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We consider a general integral operator based on two types of analytic functions, namely, regular
functions and, respectively, functions having a positive real part. Some univalence conditions for
this integral operator are obtained.

1. Introduction

Let o« be the class of functions of the form

f@)=z+Sax, 1)
i

which are analytic in the open unit disk, # = {z € C : |z| < 1} and normalized by f(0) =
f'(0) =1 = 0. Also, let S denote the subclass of «# consisting of univalent functions, in the
open unit disk. We denote by D, the class of functions p which are analytic in %, Rep(z) > 0,
for all z € U and p(0) = 1, the so-called Caratheodory functions.

In [1], Pescar introduced and studied the following integral operator:

En(z) =J‘ H<#> (gj(u))pidur (1-2)

0 j=1

where a;, f; are complex numbers, f; € 4, g €D, j=1,n.
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In this paper, we generalize this integral operator, by considering the general integral
operator defined as follows:

o 1/6
e <5 JeT1(5e) <g,~<u>>ﬂfdu> : a3

j=1

where 6, a;, p; are complex numbers, 6 #0, fi € A4, g; € P, j=1,n.

Remarks. This integral operator extends many other integral operators from related works
on this field as those given by Srivastava, Mocanu, Owa, Pescar, Orhan, Breaz, and others.
Using this new operator and the related univalence conditions that are going to be proved
here, one can study some other already known operators in a unified perspective. Thus, for
different particular cases of the parameters 6, a;, f;, our integral operator K, is shown to be
an extension of the following integral operators.

(i) For 6 = 1, the integral operator K, is the operator E, from (1.2), introduced by
Pescar in [1].

(ii) Forn =1, aj = 6, §; = 0, the integral operator K,, was studied in [2], by Miller and
Mocanu.

(iii) For §; = 0, j = 1,n, the integral operator K, was studied in [3], by Pescar and Breaz.

iv)For;=0,j=1,na; =a—-1,and 6 = n(a — 1) + 1, the integral operator K, was
j J j & P
studied in [4], by Breaz et al. and also in [5], by Srivastava et al.

(v) For6=1,p6;=0,j = 1,n, we get the integral operator defined by D. Breaz and N.
Breaz, in the paper [6].

(vi) For6=1,a;=0,p; >0,and g = f ]f, the operator was studied by Breaz et al., in the
paper [7].

More precisely, if we are interested to study various properties of two or more different
operators reminded above (and other similar operators which are not mentioned here), we
can do this in an integrated manner by simply allowing the parameters involved in the
definition, to be more general and consequently by studying only one operator, having the
form (1.3). In this paper, we will study some univalence criteria for this new operator.

The following known results will be used in order to prove our results.

Lemma 1.1 (see [8]). Let y be a complex number, Rey > 0and f € 4. If
1= |27 2f"(2)

| SV (1.4)

Rey

forall z € U, then for any complex number 6, Re 6 > Rey,

Fs(z) = [6 fo w51 f’(u)du] B €3S. (1.5)
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Lemma 1.2 (see [9]). Let f be a reqular function in the open disk Ur = {z € C : |z| < R} with
|f(2)| < M, M fixed. If f has in z = 0 one zero with multiplicity > m, then

f@)] < gl (€0, (16)

the equality for (z #0) can hold only if

0 M
f(z) = eleﬁzm, (1.7)
where O is constant.
Lemma 1.3 (see [10]). Foreach f € S,
1-r |zf'(z) 1+r
137> j{(z) S g |z| =7 < 1. (1.8)

Lemma 1.4 (see [11]). If ¢(z) =1+ X772, bpz" is reqular in |z| < 1 and Re(g(z)) > 0, then

2|z|

T 1z

zg'(z)
g(2)

(1.9)

Also, for the statement of our main results, we need to define the following classes:

_ |ZEE)
JM—{fEJ. 5 1§M,M21}, o)
[)L={fe/3: % gL,L>o}.

2. Main Results

Theorem 2.1. Let 6, aj, pj be complex numbers, Re6 > 1, M, L; positive real numbers, M; > 1,

j = 1,n, and the functions fi€Am;, 8 €PL, j=1n
If
n 3\/5
2 e M+ 161 L] < ==

j=1

, 2.1)

then the general integral operator K, defined by (1.3), is in the class S.
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Proof. We consider the regular function

() = f <M> (f"(”))a" (1)) (8u(w)) " du, (2.2)

0 u u

After some calculus, we have

2! (2) A\ zfi(2) zgi(2)
1-1zP) |52 < (1~ )z ai|| 2= -1+ |B;|| ==, 2.3
forallz € U.
Since f; € Am;, by applying Lemma 1.2 for m = 1, we get
zfi(z)
j .
-1 < Mj|z|, =1l,nmzel). (2.4)
fi(2 el (i )
Also since gj € P, from Lemma 1.2, we have
zg;(2)
< Ljlz|, i=1,nzel). (2.5)
8j(2) el (i )

If we put these last two inequalities in (2.3), together with the inequality from the
hypothesis, we get

33

2\ | 2hn(2) 2
(1-1=P) el (1-1=2F)l=l - = (2.6)
Now we take into account the fact that
max[<1 - |z|2>|z|] -2 2.7)
|zI<1 3V3
thus obtaining
2\ | zh(2)
(1-121) o |V Eew. (2.8)
Further from Lemma 1.1, for Re 6 > Rey =1, it is obvious that K,, € S. O

Corollary 2.2. Let 6, a;j be complex numbers, Re6 > 1, M; positive real numbers, M; > 1, f; €
i, j= T If

n 3\/@
Z;[Ialej] <5 (2.9)
=
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then the function

o U6
Ku(z) = IGI uﬁ‘ll_[(fjiu)) du] , (2.10)

is in the class S.

Proof. In Theorem 2.1, we take ; =0, j =1,n. O

Corollary 2.3. Let 6, p; be complex numbers, Re6 > 1, L; positive real numbers and g; € Py,
j=1nlIf

3v3
> (2.11)

g[lﬁjl%] <

then the function

1/6
Ku(z) = laf uﬁ-lﬂ(gj(u))ﬂfdu] (2.12)

0 j=1

belongs to the class S.

Proof. In Theorem 2.1, we take a; =0, j =1,n. O

Theorem 2.4. Let y, 6, aj, B be complex numbers, j = 1,n, Re6 > Rey > 0, and the functions
fj S Jﬂ, gj € /9#, u=>1, with

1+(1/2Re
i (2Rey +1)'T(1/2ReD) (2.13)
; .
If
[loj| + |il] <1, (2.14)

j=1

then the general integral operator K, belongs to the class S.

Proof. Let consider again the regular function:

m@ = [ (29 (P () (g @a9

0 u
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After some calculus, we have

1 _ |Z|2ReY

zfi(2)
fi(2)

zg;(z)
8ij(2)

zh, (2)
h(2)

1_|Z|2Reyn
= " Rey 2 {lail — 1|+ Bl , (zew). (216)

j=1

Rey

Since f; € A, and g; € P, for all j = 1,n, from Lemma 1.2, we obtain

zfi(z) .
f].](z) - 1’ < ulz|, <] =1l,nze 7/l>,
(=) (2.17)
zg(z .
gj](z) < plzl, <] =1,nze€ 7/1)

Using these last two inequalities, the inequality from the hypothesis, and the fact that

(-1 )zl | 4

X Rey | T w (2.18)
from (2.16) we get
_ |~|2Rey "
1-|z| zh)(z) <1 (2.19)
Rey R, (z)
forall z € U.
Hence, by Lemma 1.1, we have that K,, € S. O

Corollary 2.5. Let y, 6, & be complex numbers, Re6 > Rey >0, and f; € A, j = 1,n, u>1, with

1+(1/2Rey)
_ (@Rey+1) " (2.20)
If
n
Dlajl <1, 2.21)
j=1

then the integral operator defined by

o 16
Ko(2) = la [ uﬁ—q—[(@) du] , (222)

is in the class S.
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Proof. In Theorem 2.4, we take 1 = --- = 3, = 0. O

Corollary 2.6. Let y, 6, pj be complex numbers, j = 1,n,Red > Rey >0, and 8j € Py, with

1+(1/2Rey))
_ (2Rey +1) r . (2.23)
2
If
DBl <1, (2.24)
=1
then the integral operator defined by
B} 1/6
K, (z) = [6I u‘s‘ln(gj(u))ﬁfdu] , (2.25)
0 j=1
is in the class S.
Proof. We put in Theorem 2.4, a4y =--- = a,, = 0. ]

Theorem 2.7. Let y, 6, a;, ; be complex numbers, j = 1,m,Re6 > Rey > 0and fi€es gep.If
Rey 1
ZZ|“7| +Z|ﬂ]| <mm{ 2} (2.26)

then the general integral operator K, € S.

Proof. We consider the same regular function h, as in the proof of the previous theorems, and
after some calculus we get

1—|z[PReY | zhl(z) | 1—|z[PRer & [ A ('Zf,’-(Z) > zg;(2) ]
Rey h(2) Rey gll |0l]| fi(z) |ﬁ]| gj(2) ’ (2.27)
forall z e U.

Since f; € S, from Lemma 1.3, we get

zf(2)
fi(2)

1+|z|

ST (2.28)
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j=1,n,z €U, and since g; € P, from Lemma 1.4, we get
z8;(2) 2|z (2.29)
8i(2) — |z
j=lLnzell
Now if we use (2.28) and (2.29) in (2.27), we obtain
1—|z]*ReY | zh!(z) |  1-|z*ReY 2|z| "
2.30
Rey H,(z) Rey |z|ZI @+ 2Z|ﬂ] (2:30)
forall z € U.
We consider two cases.
(1) If min{Rey/2,1/2} = Rey/2, we have
1—|z*Rr <12 (2.31)

and further if we use this inequality together with the inequality from the hypothesis, from
(2.30), we get

1 - [2R7 | zhy(2)

h(2)

<1, (2.32)

Rey

for all z € %, and with Lemma 1.1 the proof is complete.
(2) If min{Rey/2,1/2} =1/2, we obtain
1 _ |Z|2 Rey

<1-|zP 2.33
Rey 1-z|5, (2.33)

z € U and further if we put this last inequality in (2.30) we get

1—|z*ReY | zH! (2)
<4
Re}’ hl (Z) Z|a]| +22|ﬁ] (234)
forall z € U.
Now by applying first the inequality condition from the hypothesis and then
Lemma 1.1 for h,, the proof is complete. O

Corollary 2.8. Let y, 6, a; be complex numbers, j = 1,m,Re6 > Rey > 0 and fieS.If

1
Z|zx]| <m1n{TY ' }, (2.35)

j=1
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then the integral operator

. 1/6
z n (u aj
K.(z)= |6 f T fiw) du (2.36)
0 j=1 u
is in the class S.
Proof. In Theorem 2.7, we take 1 = --- = 3, = 0. O

Corollary 2.9. Let y, 6, Bj be complex numbers, j = 1,n, Re6 > Rey >0and g; € . If

L . [Rey 1
]Z:;Iﬁfl Smm{T,i} (2.37)
then the integral operator
1/6
z n
K, (z) = 6f ué‘ln(gj(u))ﬂfdu (2.38)
0 j=1
is in the class S.
Proof. In Theorem 2.7 we take a1 = --- = a, = 0. O
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