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We consider functionals derived from Petrovi¢-type inequalities and establish their superaddi-
tivity, subadditivity, and monotonicity properties on the corresponding real n-tuples. By virtue
of established results we also define some related functionals and investigate their properties
regarding exponential convexity. Finally, the general results are then applied to some particular
settings.

1. Introduction

In this paper we prove some interesting properties of the functionals derived by virtue of the
Petrovi¢ and related inequalities (see, [1] pages 152-159). For the sake of simplicity these
inequalities will be referred to as the Petrovi¢-type inequalities, while the corresponding
functionals will be referred to as the Petrovi¢-type functionals.

Therefore, throughout this introduction, we present the above-mentioned Petrovi¢-
type inequalities that will be the base in our research and also define the corresponding
functionals that will be the subject of our study. We start with the following inequality.

Theorem 1.1. Let I = (0,a] C R, be an interval, (x1,...,x,) € I", and let (p1,...,pn) € R bea
nonnegative real n-tuple such that

n n
Zpixi el, Zpixi >x; forj=1,...,n (1.1)
i=1 i=1
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If f : 1 — Ris such that the function f(x)/x is decreasing on I, then

f(ZPixz) < > pif (xi). (1.2)
i=1 i=1

In addition, if f(x)/x is increasing on I, then the sign of inequality in (1.2) is reversed.

Remark 1.2. It should be noticed here that, if f(x)/x is strictly increasing function on I, then
the equality in (1.2) is valid if and only if we have equalities in (1.1) instead of inequalities,
thatis,ifx; =--- = x,and X}, pi = 1.

Motivated by the above theorem, we define the Petrovi¢-type functional p;, as a
difference between the right-hand side and the left-hand side of inequality (1.2), that is,

Pr(xp; f) = Dpif (x:i) - f<2pixi>, (1.3)
i=1 i=1

where x = (x1,...,x,) €I",1 =(0,a],p= (p1,...,pn) € R}, and f is defined on the interval I.

Remark 1.3. If (1.1) holds and f(x)/x is decreasing on I, then

Di(x,p; f) 0. (1.4)
On the other hand, if (1.1) is valid and f(x)/x is increasing on I, then

Di(x,p; f) <0. (1.5)

The above functional (1.3) will also be considered under slightly altered assumptions
on real n-tuples x and p. For that sake, the following result from [1] will be used in due
course.

Theorem 1.4. Suppose I = (0,a] C Ry, (x1,...,x,) € I" is a real n-tuple such that 0 < x; < --- <
X, and let (p1,...,pn) € RY. Further, let f : I — R be such that f(x)/x is increasing on I.

(i) If there exists m (< n) such that

ﬁlZﬁZZZﬁmzlz Pm+1="'=ﬁn=0/ (16)

where Py = Zle Pi, Pe=P,-Pcy, k=2,...,n and Py = P,, then (1.2) holds.
(ii) If there exists m (< n) such that

0<P <Py<---<Pp<1, P =--- (1.7)

Il
2

Il
=]

then the reverse inequality in (1.2) holds.
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Remark 1.5. If f(x)/x is increasing on I and (1.6) holds, then the Petrovi¢-type functional 0;
is nonnegative, that is, inequality (1.4) is valid. Conversely, if f(x)/x is increasing on I and

conditions as in (1.7) are fulfilled, then relation (1.5) holds.

In order to define another Petrovi¢-type functional, we cite the following Petrovié-type
inequality involving a convex function.

Theorem 1.6. Let I = [0,a] CR,, (x1,...,x,) € I" and let (p1,...,pn) € RY fulfill conditions as
in (1.1). If f : I — R is a convex function, then

f<Zpixi> > > pif (xi) + <1 - ZPi)f(0)~ (1.8)
i=1 i=1 i=1

Remark 1.7. If f is a concave function then —f is convex, hence replacing f by —f in
Theorem 1.6, we obtain inequality

f(Zm) <> pif(x) + <1 - Zn) £(0). (1.9)
i=1 i=1 i=1

Remark 1.8. 1f the function f from Theorem 1.6 is strictly convex, then the inequality in (1.8)
is strict, if all x;’s are not equal or >, pi # 1.

Now, regarding inequality (1.8) we define another Petrovié-type functional ), by the
formula

D(x,p; f) = f<_zn:pixi> - ﬁpif(xi) - <1 - anpi>f(0), (1.10)

provided that x = (x1,...,x,) € I", I =[0,a], p = (p1,...,pn) € R}, and f is defined on I.

Remark 1.9. If (1.1) holds and f : I — R is a convex function, then
D2 (x,p; f) > 0. (1.11)
If (1.1) holds and f : I — Ris a concave function, then

Pa(x,p; f) <0. (1.12)

Finally, we will also be concerned with an integral form of the Petrovié¢-type functional,
based on the following integral Petrovi¢-type inequality.
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Theorem 1.10. Let I C R be an interval, 0 € I, and let f : I — R be a convex function. Further,
suppose h : [a,b] — I is continuous and monotone with h(ty) = 0, where ty € [a,b] is fixed, and g

is a function of bounded variation with

t b
G :=J' dg(x), G(t) := L dg(x).

(@) If [* h(t)dg(t) € I and
0<GM) <1 fora<t<t, 0<G({)<1 fortg<t<b,

then

b b b
[ ruonago > f(f h(t)dg(t)> + <f dg () - 1>f(0)-

(b) If [ h(t)dg(t) € I and either
there exists an s < tq such that G(t) <0 fort <s,

G(t)>1 fors<t<ty, G(t)<0 fort>t,

or
there exists an s > tq such that G(t) <0 for t < to,

G(t)>1 fortg<t<s, G({)<0 fort>s,

then the reverse inequality in (1.15) holds.

In view of Theorem 1.10, we define the functional

b b
Pathgi ) = | Fh)ag() - f(f h(t)dg<t>>

b
- <f dg(t) —1>f(0),

which represents the integral form of the Petrovi¢-type functional.

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

Remark 1.11. If the functions f, g, and h are defined as in the statement of Theorem 1.10 and

(1.14) holds, then the functional /5 is nonnegative, that is,

Ds(h, g f) 2 0.

(1.19)
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Moreover, if either (1.16) or (1.17) holds then
ps(h,g; f) <0. (120)

For a comprehensive inspection on the Petrovié-type inequalities including proofs and
diverse applications, the reader is referred to [1].

The paper is organized in the following way. After this introduction, in Section 2 we
prove superadditivity, subadditivity, and monotonicity properties of functionals D1, >, and
Ps. In addition, we also derive some bounds for the functional f; via the nonweighted
functional of the same type. By virtue of results from Section 2, in Section 3 we study
some other classes of Petrovi¢-type functionals and investigate their properties regarding
exponential convexity. Finally, in Section 4 we apply our general results to some particular
settings.

Convention 1. Throughout this paper R denotes the set of real numbers, while R, denotes the
set of nonnegative numbers (including zero). Further, bold letters p, q, and x, respectively,
denote real n-tuples (p1,p2,...,pPn), (1,92,--.,Gn), and (x1,x2,...,x,). Moreover, p > q
means thatp; > g; foralli=1,2,...,n.

2. Main Results

In this section we derive some interesting properties of the Petrovi¢-type functionals 1, D,
and ps, defined in Section 1. More precisely, we establish the conditions under which the
appropriate functional is superadditive (subadditive) and increasing (decreasing), with
respect to the corresponding n-tuple of real numbers. Our first result refers to the Petrovi¢-
type functional /; defined by (1.3).

Theorem 2.1. Let I = (0, a] C R., x € I", and let nonnegative n-tuples p, q fulfill conditions as in
(11). If f : I — R is such that the function f(x)/x is decreasing on 1, then the functional (1.3)
possess the following properties.

(i) D1(x, .; f) is superadditive on nonnegative n-tuples, that is,
Pi(x,p+qf)>2Pi(xp;f) +Pi(x,q;f), (2.1)

provided that 3", (p; + qi)xi € L.
(ii) If p,q € R" are such that p > q and >, (pi — gi)xi > xj,j=1,...,n, then

Pi(x,p; f)>Pi1(x,q;f) >0, (2.2)

that is, P1(x, .; f) is increasing on nonnegative n-tuples.

(iii) If f(x)/x is increasing on I, then the signs of inequalities in (2.1) and (2.2) are reversed,
that is, P1(x, .; ) is subadditive and decreasing on nonnegative n-tuples.
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Proof. (i) Using definition (1.3) of the Petrovi¢-type functional ; and utilizing the linearity
of the sum, we have

Pi(op+qf) = ﬁ;m ) f () —f<an](pi +qi>xi>

= Zpif(xi) + Z‘]if(xi) - f(ZPixi + Zqixi>.
in1 i-1 i=1

i=1

On the other hand, since f(x)/x is decreasing function, Theorem 1.1 in the nonweighted case
(for n = 2) yields inequality

f(anpixi + anqixi> < f(anpixi> +f<anqixi>. (2.4)

Finally, combining relations (2.3) and (2.4), we obtain

Dix,p+q;f) > Zpif(xi) + Zqif(xi) - f<ZPixi> - f<Zqz'xi>~ (2.5)
i=1 i=1 i=1 i=1
Therefore we have

Di(x,p+q f) 2 Pi(xp; f) +Pi(xq; f), (2.6)

as claimed.

(ii) Monotonicity follows easily from the superadditivity property. Since p > q > 0, we
can represent p as the sum of two nonnegative n-tuples, namely, p = (p — q) + q. Now, from
relation (2.1) we get

Di(xp;f) =Pi(xp-q+qf) 2P1(x,p-q f) + P1(x,q; f). (2.7)

Finally, if the conditions as in (ii) are fulfilled, then, taking into account Theorem 1.1 we have
that D1 (x,p — q; f) > 0, which implies that 01 (x, p; f) > D1(x, q; f).

(iii) The case of increasing function f(x)/x is treated in the same way as in (i) and (ii),

taking into account that the sign of the corresponding Petrovié-type inequality is reversed.

O

By virtue of Theorem 1.4, the above properties of the functional /J; can also be derived
in a slightly different setting.

Theorem 2.2. Let I = (0,a] C Ry, x € I", and let real n-tuples p, q fulfill conditions as in (1.6).
If f + I — R s such that the function f(x)/x is increasing on I, then the functional D1 has the
following properties.
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(1) D1(x, .; f) is superadditive on real n-tuples, that is,
Di(x,p+qf) = Pi(x,p; f) +Pi(x,q; f), (2.8)

provided that 37", (pi + gi)xi € I and 0 < 31, pixi < 3.1 gixi.
(ii) If 0 < x1 < -+ < xp, p 2 q, and there exist m (< n) such that

1_)1—@12?2—622"’2ﬁm—Qm21;
0,

1_)m+1:§m+1:"':ﬁn:

(2.9)

Ql

n:

gher@ Pk = Zﬁ:l Pi/ Qk = Z?:l qi/ ﬁk _Gk = (Pn + Qn) - (Pk—l + Qk—l)/ k = 2/" -1,
Py = P,, and Q; = Qy, then

Pi(xp; f) =2 Pi(xq f) 20, (2.10)
that is, D1 (x, .; f) is increasing on real n-tuples.

(iii) If real n-tuples p and q fulfill conditions as in (1.7), then the signs of inequalities in (2.8)
and (2.10) are reversed, that is, P1(x, -; f) is subadditive and decreasing on real n-tuples.

Proof. (i) The proof follows the same lines as the proof of the previous theorem. Namely, the
left-hand side of (2.8) can be rewritten as

Pi(op+qf) = ﬁ;m b ) fa) - f@(n . qi>xl->

(2.11)

= gpif(xi) + ng'f(xi) - f<§r)ixi + éqm)
Moreover, f(x)/x is increasing, hence Theorem 1.4 for n = 2 yields inequality
f(gpixi + g‘qixi> < f(gpixi> + f<§qixi>. (2.12)
Finally, relations (2.11) and (2.12) imply inequality
Di(xp+qf) > ;:pif(xi) + gqif(xi) - f<§pixi> - f<§qixi>, (2.13)

that is, we obtain (2.8).
(ii) Considering p > q > 0, the real n-tuple p can be rewritten as p = (p — q) + q. Now,
regarding relation (2.8) we have

Di(xp;f)=Pi(xp-q+qf) 2P1(x,p-q f) + P1(x.q; f). (2.14)
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Finally, taking into account conditions as in (2.9), it follows by Theorem 1.4 that D (x,p —
q; f) 20, thatis, Di(x,p; f) > P1(x,q; f), which completes the proof.

(iii) This case is treated in the same way as in (i) and (ii), taking into account that the
sign of the corresponding Petrovi¢-type inequality is reversed. O

Superadditivity and monotonicity properties stated in Theorem 2.1 play an important
role in numerous applications of the Petrovi¢-type inequalities. In the sequel we utilize the
monotonicity property of the Petrovi¢-type functional /1. More precisely, we derive some
bounds for this functional, expressed in terms of the nonweighted functional of the same

type.

Corollary 2.3. Let I = (0,a] CR,, x e I", and let f : I — R be such that f(x)/x is decreasing on
L. Further, suppose p € R’ is such that 3, (pi—m)x; > xjand 3, (M —-pi)x; > xj,j =1,2,...,n,
where m = miny<j<, {pi} and M = maxi<i<n {pi}.

If m > 1 then the Petrovic-type functional D1 fulfills inequality

Pr(xp; f) =mpPL(x; f), (2.15)
while for M < 1 one has
Pr(xp; f) < MPY(x; f), (2.16)

where
PL(xf) = D f(xi) — f<in>. (2.17)
i=1 i=1

Moreover, if f(x)/x is increasing on I, then the signs of inequalities in (2.15) and (2.16) are reversed.

Proof. Since p = (p1,...,pn) = m = (m,m,...,m), monotonicity of the Petrovi¢-type
functional implies that 01 (x, p; f) > P1(x, m; f).
On the other hand, if f(x)/x is decreasing function, we have

f(au) <af(u), a>1, f(au) >af(u), a<l (2.18)

Now, regarding (2.18) we have

Pi(x,m; f) = mif(xi) - f<mzn:x1> > mif(xi) -mf (ixi>, (2.19)
i=1 i=1 i=1 i=1

that is, we obtain (2.15). Inequality (2.16) is derived in a similar way, by using the second
inequality in (2.18). O

Our next result provides superadditivity and monotonicity properties of the Petrovi¢-
type functional defined by (1.10).
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Theorem 2.4. Let I = [0,a] C Ry, x € I", and let p,q € RY fulfill conditions as in (1.1). If
f 1 — Ris a convex function, then the functional (1.10) has the following properties:

(1) Da(x,; f) is superadditive on nonnegative n-tuples, that is,
D2(x,p+q f) 2 D2(xp; f) + P2(x,q; f), (2.20)

provided that 31", (p;i + gi)x; € L.
(ii) If p, q are such that p > qand 3.2, (pi — qi)xi 2 xj, j=1,...,n, then

P2(x,p; f) > P2(x,q; f) 20, (2.21)

that is, D2(x, .; f) is increasing on nonnegative n-tuples.

(iii) If f : I — R is a concave function, then the signs of inequalities in (2.20) and (2.21) are
reversed, that is, D> (x, .; f) is subadditive and decreasing on nonnegative n-tuples.

Proof. (i) The left-hand side of inequality (2.20) can be rewritten as

P(x,p+q;f) = f<Z (pi + qi)xz) - i(zﬂi +qi) f (x:)

i=1 i=1

- <1 AT qi)>f(0)
. (2.22)

= f(ZPixi + Zqixi> =D pif (i) = D.qif (x:)
p) io1 in1 io1

Further, Theorem 1.6 in the nonweighted case (for n = 2) yields inequality

f<anpixi + iqixl) 2 f<anPixi> +f<anqixi> - £(0), (2.23)

hence combining relations (2.22) and (2.23), we get

Dr(x,p+q;f) > f<an:Pixi> - anlpif(xi) - <1 - 2Pi>f(0)

(2.24)

+ f<an:Pixi> - an‘]if(xi) - (1 - i}%‘)f(o)-

Thus, considering definition (1.10) we obtain (2.20), as claimed.
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(ii) Monotonicity property follows from the corresponding superadditivity property
(2.20), as in Theorem 2.2.

(iii) The case of concave function f follows from the fact that the sign of the
corresponding Petrovié-type inequality is reversed. O

To conclude this section we also derive the properties of the integral Petrovi¢-type
functional, defined by (1.18).

Theorem 2.5. Suppose f : I = [0,a] — R isa convex function, h : [a,b] — I is continuous and
monotone with h(ty) = 0, where ty € [a,b] is fixed, and let g1, g» be functions of bounded variation
with

t B b
Gi(t) :=I dgi(x), Gi(t) := L dgi(x) fori=1,2. (2.25)

Then the functional D, defined by (1.18), has the following properties.

(i) Ds(h, .; f) is subadditive with respect to functions of bounded variation, that is,
Ds(h, g1+ g5 f) <Ps(h, g5 f) + P3(h, ; ), (2.26)

where [* h(H)dgi () 2 0, [V h(t)dg(t) > 0, and [* h(H)dgi (1) + [0 h(t)dg:(t) € I.

(ii) Iffs h(t)d(g1)(t) - fs h(t)d(g»)(t) € I and either there exists an s < ty such that Gy (t) <
Gy(t) for t < s, Gi(t) — Ga(t) > 1 for s < t < to, and G1(t) < Ga(t) for t > to, or there
exists an s > tg such that G1(t) < Ga(t) for t < to, Gi(t) - Go(b) > 1forty <t <s,and
Gi(t) < Gy(t) for t > s, then

Ds(h, 15 f) <P3(h, g f). (2.27)

Proof. (i) Regarding definition (1.18) of the Petrovié¢-type integral functional, we have

b b
Path g+ f) = | f(h(t))d(g1+gz)<t>—f<f h<t>d<g1+gz><t>>

b
- <j (g + g)(t) - 1>f(0),

(2.28)
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that is,
b b
P+ i) = [ Fhenag o+ | fouwndg

b b
-f <f h(t)dgi(t) + f h(t)dgz(t)> (2.29)

b b
- (J agio+ [ dgz(t)—1>f(0),

by the linearity of the differential. Now, applying inequality (1.8) to term f(f; h(t)dg: () +
f: h(t)dg»(t)), we obtain

b b b b
f<f h(Hdg () +f h(t)dgz(f)> > f(j h(f)dg1(t)> +f<f h(f)dgz(t)> ~£(0).
a a o a (2.30)

Further, inserting (2.30) in (2.29), we have

b b
sl g+ 25 f) sf F(h(H)dgi (8) +f £ (h(H)dga(t)

b b

—f<f h(t)dg1<t>> —f<j h(t)dgz(t)> A0 @3
b b

—U agio+ [ dgz<t>—1>f(0),

that is, by rearranging,
Ds(h, g1+ g5 f) <Ps(h, g5 f) +Ps(h, g5 f)- (2.32)
(ii) Monotonicity follows from the subadditivity property (2.26). Namely, representing
g1as g1 = (g1 — ) + §, we have

Ds(h, g1 f) =Ps(h, (g1 - )+ f) <Ps(h, g1 -85 ) + D3(h, g f). (2.33)

Clearly, under assumptions as in the statement of theorem, we have D3(h, g1 — g2; f) <0 (see
also Remark 1.11), hence it follows that D3 (h, g1; f) < P5(h, £, f), which completes the proof.
O



12 Abstract and Applied Analysis

3. n-Exponential Convexity and Exponential Convexity of
the Petrovic-Type Functionals

By virtue of the results from Section 2, in this section we define several new classes of
Petrovié¢-type functionals and investigate their properties regarding exponential convexity.

We start these issues by giving some definitions and notions concerning exponentially
convex functions which are frequently used in the results. This is a subclass of convex
functions introduced by Bernstein in [2] (see also [3-5]).

Definition 3.1. A function f : I — R is n-exponentially convex in the Jensen sense on an
interval I C R, if

igi(;jf(xi + x]') >0 (31)

i,j=1
holds for all choices ¢; € Rand x;+x; € I,i,j = 1,...,n. Function f : I — R is n-exponentially

convex if it is n-exponentially convex in the Jensen sense and continuous on I.

The following remarks, propositions, and lemmas involving n-exponentially convex
functions are well known (see, e.g., papers [6, 7]).

Remark 3.2. 1t is clear from the definition that 1-exponentially convex functions in the Jensen
sense are in fact nonnegative functions. Also, n-exponentially convex functions in the Jensen
sense are k-exponentially convex in the Jensen sense for every k € N, k < n.

By using some linear algebra and definition of the positive semidefinite matrix, we
have the following proposition.

Proposition 3.3. If f is an n-exponentially convex in the Jensen sense then the matrix

2L o

is positive semi-definite for all k € N, k < n. In particular,

det [f(xi;x’)]k >0 (3.3)

ij=1

forallk e N, k <n.

Definition 3.4. A function f : I — Ris exponentially convex in the Jensen sense on an interval
I C R, if it is n-exponentially convex in the Jensen sense for all n € N. Moreover, function
f I — Ris exponentially convex if it is exponentially convex in the Jensen sense and
continuous on I.
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Remark 3.5. It is known (and easy to show) that f : I — Ris a log-convex in the Jensen sense
if and only if

m>f(t) +2mnf<t+Tr> +n*f(r) >0 (3.4)

holds for each m,n € R and r, t € I. It follows that a function is log-convex in the Jensen sense
if and only if it is 2-exponentially convex in the Jensen sense. Also, using the basic convexity
theory it follows that the function is log-convex if and only if it is 2-exponentially convex.

We will also need the following result (see, e.g., [1]).

Lemma 3.6. If ® is a convex function on an interval I and if x1 < y1, X2 < Yo, X1 X2, Y1 # Y2,
then the following inequality is valid:

Dx2) —D(x1) _ P(y2) — ‘I’(yl)'

3.5
X2 — X1 - Yo — 1 (35)

If the function @ is concave then the sign of the above inequality is reversed.

Divided differences are found to be very handy and interesting when we have to
operate with different functions having different degree of smoothness. Let f : I — R be
a function, I an interval in R. Then for distinct points u; € I, i = 0,1, 2 the divided differences
of first and second order are defined as follows:

[ui; f] = f(w) (i=0,1,2),
_ fui) — f ()

[wisuinii f = = ——— (=01), o)
[uo, ”1r”2;f] — [ul, uz;{l]z : Lt)lo,ul;f] .

The values of the divided differences are independent of the order of the points
uo, U1, U and may be extended to include the cases when some or all points are equal, that is,

[0, uo; f] = Jim [0, u1; f] = f'(uo), (3.7)

provided that f' exists.
Now, passing through the limit u; — ug and replacing u, by u in (3.6), we have [1,
page 16],

, UFU, (3.8)

[uol uO/u}f] - lim [MO/ullu;f] _ fu) — f(uo) - fl(uo)(u - up)

o (u - ug)?
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provided that f’ exists. Also passing to the limit #; — u (i =0,1,2) in (3.6), we have

f”(u)
2 ’

[u,u,u; f] = lim [uo, u1, up, f] = (3.9)
ui—u

provided that f” exists.

Remark 3.7. One can note that if for all ug, u; € I, [ug, u1, f] > 0 then f is increasing on I and
if for all up, u1, up € I, [ug, u1, up, f]1 > 0 then f is convex on I.

Now, we are ready to study some new classes of Petrovié-type functionals. For the
sake of simplicity and to avoid many notions, we first introduce the following definitions.

(M;) Under the assumptions of Theorem 1.1 equipped with conditions as in (1.1), we
define linear functional as

@1 (f) =-P1(xp; f)- (3.10)

(M) Under the assumptions of Theorem 1.4 with conditions as in (1.6), we define linear
functional as

Dy (f) = D1(f). (3.11)

(M3) Under the assumptions of Theorem 1.4 with conditions as in (1.7), we define linear
functional as

@3(f) = -Di(f). (3.12)

(M4) Under the assumptions of Theorem 2.1 with conditions as in (1.1), and provided
that 3.7, (pi + gi)xi € I, we define linear functional as

Ou(f) =1 (P f) + D1 (x4 f) - D1 (x, P+ q; f)- (3.13)

(Ms) Under the assumptions of Theorem 2.2 with conditions as in (1.6), and provided
that 37, (pi + qi)xi € I, 0 < 3L, pixi < >4 gixi, we define linear functional as

s (f) = -Da(f). (3.14)

(Ms) Under the assumptions of Theorem 2.2 with conditions as in (1.7), and provided
that 37, (pi + gi)xi € I, 0 < 3L, pixi < >4 gixi, we define linear functional as

D (f) = Du(f). (3.15)
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(My) Under the assumptions of Theorem 1.6 with conditions as in (1.1), we define linear
functional as

@7 (f) = Pa(xp; f)- (3.16)

(Msg) Under the assumptions of Theorem 1.10 with conditions as in (1.14), we define
linear functional as

Ds(f) = P3(h, g f). (3.17)

(My) Under the assumptions of Theorem 1.10 equipped with conditions (1.16) or (1.17),
we define linear functional as

Do (f) =-P3(h, g f)- (3.18)

(Myo) Under the assumptions of Theorem 2.4 with conditions as in (1.1), and provided
that 3.7, (pi + gi)xi € I, we define linear functional as

Qi (f) = P2(x,p+q ) = D2(x,p; f) = P2(x,q; f)- (3.19)

(Mj1) Under the assumptions of Theorem 2.5, and provided that

["h(tydgi(t) > 0, [Ch(Hdga(t) > 0, [*h(t)dgi () + [* h(t)dg:(t) € I, we define linear
functional as

O (f) =P3(h, g f) + P3(h, g5 ) — P3(h, g1+ 5 f). (3.20)

Remark 3.8. Considering the assumptions as in (M), k = 1,...,6, if f(u)/u is increasing
function on I then

@ (f) >0, fork=1,...,6. (3.21)

Remark 3.9. Considering the assumptions as in (Mx), k =7,...,11, if f is convex function on
I then

O (f) 20 fork=7,...,11. (3.22)

In order to obtain our main results regarding the exponential convexity, we define
different families of functions. Let I, J] C R be intervals. For distinct points ug, u1, u, € I, we
define the following.

Ei={fi: 1 - R|te]Jandt— [uy,ui, F] is n-exponentially convex in the Jensen
sense on |, where Fy(u) = f;(u)/u}.
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E,={fi:I — R|te ]Jandt — [ug,ui,uy; fi] is n-exponentially convex in the
Jensen sense on J}.

Es ={fi: 1 — R|te€]Jandt— [up, ui, F] is exponentially convex in the Jensen
sense on J, where F;(u) = fi(u)/u}.

Es={fi: 1 — R|te ]Jandt+— [uy, u1, uy; f] is exponentially convex in the Jensen
sense on J}.

Es=({fi:1 — R|te]andt~ [ug,u, F;] is 2-exponentially convex in the Jensen
sense on |, where Fy(u) = f;(u)/u}.

Es={fi: I — R|te]Jandt— [ug,ui, uy; f] is 2-exponentially convex in the
Jensen sense on J}.

Theorem 3.10. Let @y (f;) be linear functionals defined as in (My), associated with families E; and
E, in such a way that, f; € Ey, fork =1,...,6,and f; € By, for k =7,...,11. Then t — D (f;) is
n-exponentially convex function in the Jensen sense on J. If the function t — @y (f;) is continuous on
], then it is n-exponentially convex on J.

Proof. (a) We first prove n-exponential convexity in the Jensen sense of the function t —
@ (fi), for k =1,...,6. To do this, as we have considered the families of functions defined in
Ey, foré eR,i=1,...,n,and t; € J,i=1,...,n, we define the function

h(u) = D &idi fey 2 (). (3.23)

ij=1

Clearly, we have

n
[uOI uer] = Zglé] [uOr uy, F(ti+t}-)/2]/ (324)
i,j=1

where H(u) = h(u)/u and F;(u) = fi(u)/u.

Since the function ¢t +— [uo, u, Fi] is n-exponentially convex in the Jensen sense,
the right-hand side of the above expression is nonnegative which implies that h(u)/u is
increasing on I (see Remark 3.7).

Hence, taking into account Remark 3.8, we have

®c(h) >0, fork=1,...,6, (3.25)

that is,

> &id Dk <f(t,~+t]-)/2) >0. (3.26)

ij=1

Therefore, we conclude that the functions t — ®D(f;), k = 1,2,...,6, are n-exponentially
convex on J in the Jensen sense.
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It remains to prove the n-exponential convexity in the Jensen sense of the functions
t — Or(f), k =7,...,11. For that sake, we consider the families of functions defined in E,.
Foreach¢; eR,i=1,...,n,and t; € J,i=1,...,n, we consider the function

h(u) = " &di fit /2 (). (3.27)
ij=1
Obviously,
[0, 1,12, 1] = & [0, 1,12, fitny 2] (3.28)
ij=1

Since t — [ug, u1, Uy, fi] is n-exponentially convex, the right-hand side of the above expression
is nonnegative which implies that h(u) is convex on I. Moreover, taking into account
Remark 3.9, we have

(k)20 fork=7,...,11, (3.29)
that is,
> didiDy (f(ti+t]-)/2> > 0. (3.30)
i1

Hence, t — @ (f;) is n-exponentially convex for k = 7,...,11, and the proof is completed. [
The following corollary is an immediate consequence of the above theorem.

Corollary 3.11. Let @ (f;) be linear functionals defined as in (M), associated with families Ez and
Ey in such a way that f; € B3, k = 1,...,6, and f; € By, k = 7,...,11. Then t — D(f;) is
exponentially convex function in the Jensen sense on J. If t — Dy (f;) is continuous on J then it is
exponentially convex on J.

Proof. 1t follows from the previous theorem. O

Corollary 3.12. Let @ (f;) be linear functionals defined as in (My), associated with families Es and
E¢ in such a way that fy € Es, k=1,...,6,and f; € B¢, k =7,...,11. Then the following statements
hold.

(i) If the function t — Dy (f;) is continuous on | then it is 2-exponentially convex on | and,
thus, log-convex.

(ii) If the function t — Dk (f}) is strictly positive and differentiable on J, then for all t,r,u,v €
J such thatt <u, r < v, one has

B(t,r;D(fr)) <B(u,v;0(fr)), k=1,...,11, (3.31)
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where

<(Dk(ft) >(1/(t—r)) b
B(t,r;Oc(fr)) = el / |
P Dk (fi) , ‘

(3.32)

Proof. (i) This is an immediate consequence of Theorem 3.10 and Remark 3.2.

(ii) By (i), the function t — @ (f;) is log-convex on ], which means that the function
t — log @k (f;) is convex on J. Hence, by using Lemma 3.6 with t < u, r < v, t#r, u#v, we
obtain

log i (f1) ~log @ (f;) _ 10g Pi(fu)) - log Pi(f2)
t—-r - u-ov

, (3.33)

that is,

B(t,r; D (fr)) < B(u,0; Di(f1))- (3.34)
Finally, if t = r < u, by taking the limit lim, _,;, we have

B(t,t; Dk (f1)) < B(u,v; Dk (f1)). (3.35)

Other possible cases are treated similarly. O

Remark 3.13. The results given in Theorem 3.10, Corollaries 3.11, and 3.12 are still valid when
the points 1y, u; € I coincide, for a family of differentiable functions f; such that the function
t +— [ug,u1, fi] is n-exponentially convex in the Jensen sense (exponentially convex in the
Jensen sense, log-convex in the Jensen sense). Note also that the results given in Theorem 3.10,
Corollaries 3.11, and 3.12 hold when two of the points ug, u1, u, € I coincide, say u1 = uy,
for a family of differentiable functions f; such that the function t — [ug,u1,uy, f;] is n-
exponentially convex in the Jensen sense (exponentially convex in the Jensen sense, log-
convex in the Jensen sense). Moreover, the above results also hold when all three points
coincide for a family of twice differentiable functions with the same property. These results
can be proved easily by using the definition of divided differences and Remark 3.7.

4. Examples

We conclude this paper with several examples related to the results from the previous section.

Example 4.1. Lett >0, and let {; : (0,0) — R be the function defined by

ut™
RPN t 1/
Lw =4 “logt” 7 1)

u?, t=1.
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Obviously, a family of functions {;(1)/u is increasing for all t+ > 0, hence, by virtue of
Theorem 2.1, we obtain that the functional Di(x,.;{:) is subadditive and decreasing on
nonnegative n-tuples.

Moreover, since (¢;(u)/u) = t*, the mapping t — ({:(u)/u)" is exponentially convex
(see [8]). Now, regarding Corollary 3.11 and Remark 3.13, we get exponential convexity of
the functionals @ (¢;) fork =1,...,6.

In addition, Corollary 3.12 provides the log-convexity of these functionals and we have

Dk (g) \
(3c1) gt
-1 o
B(t, 1, D (&) = 4 exP(tlogt - t(é)ilég ), t=r#1, (4.2)
D (u1) o
\eXp<—2<<Dk(g1)>>’ fer=t

fork=1,2,...,6.

Example 4.2. Suppose thatt > 0and \; : (0,00) — R is the function defined by

uexp (—u\/f>

Ae(u) = Vi

. (4.3)

Since the function A;(u)/u is increasing for every t > 0, utilizing Theorem 2.1, we obtain that
the functional 1 (x, .; ;) is subadditive and decreasing on nonnegative n-tuples.

Further, since (\;(u)/u)’ = exp(-u+/t), the mapping t — (\;(u)/u)’ is exponentially
convex (see [8]). Now, by using Corollary 3.11 and Remark 3.13, we get exponential
convexity of the functionals @, (A;) fork =1,...,6.

In addition, Corollary 3.12 implies the log-convexity of these functionals and we have

<(Dk()tt) )(1/(1—7))

L#r,
() 7
B(t,r; Dr(Ar)) = (4.4)
ex __1 — M t=r
N2 vk )T
fork=1,2,...,6.
Example 4.3. Consider the family of functions ¢; : R, — R, t € R,, defined by
uexp(ut) |20,
@e(u) = t (4.5)
2
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It is easy to see that the function ¢s;(u) /u is increasing on R, for all t € R,. Hence, by virtue
of Theorem 2.1, the functional D;(x,.; ;) is subadditive and decreasing on nonnegative n-
tuples.

In addition, (¢(u)/u)’ = exp(ut) and the mapping t — (¢(u)/u)" is exponentially
convex (see [8]). Similarly as in the previous examples, Corollary 3.11 and Remark 3.13
provide exponential convexity of the functionals @ () fork =1,...,6.

Also, by Corollary 3.12, we get log-convexity of these functionals and we have

(@k(‘l’t) >(1/(H)) tir
D (¢r) ' '
-1 @
B(t, ;D (1)) = < exp<7+%>, t=r#0, (4.6)
D (1p0)
T ), =r=0,
ew<wmwm> T

fork=1,2,...,6.

Example 4.4. Lett >0, and let f; : (0,00) — R be the function defined by

ut

R t 1/
pay=4i-1 7
ulogu, t=1.

(4.7)

Obviously, a family of functions f;(u)/u is increasing for ¢ > 0, hence, by virtue of
Theorem 2.1, we obtain that the functional pi(x,-;f) is subadditive and decreasing on
nonnegative n-tuples.

Further, since (B:(u)/u) = u!? = exp((t — 2)logu), the mapping t — (fB;(u)/u)’
is exponentially convex (see [8]). Similarly as in the previous examples, regarding
Corollary 3.11 and Remark 3.13, we get exponential convexity of the functionals @ (f;) for
k=1,...,6.

In addition, Corollary 3.12 provides the log-convexity of these functionals and we have

( q)k (ﬂt) (1/(t-1))
<@w»> ’ S

Dy (log upf;
B(t,r;D(fr)) = 1 exp<11t + szpkfﬂt)ﬁ)> t=r+#1, (4.8)

N O (logupr) o
ep(mmw»>’ et

fork=1,2,...,6.



Abstract and Applied Analysis 21
Acknowledgments

This research was partially funded by Higher Education Commission, Pakistan. The research
of the second and third authors was supported by the Croatian Ministry of Science, Education
and Sports under the Research Grants 036-1170889-1054 and 117-1170889-0888.

References

[1] J. E. Petari¢, E. Proschan, and Y. L. Tong, Convex Functions, Partial Orderings, and Statistical Applications,
vol. 187 of Mathematics in Science and Engineering, Academic Press, Boston, Mass, USA, 1992.

[2] S.Bernstein, “Sur les fonctions absolument monotones,” Acta Mathematica, vol. 52, no. 1, pp. 1-66, 1929.

[3] N. I. Akhiezer, The Classical Moment Problem and Some Related Questions in Analysis, Oliverand Boyd,
Edinburgh, UK, 1965.

[4] D. S. Mitrinovi¢ and J. E. Pecari¢, “On some inequalities for monotone functions,” Unione Matematica
Italiana. Bollettino B, vol. 5, no. 2, pp. 407-416, 1991.

[5] D. S. Mitrinovi¢, J. E. Petari¢, and A. M. Fink, Classical and New Inequalities in Analysis, vol. 61 of
Mathematics and its Applications, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1993.

[6] M. Anwar, J. Jak3eti¢, J. Petari¢, and A. Ur Rehman, “Exponential convexity, positive semi-definite
matrices and fundamental inequalities,” Journal of Mathematical Inequalities, vol. 4, no. 2, pp. 171-189,
2010.

[7] S. Butt, J. Pecari¢, and A. Rehman, “Exponential convexity of Petrovi¢ and related functional,” Journal
of Inequalities and Applications, vol. 89, 16 pages, 2011.

[8] J. Jakseti¢ and J. Petari¢, “Exponential convexity method,” Submitted.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



