Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2012, Article ID 109546, 19 pages
doi:10.1155/2012/109546

Research Article

Blow-Up Analysis for a Quasilinear Degenerate
Parabolic Equation with Strongly Nonlinear Source

Pan Zheng, Chunlai Mu, Dengming Liu,
Xianzhong Yao, and Shouming Zhou

School of Mathematics and Statistics, Chongqing University, Chongqing 401331, China
Correspondence should be addressed to Pan Zheng, zhengpan52@sina.com
Received 8 January 2012; Accepted 26 April 2012

Academic Editor: Yong Hong Wu

Copyright © 2012 Pan Zheng et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We investigate the blow-up properties of the positive solution of the Cauchy problem for a
quasilinear degenerate parabolic equation with strongly nonlinear source u; = div(|Vu"|P2Vu!) +
ui, (x,t) € RN x (0,T), where N > 1, p>2,andm,l, g > 1, and give a secondary critical exponent
on the decay asymptotic behavior of an initial value at infinity for the existence and nonexistence
of global solutions of the Cauchy problem. Moreover, under some suitable conditions we prove
single-point blow-up for a large class of radial decreasing solutions.

1. Introduction

In this paper, we consider the following Cauchy problem to a quasilinear degenerate
parabolic equation with strongly nonlinear source

2 = div(|Vum|P—2Vu’> +ul, (x,t) € RN x(0,T),
(1.1)
u(x/ 0) = uo(.X), X € RN/

where N > 1,p > 2, m, 1, q > 1, and the initial data ug(x) is nonnegative bounded and
continuous.

Equation (1.1) has been suggested as a mathematical model for a variety of physical
problems (see [1]). For instance, it appears in the non-Newtonian fluids and is a nonlinear
form of heat equation. Moreover, it can also be used to model the nonlinear heat propagation
in a reaction medium (see [2]).
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One of the particular features of problem (1.1) is that the equation is degenerate at
points where u = 0 or Vu = 0. Hence, there is no classical solution in general and we introduce
the following definition of weak solution (see [3, 4]).

Definition 1.1. A nonnegative measurable function u(x,t) defined in RN x (0,T) is called a
weak solution of the Cauchy problem (1.1) if for every bounded open set Q with smooth
boundary 0Q, u € Cioc(Q x (0,T)), u™, u' € L’ (0,T;W'P(Q)), and

loc

t t
f up dx +’[ f <—u(pt +|[VumPA v V(p)dx dt = f f ulp dx dt +f u(x, to)p(x, to)dx
Q t ) Q toJQ Q

(1.2)
forall 0 <ty <t < T and all test functions ¢ € Cé (R x (0,T)). Moreover,
limf u(x, t)n(x)dx = f u(x, to)n(x)dx (1.3)
t=h Jg Q

for any 77(x) € C}(Q).

Under some suitable assumptions, the existence, uniqueness and regularity of a weak
solution to the Cauchy problem (1.1) and their variants have been extensively investigated
by many authors (see [5-7] and the references therein).

The first goal of this paper is to study the blow-up behavior of solution u(x, t) of (1.1)
when the initial data u((x) has slow decay near x = co. For instance, in the following case

up(x) £ Mlx|™ with M >0, a>0, (1.4)

we investigate the existence of global and nonglobal solutions for the Cauchy problem (1.1)
in terms of M and a. In recent years, many authors have studied the properties of solutions
to the Cauchy problem (1.1) and their variants (see [8-17] and the references therein). In
particular, J.-S. Guo and Y. Y. Guo [18] obtained the secondary critical exponent for the
following porous medium type equation in high dimensions:

w=Au"+uP, (x,t) € RN x(0,T),
(1.5)
u(xlo) = uo(.X'), X € RN/

where p > 1, m > 1 or max{0,1 - (2/N)} < m < 1, up(x) is nonnegative bounded and
continuous, and proved that for p > p;, = m+(2/N), there exists a secondary critical exponent
a* = 2/(p —m) such that the solution u(x, t) of (1.5) blows up in finite time for the initial data
uo(x), which behaves like |x|™ at x = oo if a € (0, a*), and there exists a global solution for
the initial data uo(x), which behaves like |x| ™ at x = oo if a € (a*, N). Here, we say that the
solution blows up in finite time; it means that there exists T € (0, +oo) such that ||u(:, )]/ < oo
forallt € [0,T), but lim;_, 7 sup |lu(., t)||;- = oo.
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Mu et al. [19] studied the secondary critical exponent for the following p-Laplacian
equation with slow decay initial values:

U = div<|Vu|p_2Vu> +ul, (x,t) e RN x(0,T),
(1.6)
u(x,0) = up(x), x€R",

where p > 2, g > 1, and showed that, for g > g% = p — 1 + (p/N), there exists a secondary
critical exponent a} = (p/(q + 1 — p)) such that the solution u(x, t) of (1.6) blows up in finite
time for the initial data uo(x) which behaves like |x|™ at x = oo if a € (0, a%), and there exists
a global solution for the initial data u((x), which behaves like |x|™ at x = oo if a € (af, N).

Recently, Mu et al. [20] also investigated the secondary critical exponent for the doubly
degenerate parabolic equation with slow decay initial values and obtained similar results.

On the other hand, in this paper, we will also consider single-point blow-up for the
Cauchy problem (1.1). It is interesting to study the set of blow-up points and the behavior of
the solution u(x, t) at the blow-up point.

In order to investigate single-point blow-up for the Cauchy problem (1.1), we
introduce the concept of the blow-up point.

Definition 1.2. A point x € Q is called a blow-up point if there exists a sequence (x,, t,) such
that x, — x,t, — T~ and u(x,,t,) — ocoasn — oo, where T is blow-up time.

In recent years, some authors also studied single-point blow-up for the Cauchy
problem to nonlinear parabolic equations (see [21, 22] and the references therein) by different
methods. In particular, when p = 2,1 = 1 and N = 1, the Cauchy problem (1.1) has been
investigated by Weissler in [23], and the author obtained that the solution blows up only at a
single point. Galaktionov and Posashkov [24] studied the single-point blow-up and gave the
upper and lower bound near the blow-up point for the Cauchy problem (1.1) when p > 2 and
m =1 =1. Recently, when p > 2 and m = I, Mu and Zeng [25] extended Galaktionov’s results
to the doubly degenerate parabolic equation. For more works about single-point blow-up, we
refer to [26, 27], where the parabolic systems have been considered.

Motivated by the above works, based on a modification of the energy methods,
comparison principle, and regularization methods used in [15, 19, 21, 24], we investigate the
secondary critical exponent and single-point blow-up for the Cauchy problem (1.1). Before
stating the results of the secondary critical exponent, we start with some notations as follows.

Let Cp(RN) be the space of all bounded continuous functions in RN. For a > 0, we
define

O = {¢(x) € Cb<RN> [$(x) 20, lim sup xI"p(x) < oo},

(1.7)
@, = {(i)(x) € Cb<RN> | ¢(x) >0, |l‘im inf|x|“¢(x) > 0},
X|— oo
Moreover, we denote
=1 -2) + -+, I S——
qe=l+mp-2)+5, & T T=m(p=2) (1.8)

Our main results of this paper are stated as follows.
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Theorem 1.3. For N >2,p>2,m>1,1>1,and g > qi =1+ m(p-2) + (p/N), suppose that
uy(x) € @, for some a € (0,a); then the solution u(x,t) of the Cauchy problem (1.1) blows up in
finite time.

Theorem 1.4. For N >2,p>2 m>1,1>1,and q > q; =1+ m(p-2) + (p/N), suppose that
up(x) = Ap(x) for some X > 0 and ¢(x) € @ for some a € (a;, N); then there is Ly = Ao(¢) > 0
such that the solution u(x,t) of the Cauchy problem (1.1) exists globally for all t > 0, and if A < Ao,
one has

lu(x,t)||,, < CEP, Vt>0, (1.9)

where p=1/(a(l+m(p-2)-1)+p), C>0.
Remark 1.5. Whenp >2, N >2and g > g, wehave g5 >1and 0 < a} < N.

Remark 1.6. It follows from Theorems 1.3 and 1.4 that the number a} = p/(q -1 -m(p - 2))
gives another cut-off between the blow-up case and the global existence case. Therefore, the
number aj is a new secondary critical exponent of the Cauchy problem (1.1). Unfortunately,
in the critical case a = a’, we do not know whether the solution of (1.1) exists globally or
blows up in finite time.

Remark 1.7. Whenm =1 =1 or m = | > 1, the results of Theorems 1.3 and 1.4 are consistent
with those in [19, 20], respectively.

Remark 1.8. In [28], Afanas’eva and Tedeev also established the Fujita type results for (1.1)
with m = I. In particular, if 1o (x) ~ [x|™, 0 < a < N, they obtained thatif g < m(p—-1) + (p/a),
then every nontrivial solution blows up in finite time, and if g > m(p — 1) + (p/a), then the
solution exists globally for a small initial data uo(x). We note that when m = [ in (1.1), if
g>m(p-1)+(p/N)andO0<a<p/(g-m(p-1)),then0O<a<Nandg<m(p-1)+ (p/a),
while if g > m(p - 1) + (p/N) and p/(g-m(p—1)) < a < N, theng > m(p - 1) + (p/a).
Therefore, the results of Theorems 1.3 and 1.4 coincide with those in [28].

Finally, we also consider single-point blow-up for a large number of radial decreasing
solutions of the Cauchy problem (1.1) and give upper bound of the radial solution u(r, t) in
a small neighborhood of the point (x, t), where x = 0, t = T. We assume that the initial data
uo(x) = up(r) satisfies the following condition:

(H) uo(x) = uo(r) > 0forr >0, up(0) > 0, and ug(r) € C'(R}), uy(0) = 0, and ujy(r) <0
forr >0, My =sup ug(r) < +oo, Ko =sup |uy(r)| < +oo.

Theorem 1.9. Let N >1,p>2, m>1,1>1,and q>1+m(p —2), and let condition (H) hold. In

addition, assume that the initial function uy(x) = uo(r) satisfies

ug(r) N =0(1) asr— oo, (1.10)

m/ p-2 ’
Ao= inf -M = <o,( p-2 ] (1.11)

750,119 (r)>0 rug p-2)(N+1)+2
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Let T be the blow-up time; then one has

u(r,t) < Crp/@l=mp-2) — (r 1y e R x (0,T), (1.12)
where
-((p-1)/(q-1-m(p-2)))
|a-1-m(p-2) 1/
C-= [W)LO > 0, (113)
(ImpP=2) p

that is, there is single-point blow-up at point x = 0.

Remark 1.10. By (1.11), the best upper estimate (1.12) obtained by our method has the
following form:

V1) -G/ (- m(p-2)
g-1-m(p-2) p-2 ~(p/ (q-1-m(p-2)))
u(r,t) < [ p(lmp_2)1/(p-1) (p-2)(N+1)+2 r

(1.14)

in R! x (0,T). But, we do not give the lower bound estimate of the radial solution u(r,t) in a
small neighborhood of the point (x,t), where x =0, t =T.

Remark 1.11. Whenm =1=1orm =1 > 1, the results of Theorem 1.9 are consistent with those
in [24, 25], respectively. For 1 < g < I+ m(p - 2), in [29], the authors obtained the results of
global blow-up to arbitrary compactly supported initial data.

Remark 1.12. From Theorem 1.9, we obtain the same decay exponent as that of Theorem 1.2
in [29] by different methods. Moreover, it is interesting to see that the decay exponent of the
upper estimate of Theorem 1.9 is also the same as the secondary critical exponent of Theorems
1.3 and 1.4.

This paper is organized as follows. In Section 2, by using the energy method, we
will obtain a blow-up condition and prove Theorem 1.3. In Section 3, using the comparison
principle, we can construct a global supersolution to prove Theorem 1.4. Finally, we consider
the single-point blow-up under some suitable conditions and prove Theorem 1.9 in Section 4.

2. Blow-Up Case

By using the energy method, we will obtain a blow-up condition corresponding to (1.1).
Therefore, we need to select a suitable test function as follows:

1 eN

x) =A e_5|x|, A, = = ,
ge(x) ‘ ‘ [rn e7eldx Jon I errN-1dr ds

Vge(0) = egers. @)
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Proof of Theorem 1.3. Suppose that u(x, t) is the solution of the Cauchy problem (1.1) and T is
the blow-up time. Let

E(t) = lf u®(x, t)p.(x)dx, te][0,T), (2.2)
S JRN
where 0 < s <1/p, p>2, Then, E(t) € C[0,T) N C*(0,T) and

E't) = I e ZI ug diV<|Vum|p_2Vul>dx +f utt g dx
RN RN RN

= -Il(s-1) f w3 [ VU™ P2 VuPdx + gf us’lqrg|Vum|p_2Vulidx
RN RN ||

+ ’[RN uT g dx (2.3)
> ImP2(1-s) utrmp=2yrsmp=Lye |\ Ty |P dx
RN

—ImP % f w25y |V dx + f uT g dx.
RN RN
Using Young's inequality, we have

gJ ul+m(p—2)+s—qu€|vu|lﬂ—1dx < EJ ul+m(P‘2)+S‘P‘1q;E|Vu|pdx
RN p RN

(2.4)
+ i ul+m(p—2)+s—1 (pgdx.
P JrN
Since 0 < s < (1/p), it follows from (2.3) and (2.4) that
p=2¢p
E(t) > f sy gy - M f U251y, o (2.5)
RN RN

Byg>qg:=1+m(p-2)+(p/N)>1+m(p-2)>1, [xge(x)dx = 1, and Holder’s inequality,
we obtain

I ) W J ) rm(p2) 51, (=255 qrs ) q-omp-D)/(qrsD) g
R R

2.6)
] (I+m(p-2)+s-1)/(q+s-1)

< I:J‘ uq+s—1 (pgdx
RN
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Therefore, by (2.5) and (2.6), we have

dE
> q+s-1
I 2 URNu pedx

(q-1-m(p-2))/ (q+s-1) -2
y ( I T, dx) _ImPep '
RN P

Applying Jensen’s inequality, we obtain

(q-1-m(p-2))/(q+s-1) (q-1-m(p-2))/s
<f uq+s"1qudx> > <f usqudx> . (2.8)
RN RN

Thus, it follows from (2.7) and (2.8) that

] (l+m(p-2)+s-1)/(q+s-1)

(2.7)

dE 1 (q+5_1)/5 1
_ > — Sus.d —— (q+s—1)/sE(q+s—1)/s t 29
dt_2<IRNqu x> 2° ®) (2.9)
as long as
_ /(g-1-m(p-2))
1/ 21mP-2e? \ °
E(t) > —<—lm £ > Vvt € [0,T). (2.10)
5 p
Hence, if E(0) satisfies
2 p\ &/ (@-l-m(p-2))
E(0) > %<—21mp < > - Co, (2.11)

then E(t) increases and remains below Cy for all t € [0, T).
And by (2.9) we have

>—S/(q—1)

1
E() > (E7V5(0) - Cut . where C; = quw*WS > 0. (2.12)

Therefore, from (2.11) and (2.12), we obtain that u(x,t) blows up in finite time T =
(1/C1)ET/5(0): and get an estimate on the blow-up time T of the solution u(x, t) as follows:

(1-q)/(g-1-m(p-2))
p—2cp
2 <21m £> ' (2.13)

P
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Finally, it remains to verify the blow-up condition (2.11). Since uy(x) € @, for some a €
(0, a?), there exist two positive constants M and Ry > 1 such that up(x) > M]|x|™ for all
|x] > Ry, and we have

EO = ¢ [ g dx

SA
>M £

s |x|>Ro

WA vy
[y|>eRo

x|~ e Wldx (2.14)

S

By the definition of A, 0 < a < a}, we can choose 0 < € < (1/Ryp) so small such that (2.11)
holds. The proof of Theorem 1.3 is complete. O

3. Global Existence

In this section, we shall prove Theorem 1.4 by constructing a global supersolution. To do this,
we introduce the radially symmetric self-similar solution U a,(x, t) to the following Cauchy
problem:

s = div(|Vum|f’*ZVul>, (x,t) € RN x (0, +00), (3.1)
u(x,0) = up(x) = M|x|™®, xe€RN. (3.2)
It is well known that the existence and uniqueness of the solution of (3.1) have been well

established (see [7]). By symmetric properties of (3.1), the solution Uy 4 (x, ) is given by the
following form

1
a(l+m(p-2)-1)+p’

o,
ﬁ"ﬁ_

Upa(x,t) =t far(r), withr= 5 (3.3)

where the positive function f is the solution of the problem

(lom [ (7)) = == Gm ™ () @)+ prfaatr) + apfu =0, 750, .

fu) 20, 120, fy(0)=0, Lim r'fy(r) =M.

We shall prove the existence of solution fs(r) to (3.4) by the following ordinary differential
equation, and furthermore we obtain the nonincreasing property of the solution fas(r).
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Firstly, given a fixed 7 > 0, we consider the following Cauchy problem:

<| (gm),|p_2<gl>,), LN |(8m),|p_2<8l>’(r) +prg(r) +apg(r) =0, >0,

r (3.5)
g(0) =1, g'(0) =0.

According to the standard of the Cauchy problem for ODE and the methods used in [7, 30],

we can obtain that the solution g(r) of the Cauchy problem (3.5) is positive, and g(r) — 0as

¥ — 00; MOreover,

lim rg(r) = M (3.6)

r—+oo

for some M = M(n) > 0.
Secondly, we shall prove that there exists a one-to-one correspondence between M €
(0,+00) and 7 € (0, +o0). Indeed, this can be seen from the following relation:

1-1-m(p-2
g(r) =ng1(n°r), o= — v ), (3.7)
where g1(r) is the solution of (3.5) for 77 = 1. Then,
M(r) = n'"""M(1), with M(1) = lim r7g(r). (3.8)

Therefore, we can deduce that, for each M > 0, there exists a positive, bounded, and global
solution fas(r) satisfying (3.4).

Finally, we shall prove that the solution g(r) is non-increasing, that is, fas(r) is also
non-increasing. To do this, we need the following lemmas.

Lemma 3.1. Let g(r) be the solution of (3.5); then

(3.9)

' p-2 '
CN[em@| ) »
lim

r—0 r

= —apg(0).

Proof. Integrating the (3.5) over (0, ) with € > 0, we have

<| (g'“)'lp_2 (g’)'> (e) + fo N-oT l (g'“)'|'g_2 (g’)'dr + fo prg'dr + fo apgdr=0. (3.10)

r

Dividing by € and taking ¢ — 0in (3.10), we obtain

Nleme]"@e n-o
lim +
e—0 £ 2

s @ (¢) @] = - limapge), G

which implies that (3.9) holds. The proof of Lemma 3.1 is complete. O
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Lemma 3.2. If there exists ry € [0, +o0) such that g(ro) = 0, then g(r) =0 for all v > ry.

Proof. We shall prove by contradiction. Assuming that Lemma 3.2 does not hold, it is easy to
see that there exists € > 0 such that

g(r)>0, g'(r)>0 in (ro, 1 +e¢). (3.12)

Multiplying (3.5) by rN~! and integrating over (ry, r) with r € (ry, o + €), we obtain

N1 | (gm)'|p72 (gl>, +priVg(r) = Ir NprNTg(r)dr - Ir aprNTg(r)dr. (3.13)

4]
It follows from (3.12) and (3.13) that

(N -a)p

ﬂrNg(r) < jr NﬁrN_lg(r)dr - fr aﬁrN‘lg(r)dr < %g(r) <rN - ré\]), (3.14)

equivalently,

1512;“<1—<?)N>. (3.15)

Letting r — rp in (3.15), we obtain the inequality 1 < 0, which is a contradiction. The proof
of Lemma 3.2 is complete. O

Lemma 3.3. The solution g(r) of (3.5) is monotone nonincreasing in [0, +0).

Proof. Our method is based on the contradiction argument. Suppose that, for some ry > 0,
g'(ro) > 0, by Lemma 3.1, there exists ; € (0,7p) such that

/ mn|P2 N’
g(r) =0, (Kg)l (5))@920. (3.16)
By Lemma 3.2, we have g(r1) > 0. Using the similar argument in Lemma 3.1, we obtain

' p-2 '
N[ T @)o
lim

r—r r—n

(3.17)

= _aﬁg(rl) <0,

which is a contradiction with (3.14). The proof of Lemma 3.3 is complete. O

Next, we apply the monotone properties of fa;(r) to obtain the condition on the global
existence of the solution to (1.1).

Proof of Theorem 1.4. We prove Theorem 1.4 by the following steps.
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Step 1. Since ¢(x) € @, there exists a constant K > 0 such that
p(x) <K(1+|x))™* VxeRN (3.18)

Taking M > K and the self-similar solution Upsq(x,t) of (3.1) defined as (3.3), since
lim, o7 fm(r) = M > K, there exists a positive constant Ry such that

r’fm(r) > K for r > Ry. (3.19)

Setting y = fmr,) = min{fm(r) | r € [0,Ro]} > 0, it is easy to verify that p(x) < Upaa(x,t)
for all x € RN, where t; € (0,1) and taaﬁy > loll.-

Let A > 0; then w(x,t) = Mppq(x, \F™P271 4 £5) is the solution of the following
problem

w; = div(lemlp_Zle>, (x,t) € RN x (0, +0),

(3.20)

w(x/ 0) = )‘uM,a(x/ tO) > )‘(P(x)/ X € RN

Taking 77 = fa(0) and noting that fas(r) is non-increasing, we have
lw(x, b, = qA( ALmp-2-14 4 t0>_“ﬁ . (3.21)

Step 2. Set v(x,t) = A(t)w(x, B(t)), where A(t) and B(t) are solutions of the following
problem:

)
Al(t), te(0,+o0),

—(a(g-1)/(a(l+m(p-2)-1)+p)
Al(t) — qu_l)tq_l [)Ll+m(p—2)—1B(t) + tO]

B'(t) = AP 271(t)  te (0,+00), (3.22)
A(0)=1,  B(0)=0.

By a direct calculation, we obtain that v(x, t) satisfies

vy > div<|Vv"‘|”_2Vvl> +v7,  (x,t) € RN x (0, +0),
(3.23)
v(x,0) = w(x,0) = MUpma(x, to) > Ap(x), x€RN.

Step 3. We shall prove that there exists a positive constant 1y = Ag(¢) such that the
problem (3.22) has a global solution (A(t), B(t)) with A(t) bounded in [0,T) if A € [0, A).
According to the standard theory of ODE, the local existence and uniqueness of solution
(A(t), B(t)) of (3.22) hold. By (3.22), we have A'(f) > 0, A(t) > 1 for t > 0; furthermore, the
solution is continuous as long as the solution exists and A(t) is finite.



12 Abstract and Applied Analysis

From (3.22), when A(t) exists in [0, t], then B(t) is uniquely defined by
t
B(t) = f Almp-2-1(5) s, (3.24)
0
Since p > 2 and A(t) is increasing, we obtain
B(s) = j A1) dr > AFMED1(0)s =5 Vs e [0,]. (3.25)
0

By (3.22), (3.25),and a > a} = p/(q — | - m(p - 2)), it follows that

t

~(alg-1)/ (a(l+m(p-2)-1)4p)

1- A9 = (q—1),1q—1m—1f [ 21 B(s) + 1] AP 4
0

t
~(a(g-1)/ (a(l+m(p-2)-1)+p))
<(q- 1)7111—1)ﬂ—1f ()J+m<p—2)—1s+t0> ey s (3.26)
0

§ (g-1)nataatmp-2) [-@(q-D/altsm(p-2)-1) )
~ ((a(g-1))/(a(l+m(p-2) 1) +p)) -1°

Let Ay = Ag(¢) be a positive constant defined by

(g-1D)[a(l+m(p-2)-1) +p] q_lj\g—l—m(p—Z)t(l)—(a(q—l)/(ﬂ(l+m(p—2)—l)+p)) _ % (3.27)

a(@g-1-m(p-2))-p

Then from (3.26), g > g5 > l+m(p-2) > land a > a} = p/(qg—-1-m(p - 2)), we have
1< A(t) <247 for any A € (0, A¢], as long as A(t) exists globally.
On the other hand, by (3.22) and (3.25), we have

t < B(t) <2P2/@ Dt vt > 0. (3.28)

Therefore, B(t) is also global.

Step 4. For any A € (0, A¢], where 1y = Ao(¢p) is defined as (3.27), the solution u(x, t)
of (1.1) with initial value uy(x) = Ap(x) exists globally, and u(x,t) < v(x,t) in RN x (0, +c0).
Moreover, there exists a positive constant C such that

4Dl < 00 Bl <2V (S 021B() 4 1) T < wes0. (329)

The proof of Theorem 1.4 is complete. O
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4. Single Point Blow-Up

In this section, under some suitable assumptions, we shall prove that the blow-up set consists
of the single point x = 0. Moreover, we also give the upper estimate of the solution u(x, t) in
a small neighborhood of the point (x, t), where x =0, ¢t =T.

First, we suppose that the solution is radially symmetric, that is, depending only on
r = |x| at a given time ¢ > 0. Therefore, we study the following problem:

up =~ N7D [7‘]\]‘1|(um)r|p_2 <u1> ] +ul, (r,t) € (0,+00) x (0, +00),
u(r,0) =up(r), re€(0,+0), (4.1)

W), =0 ) € 10)x [0400)

Proof of Theorem 1.9. It is based on the method in [21]. The main idea is to apply the maximum
principle to the auxiliary function w;(r,t), which is defined in (4.7), and to show that wj is
small enough in (0,7) x (0, T). Then by integrating the obtained inequality and taking limit as
i — oo, one can get upper bound of the solution u(r, t). Therefore, we divide the proof into
the following steps.

Step 1. Since problem (1.1) has no classical solution, we will construct the weak
solution by means of regularization of the degenerate equation.

Now define a strictly monotone sequence {¢;}, ¢; > 0 foralli=1,2,3,..., such that

g —0, asi— +oo. (4.2)

Then, the weak solution u(r, t) is the limit function of the solution of the following regularized
problem (see [31]):

+ul, (r,t)€(0,i)x(0,T),

r

(), = NV [erl (), + ) e ((u’) +5)

u;(r,0) =ug(r), re(0,i,

(4.3)
ui(ir t) = uO(i)r te (0/ T)/

r]\[_1<((u§”)r)2 + 5f>(p_2)/2<(uﬁ>r +€i> =0, (r,t)e{0}x(0,T).

By the standard methods used in [1, 32], the uniform estimates for the passage to the
limit which do not depend on ¢; are established. Therefore, for any fixed ¢; > 0, we may
assume that, for all sufficiently large i, the function u;(r, t) satisfies the following conditions:

|uil < My, |(ui),| <My in Q;r = (0,i) x (0,T), (4.4)

where M;, M> do not depend on i, and

(Ui(r, ), lyg = 0 VE€ (0,T). (45)



14 Abstract and Applied Analysis

Moreover, by using condition (H) and the maximum principle in [33], we have
(ui(r,)), <0 in Qyr. (4.6)

Step 2. Set
w;(r,t) = rN <((um) )+ >(p 2)/2<u£> +AgrNul, (4.7)

where A is given in (1.11).
By a direct calculation, we find that w;(r, t) satisfies the following parabolic equation:

(wi); = ai(wi),, + bi(wi), + ciw; + d; + e, (4.8)

where

lul 1<((um> ) )(p 2)/2 +m(p—2)ul"” 1<((um> ) )(p 4)/2 <u§>r(u§”)r, (4.9)

I(1-N)u!
b= (@), + )’””2[‘%“«— 10l ) ] (r-2)(sd) (),
. (4.10)
() +2)" M[w m(m—l)u;“*(ui)r],
=qu " [(p-1) - o((p-2) (N +1) +2)], (4.11)
di = Agr - LN + D™, with A=—(p-2)e2(ud) [(w),)?+e]" ", @12)

ei= (-2 () )2+ &) () @,

m+q-2 mqeruq " 3((ul 2+ ((m=1)(1-AoN) +q(1-Lo(N+1)) ) mu®*™2 (u;),
~( ) )

() ) )T [ g - 2)lgraond™ (),
+((1=1)(1-20N) +q(1-do(N +1))) a2 (),

+20g[o((p-2)(N +1) +2) = (p-2)]rNu "
(4.13)

Since N >1,p>2m>1,1>1and g > [ + m(p - 2), it follows from (1.11) and (4.6) that
e; <0.
Now we consider the coefficients ¢; and d; in Q; r. By (4.6) and p > 2, we have

](” 250, (4.14)

A== (p-2)(ul) [(("),)* +¢
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It follows from (4.4) that |A| = O(¢}’) asi — oo, where v = min{2,p - 1}, and we obtain the
following estimate:

supc; < M3z, supd; < M4iN‘1£l‘.’ in Q;r, (4.15)

where M3, My are positive constants, which are independent of i.
Therefore, we have the parabolic differential inequality

(ZUi)t < a,-(w,-)rr + b,-(w,-)r + ciw; + di, in Qi,T/ (416)

where ¢;, d; satisfy (4.15).

Next, we consider the function w;(r,t) on the parabolic boundary of Q;r. At first, it is
easy to see that w;(0,t) = 0 for all t € (0,T). By (1.10), we have w; (i, t) < AoiNug(i) =0(1), as
i — ooforallt e (0,T). Finally, it follows from (1.11) that

(P—Z)/2< !

w;(r,0) = rN7 <((u6")r)2 + 512> u0>r +AorNud

(4.17)
<7 1)), + dorg] <o vre o

Hence, for all sufficiently large i, there exists y; = sup w; > 0 on the parabolic boundary
of Qirand y; = o(1) asi — oo.
In order to estimate w;(r, t) in Q; 1, we study the following ODE:

dw; _
T - Maw; + MyiN e, t>0,
dt (4.18)
w;(0) =y,
which has the solution
M4iN—1£1f M4iN71
wit) = [ ——— ; M3t——’-’, t>0. 4.19
w; (t) < M, +yl>e M, € > ( )

Taking the sequence ¢; such that
iNle? —0 as i— oo, (4.20)
it is obvious that
wi(t) <wi(T)=a; Yte (0,T), (4.21)

where

a;— 0 as i— oo. (4.22)
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Setting

Z(T, t) = Wi (T, t) - wi(t)/

(4.23)

we have z(r,t) < 0 on the parabolic boundary, and z(r,t) satisfies the following parabolic

inequality:
2zt < a;Zpr + bizy + iz — (M3 — ci)w; + [di - M4iN_1£1’.’], in Qir.
It follows from (4.15) that
zt < aizyr + bizy + ciz, in Q7.
By the maximum principle (Chapter II, [33]), we obtain that z(r,t) < 0in Q; r, that is,
wi(r,t) <w;i(t) <wi(T) =a; in Qir.

Step 3. For large i and (u;(r,t)), € [-M>,0], we have the following estimate

(i, +2)" 77 (1) = 1), 172 () -5,
where
0<6;=0(e’) —0 as i— oo.

By (4.7) and (4.26), we have

|, |

P2/
(ui>r < rNa; + 6

> - )‘Or/
uf uf
namely,
1-N
- -1)(p-2)- o Nap+ 6
lmp—Zufl 1)+(m-1)(p-2) q(ui)rl(ui)rlp 2 < + _ )LQT.
u

i

Letting F(b) = b|b|~P=2/PD) we deduce that

1/(p-1) ) g _ rNg, + 6
pp2) 2 D) g p| SO
1 r uq
i

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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For arbitrary ty € (0,T), o € supp u(r, tp) = {r > 0| u(r, ty) > 0}, we denote p = u(xo, ty) > 0.
By (4.6) and the uniform convergence u;(r,ty) — u(r,ty) asi — oo, r € [0,19], we have
ui(r, to) > (po/2), r € [0, ro] for all sufficiently large i > iy. Therefore, from (4.31) we obtainly
fort = ty, 1> 1o,

1/(p-1) ) - 29(r' Na; + 6;
(i 2) Ty D) ) F[—( - ) —)Lor]. (4.32)
Ho

Integrating the above inequality over interval [ry, y], where r1 > 0, we obtain

ImP2 V-1, 1) B 70 29(r1"Ng; + 6,
_(m2) T (p )ui«q -2/ (1) S,[ PEG it ) _aorlar @39)
q-1-m(p-2) r Ho

1

Letting i — oo, by (4.22), (4.28), and the uniform convergence u;(r,ty) — u(r,tp) asi — oo,
r € [0,79], we have the following estimate:

C(mr) " (p-1)

[u—«q—l—m(p—z»/p—l) (ro, to) — u~(@=m@=2)/p=1) (5, to)]

q-1-m(p-2)
70 24 1-N ; 61‘
< lim F[M - J\Or] dr (4.34)
1— 00 21 #0

0P~/ /1) pip-1)
= - )LO —_— <r0 -1 >

Setting r; — 0, from (4.34), we obtain the upper estimate

-((p-1)/(q-1-m(p-2)))
-l-m(p-2 _ (o) (gl (p—
w(ro o) < [q : zgi:/p_l) 177 1] o/ GromG-2), (4.35)
p(Imp-
where (ry,to) € RL x (0, T). The proof of Theorem 1.9 is complete. O

Acknowledgments

The authors would like to thank the anonymous referees for their valuable comments on this
work. The second author is supported in part by NSF of China (11071266) and in part by the
Natural Science Foundation Project of CQ CSTC(2010BB9218). This work is supported by the
Fundamental Research Funds for the Central University, Project No CDJXS 11 10 00 40.

References

[1] A. S. Kalashnikov, “Some problems of the qualitative theory of nonlinear degenerate parabolic
equations of second order,” Russian Mathematical Surveys, vol. 42, pp. 169-222, 1987.



18 Abstract and Applied Analysis

[2] Z. W, ]. Zhao, J. Yin, and H. Li, Nonlinear Diffusion Equations, World Scientific, River Edge, NJ, USA,
2001.

[3] H. J. Fan, “Cauchy problem of some doubly degenerate parabolic equations with initial datum a
measure,” Acta Mathematica Sinica, vol. 20, no. 4, pp. 663-682, 2004.

[4] J. Li, “Cauchy problem and initial trace for a doubly degenerate parabolic equation with strongly
nonlinear sources,” Journal of Mathematical Analysis and Applications, vol. 264, no. 1, pp. 49-67, 2001.

[5] P. Cianci, A. V. Martynenko, and A. F. Tedeev, “The blow-up phenomenon for degenerate parabolic
equations with variable coefficients and nonlinear source,” Nonlinear Analysis: Theory, Methods &
Applications A, vol. 73, no. 7, pp. 2310-2323, 2010.

[6] E. Di Benedetto, Degenerate Parabolic Equations, Universitext, Springer, New York, NY, USA, 1993.

[7] J. N. Zhao, “On the Cauchy problem and initial traces for the evolution p-Laplacian equations with
strongly nonlinear sources,” Journal of Differential Equations, vol. 121, no. 2, pp. 329-383, 1995.

[8] H. Fujita, “On the blowing up of solutions of the Cauchy problem for u; = Au + u!**,” Journal of the
Faculty of Science University of Tokyo A, vol. 16, pp. 105-113, 1966.

[9] V. A. Galaktionov and H. A. Levine, “A general approach to critical Fujita exponents in nonlinear
parabolic problems,” Nonlinear Analysis: Theory, Methods & Applications A, vol. 34, no. 7, pp. 1005
1027, 1998.

[10] K. Deng and H. A. Levine, “The role of critical exponents in blow-up theorems: the sequel,” Journal of
Mathematical Analysis and Applications, vol. 243, no. 1, pp. 85-126, 2000.

[11] Q.Huang, K. Mochizuki, and K. Mukai, “Life span and asymptotic behavior for a semilinear parabolic
system with slowly decaying initial values,” Hokkaido Mathematical Journal, vol. 27, no. 2, pp. 393-407,
1998.

[12] T.-Y. Lee and W.-M. Ni, “Global existence, large time behavior and life span of solutions of a
semilinear parabolic Cauchy problem,” Transactions of the American Mathematical Society, vol. 333, no.
1, pp. 365-378, 1992.

[13] H. A. Levine, “The role of critical exponents in blowup theorems,” SIAM Review, vol. 32, no. 2, pp.
262-288, 1990.

[14] Y. Liand C. Mu, “Life span and a new critical exponent for a degenerate parabolic equation,” Journal
of Differential Equations, vol. 207, no. 2, pp. 392-406, 2004.

[15] K. Mukai, K. Mochizuki, and Q. Huang, “Large time behavior and life span for a quasilinear parabolic
equation with slowly decaying initial values,” Nonlinear Analysis: Theory, Methods & Applications A,
vol. 39, no. 1, pp. 33—45, 2000.

[16] Y.-W. Qi, “The critical exponents of parabolic equations and blow-up in R",” Proceedings of the Royal
Society of Edinburgh A, vol. 128, no. 1, pp. 123-136, 1998.

[17] M. Winkler, “A critical exponent in a degenerate parabolic equation,” Mathematical Methods in the
Applied Sciences, vol. 25, no. 11, pp. 911-925, 2002.

[18] J.-S. Guo and Y. Y. Guo, “On a fast diffusion equation with source,” The Tohoku Mathematical Journal,
vol. 53, no. 4, pp. 571-579, 2001.

[19] C. Mu, Y. Li, and Y. Wang, “Life span and a new critical exponent for a quasilinear degenerate
parabolic equation with slow decay initial values,” Nonlinear Analysis, vol. 11, no. 1, pp. 198-206,
2010.

[20] C.Mu, R. Zeng, and S. Zhou, “Life span and a new critical exponent for a doubly degenerate parabolic
equation with slow decay initial values,” Journal of Mathematical Analysis and Applications, vol. 384, no.
2, pp. 181-191, 2011.

[21] A. Friedman and B. McLeod, “Blow-up of positive solutions of semilinear heat equations,” Indiana
University Mathematics Journal, vol. 34, no. 2, pp. 425-447, 1985.

[22] V. A. Galaktionov, “Conditions for nonexistence in the large and localization of solutions of the
Cauchy problem for a class of nonlinear parabolic equations,” Zhurnal Vychislitel'noi Mathematikii
mathematicheskoi Fiziki, vol. 23, no. 6, pp. 1341-1354, 1983.

[23] E B. Weissler, “Single point blow-up for a semilinear initial value problem,” Journal of Differential
Equations, vol. 55, no. 2, pp. 204-224, 1984.

[24] V. A. Galaktionov and S. A. Posashkov, “Single point blow-up for N-dimensional quasilinear
equations with gradient diffusion and source,” Indiana University Mathematics Journal, vol. 40, no.
3, pp- 1041-1060, 1991.

[25] C.Muand R. Zeng, “Single-point blow-up for a doubly degenerate parabolic equation with nonlinear
source,” Proceedings of the Royal Society of Edinburgh A, vol. 141, no. 3, pp. 641-654, 2011.

[26] A. Friedman and Y. Giga, “A single point blow-up for solutions of semilinear parabolic systems,”
Journal of the Faculty of Science. University of Tokyo IA , vol. 34, no. 1, pp. 65-79, 1987.



Abstract and Applied Analysis 19

[27] P. Souplet, “Single-point blow-up for a semilinear parabolic system,” Journal of the European
Mathematical Society, vol. 11, no. 1, pp. 169-188, 2009.

[28] N. V. Afanas’eva and A. F. Tedeev, “Fujita-type theorems for quasilinear parabolic equations in the
case of slowly vanishing initial data,” Matematicheskir Sbornik, vol. 195, no. 4, pp. 459-478, 2004.

[29] C. L. Mu, P. Zheng, and D. M. Liu, “Localization of solutions to a doubly degenerate parabolic
equation with a strongly nonlinear source,” Communications in Contemporary Mathematicals, vol. 14,
no. 3, Article ID 1250018, 2012.

[30] E. DiBenedetto and A. Friedman, “Holder estimates for nonlinear degenerate parabolic systems,”
Journal fiir die Reine und Angewandte Mathematik, vol. 357, pp. 1-22, 1985.

[31] O. A. Ladyzhenskaja, V. A. Solonnikov, and N. N. Uralt’seva, Linear and Quasilinear Equations of
Parabolic Type, American Mathematical Society, Providence, RI, USA, 1968.

[32] O. A. Olemnik and S. N. KruZzkov, “Quasi-linear parabolic second-order equations with several
independent variables,” Uspekhi Matematicheskikh Nauk, vol. 16, no. 5, pp. 115-155, 1961.

[33] A.Friedman, Partial Differential Equations of Parabolic Type, Prentice-Hall, Englewood Cliffs, NJ, USA,
1964.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



