo. (2.7)

3. Uniqueness of Global Solution

Theorem 3.1. If 61 > max{(R+ 1)%, ((ﬁ— 1)2/L3)}, and Py is the first eigenvalue of elliptic
equation (2.6), then the weak solution to (1.1)—(1.7) is unique.



Abstract and Applied Analysis 5

Proof. From [1], (u,T,q) € L*((0,T),H) N L*((0,T), H1), 0 < T < oo is the weak solution to
(1.1)-(1.7). Then for all (v,S,z) € H;,0<t < T, we have

t
lf uvdx+f Tde+f qzdx = f f [—Vqu—ouv+(RT—Rq)vz
P o Q Q 0Jo

1
- F(u -Vuv -VTVS +uS— (u-V)TS
2
+QS - L.VqVz +upz — (u- V)qz + Gz|dx dt

+lf uovdx+J TOde+,[ Gozdx.
P Jg Q Q
(3.1)

Set (u!, T, g') and (u?, T?, ¢*) are two weak solutions to (1.1)-(1.7), which satisfy (3.1).
Let (u,T,q) = (u!,T!,q") - (u?,T?, 4°). Then,

t
lJ‘ uvdx+f Tde+I qzdx = J‘J‘ [—Vqu—ouv+<RT—Rq>vz
Prlg Q Q 0/a

+ Plr<u2 . V)uzv - P%(ul . V)ulv -VTVS
+1S+ (12 V)12 - (u' - V)T'S
- L. VqVz+urz + (u2 . V)qzz

- (ul . V) qlz] dxdt.
(3.2)

Let (v, S,z) = (u,T,q). We obtain from (3.2) the following:

lf |u|2dx+J |T|2dx+f |q|dx
P g Q Q

1.,

—|Vul* —ou-u+ <RT - ﬁq)uz + P%(uz . V)uzu - P%(ul . V)ulu
VTP + T + (12 - V)T2T = (u' - V)T'T — L, |Vq|* + u2g
+<u2 . V)qzq - <u1 . V)qlq] dxdt

t
sf f [—|Vu|2—|VT|2—Le|Vq|2]dxdt
0/Q

[ f o+ @i (R )auasa
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(u tu+ (u-V)T*T + (u- V)q q] dx dt

sfj ~|Vu? —|VT|2—LE|Vq|2] dx dt
~ 2
) R, (R-1)
ff [ Glul* + &lus|* + >z IT|? + >z lq|” | dx at
t 'Véz )
+IO[E||u||Lz||Vu o

1/2 1/2
+V2)ull 21 Vull 4

1/2 1/2 2
+ V2l 2Vl 2| V2|

VTS

/ /
v |lall 21 vall ]

f f —|Vul? - 1|VT| |Vq|2]dxdt
f [inunL |ve|
0
+V2[ul |+ V2| V2| LTIV T

+V2l[ul| 2| V]

2 ]dt
12

2
2 2
12|+ 3lull;

.+ V2lall eVl

L

! 2 1 2 L. 2
SII [—qu| - Z|VT]" - = |Vq| ]dxdt
0Ja 2 2

t
+J‘
0

2 2
2 2 2
Vu ||L +3ul, Vg “L

3

2 2

IVl + 5 [lull2
P;

1 2
S IVTIE + || V72

b+ 1Vl + £ lall
< [ [ptutffoee], v o]}« amas ]

1] e

+||v:r2 22
L

IIqIIL
(3.3)

Then,
el + IT12 + |9l

t 2
2 2 2
< cjo [(||u||Lz +ITI: + [l4]17 ) <||vu2 L

2
..+
12

’ iz>]‘“ (3.4)

t
<C j (lals + ITIE: + [lg]12: ).
0
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By using the Gronwall inequality, it follows that
2
il + ITIE: + flall2 <O, (3.5)

which imply (u, T, g) = 0. Thus, the weak solution to (1.1)—(1.7) is unique. O

4, Existence of Global Attractor

Theorem 4.1. If5p; > max{(R +1)%, (R - 1)2/Le }, and P is the first eigenvalue of elliptic equation
(2.6), then (1.1)—(1.7) have a global attractor in L>(Q, R*).

Proof. According to Lemma 2.4, we prove Theorem 4.1 in the following two steps.
Step 1. Equations (1.1)-(1.7) have an absorbing set in H.
Multiply (1.1) by u and integrate the product in Q:

1 du ~N\. 1
B, QEudx—IQ Au-Vp-ou+ (RT—Rq)K—FT(u-V)u udx. (4.1)
Then,
1 d u2dx=f [—|Vu|2—ou-u+ <RT—§ >u ]dx (4.2)
2P, dt o o 1)H2]ax- ‘

Multiply (1.2) by T and integrate the product in €:

d—Tde = J [AT +up — (u- V)T + Q]Tdx. (4.3)
Q dt Q
Then,
lif Tzdx:f <—|VT|2+u de+QT>dx (4.4)
24t ) g o z ' '

Multiply (1.3) by g and integrate the product in £2:
dq
J —gdx = f [LeAg +ur - (u-V)g + Qlqdx. (4.5)
q dt o
Then,

1d (L, )
E%J‘Qq dx-fg(—Le|Vq| +u2qu+Gq> dx. (4.6)
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We deduce from (4.2)—(4.6) the following;:

1d Lo 2> I O T 2 2
T L:(Pru +T? +g° )dx = Q[ |Vul” = |VT|* - L. |Vq|" —ou-u
+(R+1)Tu, — (ﬁ - 1)qu2 +QT + Gq]dx

< f [— \Vul? = VTP - L.|Vq|* - &uf?
Q

(4.7)
oo (R+D? ) <ﬁ_1>2 2
+O'|u2| + o |T| +2—~|q|
2 2 Ly o 2
+e[Tf +elq|* + - (1QF + 1G] )]dx.
Let € > 0 be appropriate small such that
% L} <u2 +T% + q2>dx
(4.8)
2 2 2 2 2
<C j [—|Vu| —|VT]? - |Vq] ]dx + czj (|Q| +]G )dx.
Q Q
Then,
d 2
= J; <u2 +T% + q2> dx < -Cs fQ(|u|2 +|TP +|q] ) dx + Cy. (4.9)
Applying the Gronwall inequality, it follows that
C
|G T )OI < 1w T ) O+ & (1- ). (4.10)

Then, when M2 > C4/Cj3, for any (uo, To, go) € B, here B is a bounded in H, there exists
t. > 0 such that

S() (uo, To, qo) = (u(t), T(t),q(t)) € By, t>t, (4.11)

where By, is a ball in H, at 0 of radius M. Thus, (1.1)-(1.7) have an absorbing By in H.
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Step 2. C-condition is satisfied.
The eigenvalue equation:

Au = \u,
u(x1,0) = u(x2,0) =0,
u(0, x2) = u(27, x2),
divu=0

(4.12)

has eigenvalues A1, Ay, ..., A, ... and eigenvector {ex | k=1,2,3,...},and Ly 2 Ay > -+ > A >
. Ifk — oo, then \y — —co. {ex | k =1,2,3,...} constitutes an orthogonal base of L?(Q).
Forall (4, T,q) € H, we have

u=>uer, |lullf =D u,
k=1 k=1
[ee) [0}
T =) Teex, ITII7. = >, T, (4.13)
k=1 k=1
a=Yaee,  lalli = > ax
k=1 k=1

When k — oo, Ay — —co. Let 6 be small positive constant, and N = 1/6. There exists
positive integer k such that

~N>1;, jk+1 (4.14)

Introduce subspace E1 = spanf{ei, e, ..., ex} C L*(Q). Let E; be an orthogonal sub-
space of E1 in L2(Q).
Forall (1, T,q) € H, we find that

u=1v+70y, T=T1+T2, q=4q1+q2,
k 0
Ulzzxi€i€E1><E1, Uy = Z x,-ejeszEz,
i=1 j=k+1
(4.15)

k o
T, = Z Tiei € Eq, T, = Z T]'e]' € E,,
i1 j=k+1

k ©
q = Z giei € Eq, g2 = Z gjej € Es.

i=1 j=k+1

Let P, : L*(Q) — E; be the orthogonal projection. Thanks to Definition 2.3, we will
prove that for any bounded set B ¢ H and ¢ > 0, there exists t; > 0 such that

IPSt)Blly <M, Vt>t), M is a constant, (4.16)
||P25(t)B||H <g, vVt > to, (uo,To, qo) € B. (417)
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From Step 1, S(t) has an absorbing set Bys. Then for any bounded set B ¢ H, there

exists t, > 0 such that S(t) B C By, for all t > t,, which imply (4.16).
Multiply (1.1) by u and integrate over (£2). We obtain

(%,u> = P (Au,u) - Pr(ou,u) + Pr<(RT + ﬁq)ﬁ, u> — (- V)u, ). (4.18)

Then,

t t t
]2 = P, J‘ (Au,w)dt - P, J (ou, u)dt + P, f ((RT + Rq)&,u)dt + uoll}:
0 0 0

t t t
=g P, I (Au,u)dt + (1 - &) P, f (Au,u)dt — P, j (ou, u)dt (4.19)
0 0 0

+P, JZ((RT + Rq)®,u)dt + o,

where g1 is a constant which needs to be determined.
From (4.14), we find that

0 k 0
(Auyu) = > Nuf = D" N + > Ajuis
i=1 i1

j=k+1

k % (4.20)
<A Z ui2 -N Z ujz-
i=1 i=k+1

2 2
< Mlullz> = Nivallz.,

where A = max{Ay, Ay, ..., Ak},
Thanks to (Au,u) = - [, |Vul*dx = —|| V|7, and |Jul|;> < C||Vul| 2, it follows that

1
(A u) = =[[Vulliz < — =5 lullle: (421)
We deduce from (4.11) the following:
lul2, + ITI2 + ||q]l7. < M2, t>t,. (4.22)
Using (4.19)-(4.22), we find that

2 2
[[v2llz2 < [lull7,

t t t
=& P, J (Au,u)dt + (1 —¢£1)P, f (Au,u)dt — P, j (ou,u)dt
0 0 0

+P, JZ ((RT + ﬁq)ﬁ, u)dt + [luoll2



Abstract and Applied Analysis 11

t t 1 —¢ P t
ggluﬂrf ||u||i2dt—51NPrf ||vz||i2dt—¢f ]|t
0 0 0

CZ
t t Prﬁ t t
(f ot + [ ||T||izdt> - <j ot + [ IIqllizdt> ol
0 0 0 0

(4.23)

+

PR
2

Let ¢ satisfy £1A < (1 —£1)/C? and K; = P,RM + P,RM. Then,

t
|22, < —glz\rp,f [val2.dt + Kit + [luol7., t> . (4.24)
0

By the Gronwall inequality, we find that

- K; _
||V2||%2 <e ETNP’tHuOHiZ + m(l —e E1NPrt>, t>t,. (425)
r

Then, there exists t; > t, satisfying

K K K
—ElNP,tl 22 < 1 1 _ —£1Nprt1 < 1 4.2
¢ ol < 52857 &NB (1-e ) < 26,NP,’ (4.26)
Since 6 = 1/N, for t > t; it follows that
K K
2 <L -l 427
[[v2ll7- < &ND, 51Pr6 (4.27)
Multiply (1.2) by T and integrate over (£2). We obtain
dar
E’T = (AT, T) + (u2, T) = ((u- V)T, T) + (Q,T). (4.28)
Then,
t t
T2 = f (AT, T) dt +f (up, T) dt + | To|[2
’ ° (4.29)

t t t
= ng (AT, T)dt+ (1 - &) f (AT, T)dt + I (up, T) dt + ||T0||i2,
0 0 0

where ¢, is a constant which needs to be determined.
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From (4.14), we find that

© k ©
(AT,T) = Y NI = > AT+ 30 AT
i=1 i=1

j=k+1
k © 4.30
SADTI-N Y T; (+30
i=1 j=k+1
< MITIE = NIz,
where A = max{Ay, Ay, ..., Ak},
Since (AT,T) = - [, |[VT|[*dx = —”VT”iz and ||T||;2 < C||VT||;2, it follows that
2 L 431
(AT,T) = =IVTI: < - Il (4.31)
Using (4.22) and (4.29)—(4.31), we find that
I3 < T
t t t
= ng (AT, T)dt + (1 - &) f (AT, T) dt + J‘ (up, T)dt + ||T0||i2
0 0 0
t t 1—¢) (t (4.32)
<ot [ Tt - o [ [Tt - S22 [ ria
0 0 C 0
1O o g 2
+5( | lullzdt+ | (ITll7.dt ) + [ Tollz..
2\ Jo 0
Let &, satisfy 21 < (1 — &) /C?. Then
t
| T2]f%. < —SZNI | Ta|2,dt + Mt + || To|[7,, t> . (4.33)
0
By the Gronwall inequality, we find that
M
IT2l2: < emN | T2, + Q—N(1 —e =N, st (4.34)
Then, there exists t, > t, satisfying
M M M
-, Nt 2 < _ p—aNb < . 4
e L e (L (4.35)
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Since 6 = 1/N, for t > t,, it follows that

M M

— 4.
N 526 (4.36)

ITaI7 <
Multiply (1.3) by g and integrate over (£2). We obtain

d
(d—?,q> = Le(Aq,9) + (u2,9) = (- V)q,9) + (G,q)- (4.37)
Then,

t t
lall: = Le [ (aq.apde [ ()t + ol
(4.38)

t t t
= Legs f (Ag,q)dt+ (1-&3) f (Ag, q)dt + f (12, q)dt + || 90|72
0 0 0

where g3 is a constant which needs to be determined.
From (4.14), we find that

(Aq,q) = >, g} = ZMI + Z Aiq;
i=1

j=k+1

e (4.39)

< Allqll7: - Nll421l7-,

where A = max{Ay, Ay, ..., Ak},
Since (Aq,q) = - [, |Vgl*dx = —||Vq||7. and ||g],> < C||Vgl|,., we see that

1
(84,49) =~ Vall. < - 5 l4ll7- (4.40)
Using (4.22) and (4.38)—(4.40), we obtain

2 2
a2z < llall

t t t
= saLef (Ag,q)dt + (1 —ss>Lef (Aq, q)dt+f (12, 9)dt + || qo]| 2

53 (4.41)
<et. [ fallde- et [ Nl o2 | falfa

1 t t
e[t [ ol + ol
0 0
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Let &3 satisfy g3 < (1 — £3) /C?. Then,
t
lg2% < —esNL. fo lqallZaddt + Mt + [l gl £ Eu. (4.42)
By the Gronwall inequality, we find that
2 _eLNE|[ |2 M ~esLe Nt
||qz||LzS€ o ”qO”L2+£3L—N<1_e oe ), t > t,. (443)
e

Then, there exists t3 > t, satisfying

M M M

—£3L3Nt3 2 < 1 _ —€3L5Nt3 < . 4'44
€ l9oll:z < 5~ 53LEN< € ) < 2631, N (444
Since 6 = 1/N, for t > t3, it follows that
2 M M
< _-__"5. 4.45
”qZ”L2 = &L.N £3L36 ( )

From (4.27); (4.36) and (4.45) for all 6 > 0 there exists fy = max{#,f,,t3} such that
when t > t, it follows that

2 2 2 2 K1 M M
|| P2S(t) (10, To, q0) ||7; = ll02ll72 + I T2ll72 + |92l 2 < <_51Pr ot E3Le>6, (4.46)
which imply (4.17). From Lemma 2.4, (1.1)~(1.7) have a global attractor in L?(Q, R*). O
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