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The regularization method is applied for the construction of algorithm for an asymptotical solution
for linear singular perturbed systems with the irreversible limit operator. The main idea of this
method is based on the analysis of dual singular points of investigated equations and passage in
the space of the larger dimension, what reduces to study of systems of first-order partial differential
equations with incomplete initial data.

1. Introduction

The investigation of singular perturbed systems for ordinary and partial differential
equations occurring in systems with slow and fast variables, chemical kinetics, the mathe-
matical theory of boundary layer, control with application of geoinformational technologies,
quantum mechanics, and plasma physics (the Samarsky-lonkin problem) has been studied
by many researchers (see, e.g., [1-19]).

In this work, the algorithm for construction of an asymptotical solution for linear
singular perturbed systems with the irreversible limit operator is given—the regularization
method [1]. The main idea of this method is based on the analysis of dual singular points of
investigated equations and passage in the space of the larger dimension, what reduces to the
study of systems of first-order partial differential equations with incomplete (more exactly,
point) initial data.
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In this paper, we consider linear singular perturbed systems in the form
ey =AMty +ht), y0e=y" te[0T], (1.1)

where v = {y1,...,y.}, A(t) is a matrix of order (n x n), h(t) = {hy,..., h,} is a known
function, yo € C" is a constant vector, and € > 0 is a small parameter, in the case of violation of
stability of a spectrum {A;(t)} of the limiting operator A(t).

Difference of such type problems from similar problems with a stable spectrum (i.e.,
in the case of A;(t) #0, Xi(t) #4;(t),i#j, i,j = Lnforallte [0, TT) is that the limiting system
0 = A(t)y + h(t) at violation of stability of the spectrum can have either no solutions or
uncountable set of them. In the last case, presence of discontinuous on the segment [0, T]
solutions y(t) of the limiting system is not excluded. Under conditions, one can prove (see,
e.g., [1, 6]) that the exact solution y(t,¢) of problem (1.1) tends (at ¢ — +0) to a smooth
solution of the limiting system. However, there is a problematic problem about construction
of an asymptotic solution of problem (1.1). When the spectrum is instable, essentially special
singularities are arising in the solution of system (1.1). These singularities are not selected
by the spectrum {1;(t)} of the limiting operator A(t). As it was shown in [3-7], they were
induced by instability points ¢; of the spectrum.

In the present work, the algorithm of regularization method [1] is generalized on
singular perturbed systems of the form (1.1), the limiting operator of which has some
instable points of the spectrum. In order to construct the spectrum, we use the new algorithm
requiring more constructive theory of solvability of iterative problems. These problems arose
in application of the algorithm.

We will consider the problem (1.1) at the following conditions. Assume that

(i) A(t) € C=([0,T],C"), h(t) € C=[0,T]; for any t € [0, T], the spectrum {A;(t)} of
the operator A(t) satisfies the conditions:

(ii) Ai(t) = —(t—t;)°k;(t), ki(t)#0, t; € [0,T], i =1,m, m < n (here s;- are even natural
numbers),

(iii) Li()#0, j=m+1,m,
(V) WO #N(), 4, ij=Tn,
(V) Redj(t) <0, j=1,n

2. Regularization of the Problem

We introduce basic regularized variables by the spectrum of the limiting operator

210}
-,

t
T = gl fo Aj(s)ds = j=1,n (2.1)

Instable points t; € [0,T] of the spectrum {1;(t)} induce additional regularized variables
described by the formulas

e [F oisye (85— : —
Oig = ¥l )/EI e 9i(s)/e 2 T go (Piqi(tlg), i=1,m, gi=0,s -1 (2.2)

0 i
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We consider a vector function (¢, 7,0,¢) instead of the solution y(t,&) to be found for
problem (1.1). This vector function is such that

Y(t,7,0,8)lmp, 0=y =Yt €). (2.3)

For y(t, T, 0, €), it is natural to set the following problem:

Ui (t-t)%] oy
y(tros)—s - /\(t)—+ [)L,»(t)aii+e —
£ at Z ;;} q 5]:' 60'1-% (24)
- Ay =h(t), #%(0,0,0,¢&) =1°
We determine the solution of problem (2.4) in the form of a series
y(t,7,0€) = Z ekyk(t, T,0), (2.5)
k=1

with coefficients yi (t,7,0) € C*[0, T].
If we substitute (2.5) in (2.4) and equate coefficients at identical degrees of ¢, we obtain
the systems for coefficients yx (¢, 7, 0):

m Si—

Ly1(t,7,0) = ZA ) yl+22ut>% Ay-1=0, ya0,00)=0, (e
T

] i=14q;=0

ovy_ m si—1 t_ti‘?ia_
Lu(t,m0) = -4 - 55 L, yw0,0,0) =y
i=1 g;= i ig; 0
()

Oyk sl (t—t)" Oy

Lyx(t,7,0) = ——=— - , k>1,v1(0,0,0) =0,
" ot i=1 g;=0 qi! ao‘iq:' (Ek+1)
3. Resolvability of Iterative Problems
We solve each of the iterative problems (£¥) in the following space of functions:
n m Si—
= ]/(t T, O') y= Zzyk] (t Ck(t)eT] + Zzzyqu, (t)ck(t)oqu
k=1j=1 k=1i=14;=0 (31)

S v®e®, vt viia O, vt € ([0, T],cl)},
k=1
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where ¢ (t) are eigenvectors of the operator A(t) corresponding eigenvalues Ak (t), k = 1, n.
We represent U in the form of UV & U©® where

u® = {y“”(t) Y0 = 30w ®, y0® e c=(0.11,C") }
j=1

(3.2)
um - %
It is easy to note that each of the systems (¢*!) can be written in the form
Ly(t,T,0) = h(t,T,0), (3.3)

where h(t, T, o) are the corresponding right hand side. Using representations of space U, we
can write system (3.3) in the equivalent form

LyY(t,T,0) = 'V (t,1,0), (3.4)

- Ay (1) = O ), (35)

where yV(t,7,0), 'V (t,7,0) e UD, yO(t), kO (t) e UO.
We have the following result.

Theorem 3.1. Let hV (¢, 7,0) € UWY and satisfy conditions (i)—(iv). Then, system (3.4) is solvable
in the UY if and only if

<h(1)(t,T, O'),V]'(t,T,O)> =0 Vte[0,T], j=1,mn,
(3.6)

<h(1) (t/ T/ O')I viqi (tl T/ G)> = 0/ l = l/ mr Qi = O/ Si - 1/

where v;(t, T, 0), vig (t, T, 0) are basic elements of the kernel of the operator

m Si—

R 0 ! 0 .
L= g‘)‘f(t)a—ﬁ + ZZMt)cnq,.E - A*(b). (3.7)

i=1 q,‘=0

Proof. Let hV(t,7,0) = 3, Z?:l hij (B)cj(te™ + Xy 3k Z;;g) hiig (£)ck (£) Oig,-
Determine solutions of system (3.4) in the form

n m si—1

yO(t1,0) = D Dy (DB + D23 Yiig, (H ek () oig,- (3.8)

k=1j=1 k=1i=14;=0
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Substituting (3.8) in (3.4) and equating separately coefficients at e” and oj,, we obtain the
equations

[Ak(®) = 4 (D]yxi (1) = hij(), K, j=1,n,

(i) = e (D]Yigik (£) = hiig, (), i=1,m, g;=0,si-1, k=1,n. )
One can see from this that obtained equations are solvable if and only if
hie() =0, k=1,n, hig(t) =0, i=1,m, ;=05 -1, (3.10)
and these conditions coincide with conditions (3.6). Theorem 3.1 is proved. O

Remark 3.2. Equations (1.1) imply that under conditions (3.6), system (3.4) has a solution in
U® representable in the form

n n hk'(t) . n
(1) ] . Tj Tk
(t,7,0) = ZUZM[W) Lo +§ak(t>ck(t)e
(3.11)
+i52% (t)ci(t)oig + i i Sz_l Fiia (1) ck(t)oia,
i=1g;=0 ! ! k=li=1,i#k 4i=0 [Ai(t) - )t(t)] a

where ax (t), yig, (t) € C=([0,T], C!) are arbitrary functions.

Consider now system (3.5). As det A(t) = 0 in points t = t;, i = 1,m, this system
does not always have a solution in U©. Introduce the space V(© c U consisting of vector
functions

zO0) = zn:zj(t)cj(t), zi(t) € cw([o, T],C1>, i=Tn, (3.12)
=1

having the properties

[p' (=00 4m)]

=L

= <Dl"z,->(t,-) =0, V=0,s-1,i=1,m, (3.13)

where d;(t) are eigenvectors of the operator A*(t) with regard to eigenvalues L(t), i=1m.
Let hO (t) = S hi(t)e;(t) € VO, thatis,

<D"‘hi>(ti) =0 V=0,5-1,i=1,m. (3.14)

Determine a solution of system (3.5) in the

yO) = Dyi(ci(b). (3.15)
j=1
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Substituting this function in (3.5), we obtain

N IOMGETOGEDWHOEIGN (3.16)

71 j=1

Since {c;(t)} is a basis in C", we get

“NByit) = hi(t), i=1,m, (3.17)
-\(yi(t) = hi(t), j=m+1n. (3.18)

It is easy to see that (3.18) has the unique solution

‘t—ﬂ j = 1 3.19
vil) =5 =mein (319)

By virtue of conditions (3.14), the function h;(t) can be represented in the form

hi(t) = (t- 1) hi(t), i=1,m, (3.20)

where h;(t) € C*([0,T],C! is the certain scalar function, —(t — ;)* ki(t)yi(t) = (t - t)5hi(t),
and we see that

—hi(t) -y
yi(t) =3 ki(t)’ v (3.21)
Yi, t= ti/

where y; are arbitrary constants, i = 1, m. However, the solution of system (3.5) should belong
to the space U, and it means that y;(t) € C*([0,T],C"). Therefore, constants in (3.21) y; =
(hi(t)/ki(t))|;=, and functions are determined uniquely in the form

—h;
yi(t) = WS),

Vte[0,T], i=1,m. (3.22)

Thus, under conditions (3.14), system (3.5) has the solution y© (¢) in U of

)

O = SOy ) 323
yo®) ;ki(t)c() ].z%lxi(t)c() 62)

where h;(t) = lAli(t)/ (t - t)* (in points t = t;, i = 1,m, this equality is understood in the
limiting sense). We summarize received outcome in the form of the following assertion.

Theorem 3.3. Let the operator A(t) satisfy condition (i), and let its spectrum satisfy conditions (ii)—
(iv). Then, for any vector function h® (t) € VO, system (3.5) has the unique solution y© (t) in space
uo,
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For uniquely determination of functions a;(t),yis(t), consider system (3.4) with

additional conditions:

y1(0,0,0) = .,

oy _
<—%,vj(t,’r,0')> =0 Vte[0,T], j=1n,

oy®
<_%,v1‘qi(t,7—,0)> EO/ izlrmr qi :Olsi_ll

where y, € C" is a constant vector.
We have the following result.

(3.24)

(3.25)

(3.26)

Theorem 3.4. Let conditions of Theorem 3.1 hold. Then, the system (3.4) with additional conditions
(3.24)-(3.25) has solutions of the form (3.11) in which all summands are uniquely determinate except
for Yig ()ci(t)oig, (i = 1,m, q; = 0,s; = 1). Functions g (t) in the last summand are determined by

the formula
Yig:(£) = Yl%,- et ® 1 fio (t),

where Py (t), fig,(t) are known functions, and Yioq,- arbitrary constants.

Proof. Denote in (3.11) that

g ot = eV
#OTo-ne 20T T-ne

Using (3.11) and condition (3.24), we obtain the equality

> > 8k (0)c;(0) + -k (0)ck(0) = y.
k=1

k=1j=1

Multiplying this equality scalarly by d,(0), we get

n

as(o) = (y*/ ds(o)) - Z gks(o) = “g, s=1,n.
k=1,k#s

By (3.11) and conditions (3.25), we have

—as () = (es(), ds (1) as() = D, gsj(D(¢(h),ds(1)) =0, s=1,n.

j=Lj#s

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

Considering these equations with initial conditions (3.30), we can uniquely obtain functions

as(t), s=1,n.
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Now, using (3.11) and conditions (3.26), we get

~ig. () = (& (1), di(®)yig, (1) = D, &kig, (B)(ek (), di(t)) =0, i=1,m, q;=0,5,-1. (3.32)
k=1, k#i

This implies that y;4, (t) have the form (3.27) where

P (t) = f (&i(s), di(s))ds,
) (3.33)
fia(t) = e %‘”f 4O S g ()(6x(5), di(s))ds.

t; k=1, k#i

Theorem 3.4 is proved. O

Remark 3.5. If conditions (3.6) hold for hV(t,7,0) € UV and h© (t) € U, then system (3.3)
has a solution in the space U, representable in the form of

y(t,7,0) =y (t,T,0) +yO @), (3.34)

where y(t,7,0) is a function in the form of (3.11), and y(© (¢) is a function in the form of
(3.23); moreover, functions ax(t) € C*([0,T], C') are found uniquely in (3.11), and functions
Yig; (t) are determined up to arbitrary constants Yz%,- in the form of (3.27).

Let us give the following result.

Theorem 3.6. Let hO(t) € U, hV(t,7,0) € UV, and conditions (i)—(iv), (3.6), (3.24)—(3.26)
hold. Then, there exist unique numbers yl%i involved in (3.27), such that the function (3.34) satisfies
the condition

oy TL(t-1)% 0
py=-Y" _$ =) a};m +HO®) e VO, (3.35)

ot i=1 4:=0 gi!

where HO () € VO is a fixed vector function.

Proof. To determine functions uniquely, calculate

EELCIPNE h() SR
n m si-1 t—t hiqi(t)
" Z N - A (D)

11: qi=0 ’
i

ce(t) + HO(t),
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() h(t & [ BO |,
(y, i) =-[1A0] Zk o (t),dl-a)]—i_%l[m](cjm,di(t))

Bk

Yigi (£) + [H(O)(t),di(f)], i=1,m.

3i=0=1 q'
(3.36)
Denote by r;(t) the known function
__[m®] ) | 5O )4 .
0 =-| Zlk_ &0), di(1)] —jmgl[m] (¢, di(0) + (HO(), 1)),
(3.37)

and write the conditions (3.13) for (Py, d;(t)). Taking into account expression (3.27) for yiy (t),
we get

S'_l .
<0 [ E=t)" b
ZYiqi [D <—ql' elailX

4i=0

+ Z [D’ fia (t)] [ lirl-(t)]tzt_, i=1,m, 1;=0,s — 1.

t=ti  g;=

(3.38)

Using the Leibnitz formula, we obtain that

li i\ (V) -
[ ((t t;) 7 oPui (t))] _ I:ZC;}-<(t_ti)q > <epiqi(t)>(ll )]
ai! N b RN t=t;

> =0 i i~ 3.39
= [ZC;’(%) <ePiq,-(t)>(l ‘l))] _ C?l <€Piqi(t)>(l q)’ ( )
i qi. ; i,

=0 t=t;

for I; > g,

—_ +.\49i
[Dzi < u P <t>>] _0, (3.40)
qi- t=t;

for0 < li < qi-
Therefore, previous equalities are written in the form of

i

i—1 g
) 1, Cl (eha?) ::w =1y (i=Tm L;=0,5-1), (341)
=0 o
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where

0 —Siz_i[Dli 0] I O
=

for I; =0, we get yQelu® =79,

!
for I; =1, we get ypc? [epiqi (t)]t_t + el = 40, (342)

. p]5i71 (ks
for I = s;—1, we get ypcl [enq,-a)]t_t oyl ePa® = g0
=t

We obtain from here sequentially the numbersyj), ..., yl.osi_l. Theorem 3.6 is proved. O

Thus, if conditions (3.24)-(3.26), (3.35) hold, all summands of solution (3.11) are
defined uniquely.

So, if KO (t) e U, KV (t,T,0) € UD, and conditions (3.6), (3.24)—(3.26), and (3.35)
are valid, then the systems (3.4), (3.5) (and (3.3) together with them) are solvable uniquely
in the class U = UM & U®). Two sequential problems (¢¥) and (¢¥*!) are connected uniquely
by conditions (3.23)-(3.25), (3.30); therefore, by virtue of Theorems 3.1-3.6, they are solvable
uniquely in the space U.

4. Asymptotical Character of Formal Solutions

Let y_i(t,7,0),...,yx(t,T,0) be solutions of formal problems (€M), ..., (€5) in the space
U, respectively. Compose the partial sum for series (2.4):

Su(t,7,0) = > e yi(t, 7,0), (4.1)
k=-1

and take its restriction y.,(t) = S, (t, @(t) /€, ¢(t, €)).
We have the following result.

Theorem 4.1. Let conditions (i)—(v) hold. Then, for sufficiently small € (0 < € < &), the estimates

”]/(t/ T) - ]/sn (t) ||C[0,T] S Cn£ﬂ+1, n= _]-/ 0/ ]-/ crcy (42)

hold. Here, y(t,€) is the exact solution of problem (1.1), and y.,(t) is the states above restriction of
the nth partial sum of series (2.4).

Proof. The restriction y,,(t) of series (2.4) satisfies the initial condition y.,(0) = y° and system
(1.1) up to terms containing "*!, that is,

AYen(t
Adyen(t)

T A Yen(t) + €™ Ry (t, €) + h(t), (4.3)
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where R, (t, s) is a known function satisfying the estimate

IR(t, &)llcror) < Rny  Ry—const.

11

(4.4)

Under conditions of Theorem 4.1 on the spectrum of the operator A(t) for the fundamental

matrix Y (t,s,€) = Y(t,€)Y'(t, &) of the system Y = A()Y, the estimate

IY(t,s,¢)|| <const V(te)eQ={0<s<t<T}, Ve>0¢€][0,e0],

is valid. Here, ¢y > 0- is sufficiently small. Now, write the equation

dA(t,€)

Tk A()A(t, €) — ™R, (t,e), A0,€) =0,

£

for the remainder term A(t, &) = y(t,€) — Yen(t). We obtain from this equation that

t
A(t,e) = —S”J‘ Y (x,s,€6)R,(s,€)ds,
0

whence we get the estimate
A &)llcor) < —€"Ra,
where R, = max el Y (t, s, €)|l - IR, (t,5)| - T. So, we obtain the estimate
ly(t e - ysn(t)”c[o,T] <e"R, n=-1,01,....

Taking instead of y.,(t) the partial sum

()

Yen+l (t) = Yen (t) + 5n+1yn+1 <t/ T, ([f(t, €)>,

we get

()

|| (y(t,€) = Yen(t)) — € Ynaa (t, 7qu(#8)> H < "Ry,

which implies the estimates (4.2). Theorem 4.1 is proved.

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)
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5. Example

Let it be required to construct the asymptotical solution for the Cauchy problem

y _5t2 + 4: 2t2 —_ 2 y chl (t) . .
= + 7 O, = , 0[ - ; 51
£<Z> <—10t2 +10 42-5/ \z 0 y(0,6) =y, z(0,6) =z 1)

where hi(t) € C®[0,2], ¢ > 0is a small parameter. Eigenvalues of the matrix A(t) =
< 5744 2t2’2> are A1 () = -2, L»(t) = 1. Eigenvectors of matrices A(t) and A*(t), are, res-

-10£2+10 4#>-5
1 2 5 -2 (5.2)
(Pl - 2 7 (PZ - 5 7 1 = ) 7 P = 1 . .

pectively,
We get (h(t), g1 (t)) = 5t2h (t). Therefore,

(h(0),¢1(0)) =0, %(h(o),(pl(o)) =0. (5.3)

Hence, we can apply to problem (5.1) the above developed algorithm of the regulari-
zation method.

At first, obtain the basic Lagrange-Silvestre polynomials Kj;(t). Since ¢s(t) = A1(t) =
—t2, there will be two such polynomials: Koo(t) and Ko (£).

Take the arbitrary numbers ag(t) and ap (t), and set the interpolation conditions for
the polynomial r(t),

T(t) = doo, 7’(1) = api- (54)

Expand r(t) onto partial fractions

r(t) é E

W = t2 + t, (55)
from where

r(t) = A+ Bt. (5.6)

Use the interpolation polynomial (5.4). We get A = apy, B = ap1. Hence, (5.6) takes the form

T(t) = agp + tap:.- (57)
Since numbers agy and ag; are arbitrary, basic Lagrange-Silvestre polynomials will be coeffici-
ents standing before them, that is,

K()o (t) = 1, K()l (t) =t. (58)
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Introduce the regularizing variables

t t
o0 = €179 ls 11d5f e~ (1/8) fg hdx | Koo(s)ds = et /3¢ f e/ ds = poo(t),
0

0
t . t
o1 = e(1/e)!éxldsJ' e~ (1/e) [y hadx | Koi(s)ds = e—ﬂ/seJ' o573 . ds = pou (1), (5.9)
0 0
1( t
j )qu————ql(t) T = —I lads = —— = qa(t).
€)o £

Construct the extended problem corresponding to problem (5.1):

ow ow ow ow ow ow a
— — - A(t
£ 5 + A1(t) on + A () — on, + A (i’)Goo 300 + A (t)oo B00; + 560'00 +e ao_m Hw
=h(t), w(0,0,0,¢) =w"
(5.10)
where T = (Tlr TZ)/ o= (000/ 0-01)1 w = w(tr T, 0, 5)‘
Determining solutions of problem (5.10) in the form of a series
w(t,T,0,¢) = Zskwk(t, T,0), (5.11)
k=0
we obtain the following iteration problems:
Lwo = A (f) awo 2990 o 0] )Q(t)@ ~A(Dwo = h(t),  w0(0,0,0) = w°
8000 0001
(5.12)
Lw, = _ag:o gw(’ tgwo, 01(0,0,0) =0,
000 001 (5.13)

We determine solutions of iteration problems (5.12), (5.13), and so on in the space U
of functions in the form of

w(t,T,0) = wi(t)e™ + wy(t)e™ + woo(t) oy + wor (t) oo + wo(t),
(5.14)
wot), wit), wa(t), woo(t), wu(t) € C*([0,2], C?).

Directly calculating, we obtain the solution of system (5.12) in the form of

wo(t, T,0) = a1 (t)pre™ + az(F)p2e™ + yoo (F) 1000 + Yo1 (£) 1001 + 5ha (t)p1 — 262h1 (£)epa,
(5.15)

where a;(t), y;i(t) € C*[0,2] are for now arbitrary functions.
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To calculate the functions a;(t) and y;;(t), we pass to the following iteration problem
(5.13). Taking into account (5.15), it will be written in the form of

Lwy = —a1(t)p1e™ — ax(t)p2e™ — oo (t)p1000 — Yo1 (£) 1001
. , (5.16)
—5hy(t)¢p1 - (Zfzhl(f)> @2 — Yoo (£)p1 — tyor (£) 1.

For solvability of problem (5.13) in the space U, it is necessary and sufficient to fulfill
the conditions

—a1(t) =0, —dy(t) =0, —Yoo(t) =0, —Yoi(t) =0,

. . (5.17)
=5h1(0) = y00(0) = 0, =5h1(0) = 00(0) = y01(0) = 0.

Using solution (5.15) and the initial condition w (0, 0,0) = w°, we obtain the equation
a1(0)¢p1 + a2(0)¢p2 + 5h1 (0)¢pr = w°. (5.18)
Multiplying it (scalar) on ¢ and ¢, we obtain the values

a1 (0) = <w°, tp1> —5h1(0) = 5y° — 22° — 5h1(0),
(5.19)
ay(0) = (wo, q;2> =20 Zyo.

Using equalities (5.17), and also the initial data (5.19), we obtain uniquely the func-
tions a;(t) and y;;(t):

a; (t) = 5y° - 22° — 511 (0), a(t) = 20 - 24°.

. ) (5.20)
Yoo(t) = =5h1(0), yo1(t) = =5h1(0).

Substituting these functions into (5.15), we obtain uniquely the solution of problem
(5.12) in the space U,

wolt,7,0) = (5y° = 22" =5 (0) Jgre™ + (2 - 29 ) poe™ (5.21)

— 5h1(0)¢p1000 — 511 (0)¢p1001 + 5hy ()1 — 28211 (£)pa.
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Producing here restriction on the functions 7 = g(t), o = p(t), we obtain the principal
term of the asymptotics for the solution of problem (5.1):

woe(t) = <5y0 -229 - 5h1(0)>(ple*t3/3€ + <ZO - 2y0><pze*t/€

t t
= 5hy (0)pre™ /% f e*/%ds 5l (0)gre™" f e s ds + 5 (g (5:22)
0 0

— 221y (t)¢pa.
The zero-order asymptotical solution is obtained: it satisfies the estimate
lw(t, &) — woe()llcpoz) < Ci €, (5.23)

where w(t, €) is an exact solution of problem (1.1), and C; > 0 is a constant independent of
¢ at sufficiently small £ (0 < € < €).
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