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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, C, and C, will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rationalnumbers,
the complex number field, and the completion of the algebraic closure of Q,. Let v, be the
normalized exponential valuation of C, with |p|, = p™*® = 1/p. When one talks about
g-extension, g is variously considered as an indeterminate, a complex, g € C, or a p-adic
number, q € C,,. If g € C, one normally assumes |q| < 1. If g € C,, then we assume |g - 1|, < 1.
The ordinary Genocchi polynomials are defined as the generating function:

2t
et +1

e = 3G (), < (1.1)
n=0

F(t,x) = p”

For a fixed positive integer d with (p,d) =1, set

. Z
X:Xd:h]%l'lm, X1 :Zp,
X*= U (a+dpZy), (1.2)
O<a<dp,
(“/P)=1
a+dpNZ,={x e X|x=a(moddpN)]}
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(cf. [1-30]), where a € Z satisfies the condition 0 < a < dpN. We say that f is uniformly
differential function at a € Z, and write f € UD(Z,) if the difference quotients, F¢(x,y) =
(f(x) - f(y))/(x—y), have a limit f'(a) as (x,y) — (a, a). Throughout this paper, we use the
following notation:

_1—(—q)x 1-g
[x]—q = ﬁ/ [x]q =7z g (1.3)
For f € UD(Z,), the fermionic p-adic invariant g-integral on Z, is defined as
Lot = [ G d ) = fim S rocar (14
Zp - —q x=0
see [1-27]. Note that
Li(f) = BmLy(f) = | £ dpar () (15)

In this paper, we investigate some interesting integral equations related to I_; (f). From these
integral equations related to I_1(f), we can derive many interesting properties of Genocchi
numbers and polynomials. The main purpose of this paper is to derive the distribution
relations of the Genocchi polynomials, and to constructthe Genocchi zeta function which
interpolates the Genocchi polynomials at negative integers.

2. Genocchi numbers and polynomials

The Genocchi numbers are defined as

2 ifn=1,
Go=0, (G+1)"+G,= nn 2.1)
0 ifn>1,

where G" is replaced by G,,, symbolically. The Genocchi polynomials are also defined as

Gn(x) = Z( : )x""ka. (2.2)

k=0

From (2.1), wenotethat Gy =1, Go = -1, G3 =0, Gy =1,...,Gy1 =0, and Gy € Z (k =
1,2,...). The fermionic p-adic invariant integral on Z, is defined as

pN-1

Lﬁ)jf@@ﬂw—mll S FE 1), see [11. 23)

-1 x=0

Let fi(x) be translation with f;(x) = f(x + 1). Then we have the following integral equation.
Note that I_1(f1) + I-1(f) =2f(0). From (2.3), we can derive

s = Sy =150 =

P
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< t" < Gpi1(x) t"
tH eVt au () = 3G, x) = =t S 2 ”
Lpe H1y) E)G (x)n! nZ:o n+1 n!
Thus, we obtain

Gpe1(x)
n+1l

[ 2 dua - 2, f (x + y)"dus () =
7

P

For n € N, we have

f(x+n dp_q(x) = (-1)" f(x)dy 1(x) +ZZ( -H" 1wf(é) see [1-27].

£=0
By (2.6) and (2.7), if we take f(x) = xk(k € Z*), we easily see that

n-1
(x+ n)kdy_l(x) - J‘Z xk du_1(x) = 22(—1)‘“@" if n=0(mod?2).

Zp P £=0

Thus, we have

Gk+1 (Tl) _ Gk+1
k+1 k+1

n-1

=23 (-1)"'¢* if n=0(mod2).
2=0

If n = 1(mod 2), then we know that

f (x+mn)*du_ 1(x)+J‘Zx dpq(x) = 22( 1)%¢*  if n=1(mod?2).

Thus, we get

Gk+1(71) Gin ¢ ok .
T T e 22( 1)°2%, see [1-30].

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Let y be the Dirichlet character with conductor d € N, with d = 1(mod 2). Then, we consider

the generalized Genocchi numbers attached to y as follows:

ﬂ—f (x)x" du_1(x), Goy=0
n+1 - Xx ‘I/l_] 7 O,X_ 7

where n € Z,. From (2.7) and (2.12), we note that

2 ‘H(—l)e)((ﬁ)e‘” G
xt =0 nx
X - = t= E —
tf e y(x)dp_1(x) T

By (2.12) and (2.13), it is not difficult to show that

- [ o a0
X

Gn+1,X
n+1

- d"%x(a)(—l)“fzp (§+x) duat)

aGni1(a/d)

n+1

d-1
= d"Zx(a)(—l)

7

f (x+y)"dua(y) = d”Z( ) L <x;a +y>ndﬂ-1(y)-

(2.12)

(2.13)

(2.14)

(2.15)
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By (2.6) and (2.15), we obtain the following theorem.

Theorem 2.1. Let d € N with d = 1(mod 2), and let x be the Dirichlet characterwith conductor d.
Then, one has

d-1

Gui1(x) 2Guii((x+a)/d) L ) . )
T d az:(:)( 1) V31 (distribution relation for Genocchi polynomials),
(2.16)
Gn+1x l G 1(a/d)
X _ o gn _1)e2n* . 2.17
T S @ ) 217)
3. Genocchi zeta function
Let F(t, x) be the generating function of Gi(x) in complex plane as follows:
xt ) "
F(t,x) = Y = Z n(x)_
n=0
(3.1)
_ Z G (x) t" . <o
~ n+l n!
Then, we show that
F(t,x) = ZtZ( —1)" et (3.2)
By (3.1) and (3.2), we easily see that
d“F(t, x) ST k-1
Gi(x) = T Zk,;o(_l) (n+x)<1. (3.3)
Therefore, we obtain the following proposition.
Proposition 3.1. For k € N, one has
Gk (.X') < n k-1
— = znzzo(—l) (n+x)<". (3.4)

From Proposition 3.1, we can derive the Genocchi zeta function which interpolates
Genocchi polynomials at negative integers.
For s € C, we define the Hurwitz-type Genocchi zeta function as follows.

Definition 3.2. Fors € C,

Gols, ) =23 gt =23 0 (35)
n=1

“(n+x)*
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By Proposition 3.1 and Definition 3.2, we obtain the following theorem.

Theorem 3.3. For k € N, one has
Gk (x)
k 4
Let y be the Dirichlet character with conductor d € N, with d = 1(mod 2), and let F,(¢)
be the generating function in C of G,,. Then, we have

o1~k x) = Go1-k) = . ©6)

SioCD) (@ &t ™
Fy(t) =2 T t= nZ:oG"'X Lo lH< e (3.7)
From (3.7), we derive
e & tn
Fy(t) = ZG"X - Z X
n=0 n=1 :
= Gn+1,x t"
B tnzlzo n+1n!
. G (/D) (3.8)
_ < n — _ a n+1 a ﬁ
= %(d ;Jx(a)( L >n!
d-1
B _\a n+1(a/d) antt
= (@D <dtz — )
By (3.1), (3.2), and (3.8), we easily see that
d-1 0
Fy(t) = 3 x(@)(-1) <2tZ(—1>"e<k+“/d>df>
a=0 k=0
oo d-1
Z Z (a + dk) (_1)a+dke(dk+ﬂ)f
0 (3.9)
=2t y(n)(-1)"e™
n=0
=2t> x(n)(-1)"e™.
n=1
From (3.9), we can derive
Gi,y = dtkP (t)' <2Z y(n)(=1)"n*" 1>. (3.10)
Thus, we have
Gg, n
’;(X ZZx(n)( 1)k, (3.11)
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Now, we consider the Dirichlet-type Genocchi ¢-function in complex plane as follows. For
s € C, define

oyt~ 25,0, -~
n=1

By (3.11) and (3.12), we obtain the following theorem.

Theorem 3.4. Let y be the Dirichlet character with conductor d € N, with d = 1(mod 2), and let
k € Z*. Then, one has

Gr,y

Coy(1-k) = .

(3.13)
Remark 3.5. In [1], we can observe the value of Genocchi zeta function at positive integers as
follows:

(-1)" "2 (2 - 4

b6 2n) = — T —am

Gan,  cf. [1]. (3.14)

References

[1] T. Kim, “Euler numbers and polynomials associated with zeta functions,” Abstract and Applied
Analysis, vol. 2008, Article ID 581582, 11 pages, 2008.

[2] T. Kim, “The modified g-Euler numbers and polynomials,” Advanced Studies in Contemporary
Mathematics, vol. 16, no. 2, pp. 161-170, 2008.

[3] T. Kim, “A note on p-adic g-integral on Z, associated with g-Euler numbers,” Advanced Studies in
Contemporary Mathematics, vol. 15, no. 2, pp. 133137, 2007.

[4] T. Kim, “g-Volkenborn integration,” Russian Journal of Mathematical Physics, vol. 9, no. 3, pp. 288-299,
2002.

[5] T. Kim and Y. Simsek, “Analytic continuation of the multiple Daehee g-I-functions associated with
Daehee numbers,” Russian Journal of Mathematical Physics, vol. 15, no. 1, pp. 58-65, 2008.

[6] T. Kim, “g-Bernoulli numbers and polynomials associated with Gaussian binomial coefficients,”
Russian Journal of Mathematical Physics, vol. 15, no. 1, pp. 51-57, 2008.

[7] T. Kim, “g-extension of the Euler formula and trigonometric functions,
Mathematical Physics, vol. 14, no. 3, pp. 275278, 2007.

[8] T. Kim, J. Y. Choi, and J. Y. Sug, “Extended g-Euler numbers and polynomials associated with
fermionic p-adic g-integral on Z,,” Russian Journal of Mathematical Physics, vol. 14, no. 2, pp. 160-163,
2007.

[9] S.-H. Rim and T. Kim, “A note on p-adic Euler measure on Z,,” Russian Journal of Mathematical Physics,
vol. 13, no. 3, pp. 358-361, 2006.

[10] T. Kim, “g-generalized Euler numbers and polynomials,” Russian Journal of Mathematical Physics, vol.
13, no. 3, pp. 293-298, 2006.

[11] T. Kim, “Multiple p-adic L-function,” Russian Journal of Mathematical Physics, vol. 13, no. 2, pp. 151-
157, 2006.

[12] H. M. Srivastava, T. Kim, and Y. Simsek, “g-Bernoulli numbers and polynomials associated with
multiple g-zeta functions and basic L-series,” Russian Journal of Mathematical Physics, vol. 12, no. 2,
pp. 241-268, 2005.

[13] T. Kim, “Power series and asymptotic series associated with the g-analog of the two-variable p-adic
L-function,” Russian Journal of Mathematical Physics, vol. 12, no. 2, pp. 186196, 2005.

[14] T. Kim, “Analytic continuation of multiple g-zeta functions and their values at negative integers,”
Russian Journal of Mathematical Physics, vol. 11, no. 1, pp. 71-76, 2004.

[15] T. Kim, “Non-Archimedean g-integrals associated with multiple Changhee g-Bernoulli polynomials,”
Russian Journal of Mathematical Physics, vol. 10, no. 1, pp. 91-98, 2003.

[16] T.Kim, “On Euler-Barnes multiple zeta functions,” Russian Journal of Mathematical Physics, vol. 10, no.
3, pp. 261-267, 2003.

”

Russian  Journal of



Seog-Hoon Rim et al. 7

[17] T.Kim, L.-C. Jang, and H. K. Pak, “A note on g-Euler and Genocchi numbers,” Proceedings of the Japan
Academy. Series A, vol. 77, no. 8, pp. 139-141, 2001.

[18] T. Kim, “A note on g-Volkenborn integration,” Proceedings of the Jangjeon Mathematical Society, vol. 8,
no. 1, pp. 13-17, 2005.

[19] T. Kim, “On the g-extension of Euler and Genocchi numbers,” Journal of Mathematical Analysis and
Applications, vol. 326, no. 2, pp. 1458-1465, 2007.

[20] T. Kim, “A note on the g-Genocchi numbers and polynomials,” Journal of Inequalities and Applications,
vol. 2007, Article ID 71452, 8 pages, 2007.

[21] T. Kim, et al., Introduction to Non-Archimedian Analysis, Seoul, Korea, Kyo Woo Sa, 2004.

[22] L.-C. Jang and T. Kim, “g-Genocchi numbers and polynomials associated with fermionic p-adic
invariant integrals on Z,,” Abstract and Applied Analysis, vol. 2008, Article ID 232187, 8 pages, 2008.

[23] L.-C. Jang, T. Kim, D.-H. Lee, and D.-W. Park, “An application of polylogarithms in the analogs of
Genocchi numbers,” Notes on Number Theory and Discrete Mathematics, vol. 7, no. 3, pp. 65-69, 2001.

[24] M. Cenkci, M. Can, and V. Kurt, “p-adic interpolation functions and Kummer-type congruences for
g-twisted and g-generalized twisted Euler numbers,” Advanced Studies in Contemporary Mathematics,
vol. 9, no. 2, pp. 203-216, 2004.

[25] H. Ozden, Y. Simsek, S.-H. Rim, and I. N. Cangul, “A note on p-adic g-Euler measure,” Advanced
Studies in Contemporary Mathematics, vol. 14, no. 2, pp. 233-239, 2007.

[26] Y. Simsek, “On p-adic twisted g-L-functions related to generalized twisted Bernoulli numbers,”
Russian Journal of Mathematical Physics, vol. 13, no. 3, pp. 340-348, 2006.

[27] Y. Simsek, I. N. Cangul, V. Kurt, and D. Kim, “g-Genocchi numbers and polynomials associated with
g-Genocchi-type I-functions,” Advances in Difference Equations, vol. 2008, Article ID 815750, 12 pages,
2008.

[28] M. Schork, “Combinatorial aspects of normal ordering and its connection to g-calculus,” Advanced
Studies in Contemporary Mathematics, vol. 15, no. 1, pp. 49-57, 2007.

[29] M. Schork, “Ward’s “calculus of sequences”, g-calculus and the limit ¢ — —1,” Advanced Studies in
Contemporary Mathematics, vol. 13, no. 2, pp. 131-141, 2006.

[30] K. Shiratani and S. Yamamoto, “On a p-adic interpolation function for the Euler numbers and its
derivatives,” Memoirs of the Faculty of Science. Kyushu University. Series A, vol. 39, no. 1, pp. 113-125,
1985.



	Introduction
	Genocchi numbers and polynomials
	Genocchi zeta function
	References

