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By establishing the corresponding variational framework and using the mountain pass theorem,
linking theorem, and Clark theorem in critical point theory, we give the existence of multiple
solutions for a fractional difference boundary value problem with parameter. Under some suitable
assumptions, we obtain some results which ensure the existence of a well precise interval of
parameter for which the problem admits multiple solutions. Some examples are presented to
illustrate the main results.

1. Introduction

Variational methods for dealing with difference equations have appeared as early as 1985 in
[1] in which the positive definiteness of quadratic forms (which are functionals) is related to
the existence of “nodes” of solutions (or positive solutions satisfying “conjugate” boundary
conditions) of linear self-adjoint second-order difference equations of the form

A(p(k - 1)Ay(k-1)) +q(K)y(k) =0, k=1,2,...,n, (L1)

where p(k) is real and positive for k = 0,1,...,n and q(k) is real for k = 1,2,...,n. Later
there are interests in solutions of nonlinear difference equations under various types of
boundary or subsidiary conditions, and more sophisticated methods such as the mountain
pass theorems are needed to handle the existence problem (see, e.g., [2-11]).

Recently, fractional differential and difference “operators” are found themselves in
concrete applications, and hence attention has to be paid to associated fractional difference
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and differential equations under various boundary or side conditions. For example, a recent
paper by Atici and Eloe [12] explores some of the theories of a discrete conjugate fractional
BVP. Similarly, in [13], a discrete right-focal fractional BVP is analyzed. Other recent advances
in the theory of the discrete fractional calculus may be found in [14, 15]. In particular, an
interesting recent paper by Atici and Sengtil [16] addressed the use of fractional difference
equations in tumor growth modeling. Thus, it seems that there exists some promise in using
fractional difference equations as mathematical models for describing physical problems in
more accurate manners.

In order to handle the existence problem for fractional BVPs, various methods (among
which are some standard fixed-point theorems) can be used. In this paper, however, we show
that variational methods can also be applied. A good reason for picking such an approach is
that, in Atici and Sengiil [16], some basic fractional calculuses are developed and a simple
variational problem is demonstrated, and hence advantage can be taken in obvious manners.
We remark, however, that fractional difference operators can be approached in different
manners and one by means of operator convolution rings can be found in the book by Cheng
[17, Chapter 3] published in 2003.

More specifically, in this paper, we are interested in the existence of multiple solutions
for the following 2v-order fractional difference boundary value problem

TAY (A x(t) = Af(t+v -1 x(t+v-1)), te[0,T]y, (1.2)

x(v-2) = [{A)_x(t)],_; =0, (1.3)

where v € (0,1), A, and TA} are, respectively, left fractional difference and the right
fractional difference operators (which will be explained in more detail later), t € [0,T]y, =
{0,1,2,..., T}, f(t+v=1,-) : [v -1, T +v 1]y, , xR — Ris continuous, and 1 is a positive
parameter.
By establishing the corresponding variational framework and using critical point
theory, we will establish various existence results (which naturally depend on f, v, and \).
For convenience, throughout this paper, we arrange 3", x(i) = 0, for m < j.

2. Preliminaries

We first collect some basic lemmas for manipulating discrete fractional operators. These and
other related results can be found in [14, 16].

First, for any integer §, we let Ng = {f, p+1, +2,...}. We define t0 = L (t+1) /T (t+1-v),
for any t and v for which the right-hand side is defined. We also appeal to the convention that,
if t + 1 — v is a pole of the Gamma function and ¢ + 1 is not a pole, then ¢ = 0.

Definition 2.1. The vth fractional sum of f for v > 0 is defined by
1 t—v (v-1)
-v — _ g V- 2.1
A F(0) = 1 -5 = DO VFG), e

for t € N,_,. We also define the vth fractional difference for v > 0 by A”f(t) := ANAYNf(¢),
where t € Ny, n_p, and N € Nis chosensothat 0 < N -1 < v < N.
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Definition 2.2. Let f be any real-valued function and v € (0,1). The left discrete fractional
difference and the right discrete fractional difference operators are, respectively, defined as

t+v—1
ALF() = A ATV F(E) = F(l A Z (t-s-1)f(s), t=a-v+1 (modl),
bAVF(8) = =20 f (1) = o v)( A) Z (s—t-1)"f(s), t=b+v-1 (modl).
t+1—v

(2.2)

Definition 2.3. For I € C!(E,R), we say I satisfies the Palais-Smale condition (henceforth
denoted by (PS) condition) if any sequence {x,} C E for which I(x,) isbounded and I' (x,,) —
0asn — +oo possesses a convergent subsequence.

Lemma 2.4 (see [18]). A real symmetric matrix A is positive definite if there exists a real nonsingular
matrix M such that A = MM, where M is the transpose.

Lemma 2.5 (see [9]: linking theorem). Let E be a real Banach space, and I € C'(E,R) satisfies
(PS) condition and is bounded from below. Suppose I has a local linking at the origin 0, namely, there
is a decomposition E = Y @ W and a positive number p such that k = dimY < oo, I(y) < I(0) for
y e Ywith0 < |ly|l < p; I(y) > 1(0) for y € W with |ly|| < p. Then I has at least three critical
points.

Lemma 2.6 (see [6]). Let |E be a real reflexive Banach space, and let the functional I : E — R be
weakly lower (upper) semicontinuous and coercive, that is, limyy|— I (x) = oo (resp., anticoercive,
i.e., limy|— ol (x) = —oo). Then there exists xo € E such that I(xo) = infgl(x) (resp., I(xo) =
supgI(x)). Moreover, if I € C1(E,R), then x is a critical point of functional I.

Recall that, in the finite dimensional setting, it is well known that a coercive functional satisfies
the (PS) condition.

Let B, denote the open ball in a real Banach space of radius r about 0, and let 0B, denote its
boundary. Now some critical point theorems needed later can be stated.

Lemma 2.7 (mountain pass theorem [8]). Let [E be a real Banach space and I € C'(E, R), satisfy-
ing (PS) condition. Suppose 1(8) = 0 and

(I1) there are constants p, a > 0 such that 1 |aBp >a,

(I) thereise € E\ EP such that 1(e) <0.

Then I possesses a critical value ¢ > a. Moreover c can be characterized as

= inf I
€7 ger ueglion) ). @3)

where

I'={geC(0,1,E) | g(0) = 6,g(1) = e}. (2.4)
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Lemma 2.8 (see [7]). Let EE be a reflexive Banach space and I € C(E,R) with I(0) = 0. Suppose
that I is an even functional satisfying (PS) condition and the following conditions:

(I3) there are constants p,a > 0 and a closed linear subspace X, of E such that codim X; =1 < oo
and I|ap,nx, > @,

(I4) there is a finite dimensional subspace X, of E with dim X, = m, m > I, such that I(x) —
—ooas ||x|| — oo, x € Xy. Then I possesses at least m—1 distinct pairs of nontrivial critical
points.

Lemma 2.9 (the Clark theorem [8]). Let E be a real Banach space, I € C(E,R) with I even,
bounded from below, and satisfying (PS) condition. Suppose 1(0) = 0, there is a set K C E such that
K is homeomorphic to S’ (the j — 1 dimensional unit sphere) by an odd map and supy I < 0. Then I
possesses at least j distinct pairs of critical points.

3. Main Results

Firstly, we establish variational framework. Let
Q- {x = (x(v=1),x(»),..., x+T -1 [x(v+i-1) e R,i = o,1,...,:r} (3.1)

be the T + 1-dimensional Hilbert space with the usual inner product and the usual norm

Tiv-1 Tiv-1 1/2
(x,z) = > x(z(t), x| = < > |x(t)|2> , x,z€EQ. (3.2)
t=v-1 t=v-1

For r > 1, we recall the r-norm on Q: ||x||, = (Zg}’_’f |x(£)|")". We also recall the standard
fact that there exist positive constants ¢, and ¢,, such that

crllxll < flxll, <erflxll,  x € Q. (3.3)

Define a functional on Q by

T T
I(x) = %Z (A7 x () - AD F(t+v—1,x(t+v-1)) (3.4)

t=—1 t=—1

forx=(x(v=1),x(),...,x(v+ T -1))T € Q, where

x(t+v-1)
F(t+v—1,x(t+v—1)):f f(t+v-1,s)ds,
0
(3.5)

T+v

> (T-s-1)"x(s) =0.

s=v-1

-v

x(v=2=0,  [Ax0] i = fryy
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Obviously, I(0) = 0. Let

E={x=(m-2,x0p-1),. x@+T) €R™ | x(v-2) =0, [[A}x(H)] ; = 0}.
(3.6)

Then by (1.3) it is easy to see that E is isomorphic to Q. In the following, when we say x €
Q, we always imply that x can be extended to y € E if it is necessary. Now we claim that
if x = (x(v - 1), x(v),...,x(v + T - 1))' € Q is a critical point of I, then y = (x(v - 2),
x(v-1),...,x(v+T)) € Eis precisely a solution of BVP (1.2) and (1.3). Indeed, since I
can be viewed as a continuously differentiable functional defined on the finite dimensional
Hilbert space Q, the Frechet derivative I'(x) is zero if and only if 0I(x)/0x(i) = 0 for all
i=v-1vy,...,v+T-1.

By computation,

Col(x)  _ « AY 1x( )

Bxtr =) = 2 (Ax ) oy s ;-1 -1)

_ T o ttv —s-1 (-v-1)
= F 2 - (éx(f,_1§ ) (87 %) =L f = 1 x(v - 1)
t=-1
= V—ZZT: (t-»)Y tfj (t-s-1)Vx(s) = Af(r-1,x(v - 1))
I2(1-v) & “ ’
- s S S (5w ) ) - Af 1 1)
r2(1-v) & et ’

= (s— 1)(*1}—1) - (s—u- 1)(”1)x(u)]
FZ(l [ Z Z t=v-1

s=t-v u=v-1

-Af(v-1,x(»-1))

- r(1 v) [ Z (s— 1)(7%1) (sAZ_l)x(s)] -Af(v-1,x(v-1))

s=t-v 1

T
- r(1 ) [ _Z (==~ <S—f)(_v)>(sAZ_1)x(S)]

-Af(v-1,x(v-1))

t=v-1

(-v)
r(1 V) [( A)S;V(s—t) (sAy 1)X(S):It:v_1—)Lf(v—l,x(v—l))

[rA7 (A )x(®)],, —Af(v -1 x(v-1)),
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ol(x)  « OrA_ x(t)
m - t:Z—l(t -1 (t)> dx(v) —Af (v, x(v))

O3 (t—s-1)7"Vx(s)

= F(lvv)z 5x0) (tAY_x(t) = Af (v, x(v))

=r2(12 Z(t v - 1)(”1)§(t s = 1) Vx(s) = Af (v, x(v))
s=v-1

=r2(12 Z<S y=)O S (5= u=1)OVxw) - Af(, x(3)
u=v-1

2

=‘r2<—1 v>[Z<S DO S (s u 1>(“x<u>] = Af (v, x(v))
t=v

s=t-v u=v-1

_ s
- | e a0 )
| s=t—v

t=v

_ [T
=—mfv) Z((s—f—l)“‘”—<s—t>(‘”>)(sA3_1)x<s>] ~ Af (v, x(v))
t=v

| s=t—v

1
= —r(l—v) ( A) Z (s— ™) (,A? )x(s):ltzv—)tf(v,x(v))

s=t-v

= [rA7, (:A))x()] 2, — Lf (v, x(v)),

0I(x) . O AY_ x(t)
dx(v+T-1) t;l(tAv_lx(t))m —Af(v+T-1,x(v+T-1))
_ Loz (t-s-1)Tx(s),

_1"(1 V)Z c})x(v+T 1) (+A71x(1))

-Af(v+T-1,x(v+T-1))
12 t+v

- e Sy 8 s
t=

s=v-1
- Af(v+T-1,x(v+T-1))

192 s5+v

= T (-»-1) 1 (-v-1)
(i >SZT:1(S P I

-Af(v+T-1,x(v+T-1))
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2 s+v

T
—rz(;’_ 5 [ Ss-t-1) Y (s-u- 1)<—"—1>x(u)]
t=v+T-1

s=t-v u=v-1

-Af(v+T-1,x(v+T-1))

_ T
- F(1—1—)v) [ > (s-t-1)h (SA;_l)x(s)]
s=t-v t=v+T-1

-Af(v+T-1,x(v+T-1))

_ T
= T iv) [ Z <(S —-t- 1)(—v) —(s— t)(—V)) (sAﬁl)x(s)]
o=ty f=y4T-1

- Af(v+T-1,x(v+T-1))

IR T PR I A
S T(1-v) [( A)ng(s ‘) (SAv_l)x(S)]t_le

-Af(v+T-1,x(v+T-1))

= [rAV GAY_)x(B)],oyiry —Af(+T =1, x(v+T - 1)).
(3.7)

So to obtain the existence of solutions for problem (1.2) and (1.3), we just need to study the
existence of critical points, that is, x € Q such that I'(x) = 0, of the functional I on Q.
Next, observe by Definition 2.2 that, for t € [-1,T]y_,,

) 1 t—(1-v) )
AV x(t) = Am t:;l (t-s-1)""x(s). (3.8)
We let
t=(1-v) )
z(t+v-1) = Ay Zl (t-s-1)"x(s), (3.9)
then
z(v-2)=0,
1 0-(1-v) )
z(v-1) = m Sg_l (-s=1)""x(s) =x(v-1),
1 1-(1-v) )
z(v) = Ay Sg;l (1-s-1)"x(s) = (1 -v)x(v -1) + x(v),
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1 2—-(1-v)
Z(V + 1) = m Z (2 -5 1)(7V)x(s)
s=v-1
_ Wx(v “1)+ (1-v)x(w) +x(w +1),

1 T-(1-v)
1_'(1—_1)) Z (T —-S— 1)(_V)X(S)

s=v-1

z(v+T-1) =

(T-v)(T-1-v)---(1-v) (T-v-1)(T-2-v)---(1-v)
= Tl x(v—-1)+ T-1) x(v)

+o+t(1=-v)x(v+T-2)+x(v+T-1),
(3.10)

thatis, z = Bx, where z = (z(v-1), z(v), ..., z(v+T-1)), x = (x(v=1), x(v),..., x(v+T-1))T:

1 0 0 ---0
1-v 1 0 -0
@2-v-v) 1-—v 1 .- 0
B= 2!

(T-v)(T-1-v)-(1-v) (T-1-v)(T-2-v)-(1-v)
T T -1

(T+1)x(T+1)
(3.11)

By Lemma 24, (B1)'B! is a positive definite matrix. Let Amin and Amax denote,
respectively, the minimum and the maximum eigenvalues of (B™')"B~".
Since x = B!z, we may easily see that

:
Aminllzll* < llx|1* = <ZT<B’1> ,B’lz> < Amaxl|zl%. (3.12)

Then ||x|| — oo if and only if ||z|| — oo. Next, let

2 -1 0 0 0
-1 2 -1---0 0
0 -1 2 0 0
A= .. - (3.13)
o 00 .- 2 -1
0 00 ---11

(T+1)x(T+1)
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By direct verifications, we may find that A is a positive definite matrix. Let 73,1, .. .,
17+1 be the orthonormal eigenvectors corresponding to the eigenvalues Ay, A5, ..., A1 of A,

where0<)q <)L2 < e <.A,T+1.
For convenience, we list the following assumptions.

(Cq) There exists p € (0,2) such that lim sup|x|_>m(F(t+v— 1,x)/|x|*) <atort e [0,T]y,,
where a is a constant.

(C2) There is a constant p > 2 such that lim infy| . oo (F(t+v-1, x) /[x[) > O for t € [0, T]y,-

(C3) There exists a constant d > 0 such that lim supleO(F(t +v-1,x)/|x]?) < d for
t € [0,T]y,-

(Cy) F(t+v—1,x) satisfies lim, _o(F(t +v —1,x)/|x|*) = g1 > 0 for t € [0, T]y,, where g1
is a constant.

(Cs) f(t+v—1,x) is odd with respect to x, thatis, f(t+v—-1,-x) =—-f(t+v—-1,x), for
te€[0,T]y, and x € R.

(Ce) There is a positive constant p, such that liminf, _,o(F(t + v — 1,x)/|xP) > p2 for
t e [0,T]y,-

Theorem 3.1. If (Cy) holds, then for all A > 0, BVP (1.2), (1.3) has at least one solution.

Proof. By (C;), we obtain

F(t+v-1,x) <alx|"+b, te[0,Tly, |x|>g, (3.14)

where ¢ is some sufficiently large numbers and b > 0. Thus, by the continuity of F(t+v -1, x)
—alx|* on [0, T]y, x [~¢, 6], there exists a’ > 0 such that

F(t+v-1,x) <alx|'+a, (ts)€][0,T]y xR (3.15)

Combining with (3.3)-(3.15), we have

T
I(x) = %Z (A% x()” - )Lil—"(t +v-1,x(t+v-1))
t=-1 t=—1

T T

= %Z(Az(tﬂ;— 1))2 —AZF(t+v— 1,x(t+v-1))
t=-1 t=—1

1T—1 T

QZ(Az(tﬂ)— 1))? _)LZF(Hv— 1,x(t+v-1))

t=-1 =0
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v

T
%)L1||z||2 A F(t+v-1Lx(t+v-1))
t=0

v

T
%)Llnzn2 = Mal > |x(t+v -1 - ad M(T +1)
t=0

v

1 - :
§)t1||Z||2 = Mal ©)" lxll" = a'M(T +1)

1 _ 1/2
Szl = Alal (6,) Ami ||zl = A (T + 1),
(3.16)
So, in view of our assumption y € (0,2), we see that, for A > 0, I(x) — oo as ||x|| — oo,
that is, I(x) is a coercive map. In view of Lemma 2.6, we know that there exists at least one

x € Q such that I'(x) = 0; hence BVP (1.2), (1.3) has at least one solution. The proof is
completed. O

Remark 3.2. If p = 2 and a > 0, from the proof of Theorem 3.1, we can get that, for A €
(0, A1/2|alAmax), our functional I is also coercive.

Theorem 3.3. If (Cy) holds, then for all A > 0, BVP (1.2), (1.3) has at least one solution.
Proof. Similar to the proof Theorem 3.1, we have

T
I(x) < %Am Iz = A F(t+v -1, x(t+v - 1)). (3.17)
=0

By (Cy), there exists ¢ > 0 and ¢’ > 0 such that F(t + v — 1,x) > g|x|* for |x| > ¢’ with
t€[0,T]y, so

F(t+v-1,x) 2¢glx|"—c, (t,x)€[0,T]y xR, (3.18)

where ¢ > 0. Since F(t +v -1, x) — g|x| is continuous on [0, T]y, x [-¢,¢'], through (3.17), we
obtain

I(x) < %Amnznz — g (e ) N2 1zl + cA(T +1). (3.19)

Thus I(x) — —ooas||x|| — oo for g > 2. Thatis, I(x) is an anticoercive. In view of Lemma 2.6,
we know that there exists at least one x € Q such that I'(x) = 0; hence BVP (1.2), (1.3) has at
least one solution. The proof is completed. O

Theorem 3.4. Assume (Cy) and (Cs) hold. Then, for A € (0,11/2dAmax), the BVP (1.2), (1.3)
possesses at least two nontrivial solutions.

Proof. First, we know from Theorem 3.3 that I(x) — —oo as ||x|| — oo. Clearly, Q is a real
reflexive finite dimensional Banach space and I € C!(Q,R), so functional I is weakly upper
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semicontinuous. By Lemma 2.6, there exists xy € Q such that I(xg) = sup,I and I'(xo) = 0.
Set cp = supgl. Let {x,} C Q, such that there exists M > 0 and |I(x,)| < M for n € N. By (C;)
and (3.19), we may see that

1
~M < I(xs) < 5 zal? = M2 g () | Zall” + (T + 1), (3.20)
that is,
1
~M - eM(T +1) < dr zall* = M2 g (c)* 1zl (3.21)

In view of p > 2, we see that {z,} C Q is bounded, and hence {x,} C Q is bounded.
Since Q is finite dimensional, there is a subsequence of {x,}, which is convergent in Q.
Therefore, the (PS) condition is verified.

By (C3), there exists 6 >0, F(t+v—-1,x) < dx? for |x| < 6,t € [0, T]y,- Thus, for x € Q
with ||x|| < 6, we have

T-1 T
I(x) = %Z(Az(t +v-1))? =AY F(t+v-1Lx(t+v-1))
t=-1 t=0
T
> %J\lnzllz—)LZF(t+v—1,x(t+v—1)) (3.22)
=0

> (34~ dmacdd ) .

For A € (0,A1/2d\max), we choose p = 6 and y = ((1/2)\1 - )u\max)pz. Then we have
1 |aBp >y > 0, so that the condition (I;) in Lemma 2.7 holds.

Since I(x) — —oo as ||x|| — oo, we can find e € Q with sufficiently large norm |e||
such that I(e) < 0. Hence (I;) in Lemma 2.7 is satisfied. Thus, functional I has one critical
value

=inf I(u),
= (3.23)

whereI' = {g € C([0,1],Q) | g(0) =6,g(1) =e}. If ¢p > ¢, the proof is completed. It suffices to
consider the case ¢y = ¢. Then

= = 1 f I ’
Co=c=nf maxlw (3.24)

that is, co = maxyeg([o,1])I(u) for each g €T
Similarly, we can also choose —e € Q such that I(-e) < 0. Applying Lemma 2.7 again,
we obtain another critical value of the functional I,

¢ =inf max I(u),
ger ueg((01]) ) (3.25)



12 Abstract and Applied Analysis

where T = {g € C([0,1],Q) | 3(0) = 6,3(1) = —e}. If ¢y > C, then the proof is completed. Tt
suffices to consider the case where ¢y = ¢. Then ¢y = maxyeq(j01))I (1) for each g € T. By the
definitions of T and T, we may choose gop € I'and g, € T such that 8o([0,1]) ng,([0,1]) =
{0}. Therefore, we get the maximum of the functional I on go([0,1]) \ {0} and g,([0,1]) \
{0}, respectively, that is, we find two distinct nontrivial critical points of the functional I.
Therefore, our BVP (1.2), (1.3) possesses at least two nontrivial solutions. O

Theorem 3.5. Assume that (Cy) and (Cy) hold and that there exists N € [1,T + 1]Nl such that
AN < An+1. Then, for L € (AN /21 Amin, AN+1/2G1 max), BVP (1.2), (1.3) has at least three solutions.

Proof. By (Cq) and Theorem 3.1, we obtain lim;y|— I (x) = oo, thus functional I is bounded
from below. Similar to the proof of (PS) condition in Theorem 3.4, we can verify that
functional I satisfies (PS) condition in our hypothesis. In order to apply linking theorem, we
prove functional I is local linking at origin 6 as follows. Clearly, Q = span{#ni,7,..., 14}
Let X = span{ni,12,...,qn}, W = span{nn.1, N2, - .., 4141}, then Q = X W.

By (Cy), for € € (0, q1), there exists p > 0, such that

(qi-e)x* <F(t+v-1,x) < (qu+e)x’, |x|<p, te[0,T]y, (3.26)

So, for x € X with 0 < ||x|| < p, such that

T-1 2
> (Az(t+v-1))* =2' Az < Anllz|f < )"X'ﬂ
! (3.27)
T T
SFt+v-1x(t+v-1) > (q1 - ) D (x(t+v-1))* = (g — &) |Ix].
t=0 t=0
Since z = Bx € X, we have
1 T-1 ) T
I(x) = Et_z_l(Az(t+ v-1)) —A%F(H v-1x(t+v-1))
= - (3.28)

AN
< (525 -2 -9) ).

Thus, for A > An/2(g1 — €) Amin, we have I(x) < 0 for x € X with 0 < ||x|| < p.
Similarly, for x € W with 0 < [|x|| < p,

I(x) = 1E(Az(tw—1>>2—A§lF<t+v—1 x(t+v-1)) > (AN” =X +e)>||x||2
B 2t=—1 t=0 ' ~ \Zhmax o '
(3.29)

then for A < Ans1/2(q1 + €)Amax, We have I(x) > 0 for x € W with 0 < [Jx]| <
p. So, by Lemma?25, for ¢ € (0,q1), if A € (AN/2(q1 — €)Amin, AN+1/2(q1 + €)Amax),
functional I possesses at least three critical points. By the arbitrariness of ¢, we get for A €
(AN/2G1Amin, AN+1/2g1Amax), the problem (1.2), (1.3) possesses at least three solutions. O



Abstract and Applied Analysis 13

Theorem 3.6. Assume (Cy), (Cs), and (Cs) hold. Then, for each N € [0,T]y,, if A € (0, Ans1/
2dAmax), then BVP (1.2),(1.3) possesses at least T + 1 — N pairs of solutions.

Proof. By (Cs), functional I is even, and based on the proof of Theorem 3.4, we know that
I satisfies (PS) condition. In order to obtain our result, we need to verify (I3) and (I4) of
Lemma 2.8.

First, in view of (Cs), there exists p > 0 such that

F(t+v-1,x)<dx* for|x|<p, te]0, Tly,- (3.30)

For N € [1,T +1]y,, if we choose X; = span{#nn1,7N+2, - - -, 1+1}, then codim X; = N.
So for x € X; with [|x|| < p, since z = Bx, we have

T-1

T
I(x) = %Z(Az(tﬂ)— 1) =AY Ft+v-1x(t+v-1)) > <2)‘N+1 —)Ld>||x||2. (3.31)

t=—1 t=0 Amax

Thus, for A € (0, An+1/2dAmax), I|lea[g;p > p >0, where f = (AN+1/2Amax — )Ld)Pz, (I3)
of Lemma 2.8 holds.

Next if we choose X, = span{#ni, 1, ..., %41}, then for x € X;, in view of (Cy) and
Theorem 3.3, we get I(x) — —oo as ||x|| — oo. (I4) of Lemma 2.8 is satisfied.

Therefore, for A € (0, An41/2dAmax), functional I possesses at least T + 1 — N pair of
critical points in Q, and problem (1.2),(1.3) has at least T + 1 — N pairs of solutions. O

Remark 3.7. In Theorem 3.6, if we choose N = 0, then for A € (0,.11/2dAnax), the BVP (1.2),
(1.3) possesses at least T + 1 pairs of solutions.

Obviously, compared with Theorem 3.4, the even condition (Cs) ensures that the
problem (1.2), (1.3) possesses more solutions.

Theorem 3.8. Suppose (C1), (Cs), and (Cg) hold. Then for every N € [1,T + 1]y, when A € (An/
2p2Amin, 00), problem (1.2), (1.3) possesses at least N pairs of nontrivial solutions.

Proof. 1(x) is an even functional on Q by (Cs). From (C;), we obtain I(x) — oo as ||x|| — oo,
so it is clear that I is bounded from below on Q and satisfies the (PS) condition. For N €
[1, T+ 1]N1' if we choose X; = span{7s,...,7n} and set K = X; N0B,, then K is homeomorphic
to SN~! by an odd map. By (Cs), there exists p; > 0 such that F(t+v —1,x) > p2x? for |x| < py,
t € [0,T]y,- So for x € Ky = X; N 0B,

1& L 1
I(x) =5 > (Az(t+v-1)" =AY Ft+v-1,x(t+v-1)) < E./\NHZ”Z — Apa||x|?
t=—1 t=—1
(3.32)

AN
- (zxmm ‘)"”)p g

For A € (AN/2p2Aminy, +o0), we have supy, [ (x) < 0. Therefore, by Lemma 2.9, func-
tional I has at least N pairs of nontrivial solutions. O
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Remark 3.9. From Theorem 3.5, it is easy to see that, when f is odd about the second variable,
we can obtain more solutions of the problem (1.2), (1.3), and the number of solutions depends
on where 1 lies.

4. Applications
In the final section, we apply the results developed in Section 3 to some examples.

Example 4.1. Consider the following problem

TA) (1A x(t)) = M(t+v - Dt +v-1)(sinx(t+v—1) +2)
+(t+v-1)xtt+v—1)cos(x(t+v—-1)), te[0,T]y, (4.1)
x(v=-2) = [{A)_x(t)],.; =0,

where f(t+v—1,x) =4(t+v - 1)x3(sinx +2) + (t + v — 1)x* cos x. Choose p =4 and d = 1 in
(Cy) and (C3). Since

Ft+v-1
liminf(+v—4'x) = liminf(t+v - 1)(sinx+2) = t+v—-1>0, te[0,T]y,
x| = o0 |x| =00
. ' (4.2)
t -
lim sup M = lim sup(t + v — 1)x*(sinx +2) =0, te€ [0, T]y,,
|x|—0 X x| = o0

we see that (C;) and (C3) hold. Thus, by Theorem 3.4, when A € (0,11 /2Amax), problem (4.1)
has at least two nontrivial solutions.

Example 4.2. Consider the problem

A} (1A x(t)) = Msin(x(t +v - 1)) cos(x(t +v - 1))
_ e—(t+v—1)x(t+v—l)

(4.3)

x <2x(t +v—1) = (t+v -2t +v - 1)) te[0,Tly,

x(v=2) = [{A)_x(t)],.; = 0.

Suppose there exists Ny € [0, T]y, such that AmaxAn, < AminAng+1- If we choose p=g1=a=1
in (Cy) and (Cy), then for t € [0, T]y,, we have

Fit+v-1,x) 2sin’x — x2e~(tHv-Dx
—————— =limsup m <l=aq,
|x| |x] = o0 |x|

lim sup
Jx| = o0

(4.4)
limF(t +v-1,x)

x—0 x2 :1:q1>0/
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and hence (C;) and (Cy) are satisfied. So, in view of Theorem 3.5, for A € (An,/2Amin, Any+1/
2Amax), problem (4.3) has at least three solutions.

Example 4.3. Consider the problem

TAY  (GAY x(H) = Mt +v - 1D)x*(t+v —1)(cosx(t+v —1) +2)
—(t+v-Dx*(t+v-1sin(x(t+v-1)), te[0,T]y, (4.5)

x(v-2) = [(A)_x(t)],.; =0.

Condition (Cs) is satisfied. If we choose ¢ = 4 and d = 1 in (C;) and (C3), then by some
simple calculation, we may show that the hypotheses (C,) and (C3) are fulfilled. Therefore,
by Theorem 3.6, for any N € [0,T]y, and A € (0, An+1/2Amax), problem (4.5) has at least
T +1 — N pairs of solutions.

Example 4.4. Finally, consider the problem

v v 1 .
A (AY_x(t) = )Lm—_l sin((t+v-1Dx(t+v-1))

+x(t+v-T)ycos((t+v-1)x(t+v-1)), te[0,T]y, (40

x(v-2) = [{A)_x(t)],_.; =0,

where f(t+v-1,x) = (1/(t+v—-1))sin((t +v -1)x) + xcos((t +v—-1)x). Leta=p =1and
p2 = 1/2. Then it is easy to verify that (C;), (Cs), and (Ce) hold. Thus, by Theorem 3.8, for
each N € [0, T]NO and A € (AN /Amin, +o0), problem (4.6) has at least N pairs of solutions.
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