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1. Introduction, definitions, and notations

The constants E,, in the Taylor series expansion

2 &t
a1 2 (1)
n=l

are known as the first kind Euler numbers (cf. [1]). From the generating function of the first
kind Euler numbers, we note that Ey = 1 and E, = ->;_,(})Ex for n € N. The first few
are 1,-1/2,0,1/4,-1/2,... and Ey = 0 for k € N. Those numbers play an important role in
number theory. For example, the Euler zeta-function essentially equals an Euler numbers at
nonpositive integer:

$e(-m) =E,, form2>0, (1.2)
where
Ge(s) = i (_15)11, seC (1.3)
n=1 n

(see [1-10]).
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Throughout this paper Z, Z,, Qp, and C, will denote the ring of integers, the ring
of p-adic rational integers, the field of p-adic rational numbers, and the completion of the
algebraic closure of Q,, respectively. Let v, be the normalized exponential valuation of C,
with |p|, = 1/p. When one talks of g-extension, g is variously considered as an indeterminate,
a complex number g € C, or a p-adic number q € C,. If g € C,,, then we normally assume
|1 -4l, <1, so that g* = exp(xlogq) for x € Z,. If q € C, then we assume that [g| < 1. Also we
use the following notations:

1-g* — (=g)*
M=o Bl = e

, (1.4)

cf. [24]. For
feUD(Z,,C,) ={f| f:Z, — Cpis uniformly differentiable function}, (1.5)
the p-adic g-integral on Z, was defined by Kim (cf. [2-4]) as follows:
dpN-1
I,(f) = f f(a)dpg(a) = lim —— dp q % f(a)g* for|l-gq|, <1. (1.6)

Furthermore, we can consider the fermionic integral in contrast to the conventional bosonic
integral. Thatis, I_;(f) = prf(a)dy_l(a) (cf. [5]). From this, we derive

Ii(f1) + I1(f) = 2£(0), (1.7)

where fi(a) = f(a + 1). Substitute f(a) = ¢?q**e* into (1.7). The twisted (a, g)-extension of
Euler numbers is defined by [8]

Z “’)( )—. (1.8)

n=0

I—l (gaqaa at) W—t+1

For [1 — g, < 1, we consider fermionic p-adic g-integral on Z, which is the g-extension of
I_1(f) as follows:

dpN-1
Loth = [ faduya) = fim o 3% o)) (19)
P —q a=0

(cf. [5]). From (1.9), we can derive the following formula [5]:
ql-q(f1) + I4(f) = [2],£(0), (1.10)

where fi(a) is translation with fi(a) = f(a+1). If we take f(a) = ¢?e™, then we have f1(a) =
grtlelatl = gaeaige! From (1.10), we derive (§ge' +1)I_4(§%™) = [2],. Hence, we obtain

(2],

Ly(2e™) = j etdyey(a) = o (111)
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By (1.11), we define the twisted g-Euler numbers, E,, ;: by means of the following generating
function (cf. [5]):

(2], ® fn

_—= E —. 1.12
¢get +1 nZ=0 mas (1.12)

These numbers are interpolated by the twisted Euler g-zeta function which is defined as
follows:

® (=1 nen n
GaiE(8) = [ZIqZ()%, seC. (1.13)
n=1

Note that ¢, £(s) is analytic function in the whole complex plane C.
In view of the functional equation for the twisted Euler g-zeta function at nonpositive
integers, we have

G E(=m) = Epgy form >0 (1.14)

(cf. [5]).

Twisted g-Bernoulli and Euler numbers and polynomials are very important not
only in practically every field of mathematics, in particular in combinatorial theory, finite
difference calculus, numerical analysis, numbers theory, but also probability theory. Recently
the g-extensions of those Euler numbers (polynomials) and the multiple of g-extensions of
those Euler numbers (polynomials) have been studied by many authors, (cf. [1-15]). In [8],
Ozden and Simsek have studied (h, g)-extensions of twisted Euler numbers and polynomials
by using p-adic g-integral on the ring of p-adic integers Z,. From their (h, q)-extensions
of twisted Euler numbers and polynomials, they have derived p-adic (h, q)-extensions of
Euler zeta function and p-adic (h, g)-extensions of Euler I-functions. They also gave some
interesting relations between their (h,q)-Euler numbers and (h, g)-Euler zeta functions,
and found the p-adic twisted interpolation function of the generalized twisted (h, q)-Euler
numbers. In [11], Jang defined twisted g-Euler numbers and polynomials of higher order, and
studied multiple twisted g-Euler zeta functions. He also derived sums of products of g-Euler
numbers and polynomials by using fermionic p-adic g-integral. In [7, 9], Ozden et al. defined
multivariate Barnes-type Hurwitz g-Euler zeta functions and I-functions. They also gave
relation between multivariate Barnes-type Hurwitz g-Euler zeta functions and multivariate g-
Euler I-functions. In [16], Kim constructed multiple p-adic L-functions, which interpolate the
Bernoulli numbers of higher order. He also derived that the values of the partial derivative
of this multiple p-adic L-function at s = 0 are given.

In this paper, we consider twisted g-Euler numbers and polynomials of higher
order, and study multiple twisted p-adic, g-Euler, {-functions, and I-functions, which are
generalization of the twisted p-adic (h, g)-zeta functions and twisted p-adic (h, q)-Euler I-
functions in [8].

2. Preliminaries

We assume that g € C with |g| < 1. Let ¢ be a primitive r th root of unity.
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For an integer h, the twisted g-Euler polynomials of higher order (the index h may be
negative), Eg‘;’g(x), are defined by means of the following generating function (cf. [11, 14]):

FO gy = Bly g
% 1+¢get  1+¢get
h-;ges
— [zlsetxZ(_g)h qh el1t . Z (—é)lhqlhelht
h=0 =0 (2.1)

where |t +log(¢g)| < or. Note that [2],7 =1+g,so [Z]q/(l +ége) = (1+q)/(1+¢q) (mod t).
Of course the explicit formulas in (2.1) depend on h which is a positive integer. If h = 1, g =
g% in the above, we obtain the generating function of the twisted (a, g)-extension of Euler
polynomials in [8, cf. Section 1, (1.3)]. In fact, if i > 0 then —h < 0. Therefore, the generating
function F;;h) (t, x) is the form

2] ~h 1 +§ NL 0 n
(-1 2, " . 9e'\" i (-
F (tx) = (—) e = <—) e*=)YE “(x)—. (2.2)
% 1+ ¢get (2], nZ:O nas " nl
The twisted g-Euler numbers of higher order are ELh; = E;h; ;(0). Then, it is immediate that
n
() _ n\ p(h) | n-k
E,,.(x) = k% <k> Ep " (2.3)

From now on, we assume h > 0 and in general whenever h is actually an index then
h > 0.Jang [11] defined the two-variable multiple twisted g-Euler zeta functions as follows.

Definition 2.1. For s € Cand x € R* = {x € R | x > 0}, one defines

o (_§)11+-"+lh qll+~~+l;,

(ps, 0 = 1218 3,

I =0 (h+-+1y+ x)s'

(2.4)

gfj‘g £(s,x) is an analytical function in the whole complex plane.

The value of C;’EE(S, x) at nonpositive integers, Z, = N U {0}, is given explicitly as

follows.

Theorem 2.2 (see [11]). Let m € Z,. Then, gf;g,E(—m, x) = Eifil,)q,g (x).
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Let y be a Dirichlet character with odd conductor d. We define a twisted Dirichlet’s
type g-Euler polynomials of higher order by means of the following generating function (cf.
[11, 14]):

(h)

Fq ¢ x(t x)

1 1+4° 1+4°
_ (ay+-+ap)t xt
= x(ar+---+ap (_gq)1 he

[d]ﬁq [1‘1,...,212;,=O ( ) } + gdqdedt 1+ édqdedi
h-gr;es

h E ( ) i d _d _dt\* i d d Xn
— [2] X(al +.“+ah)(_§q)u1+-~+ahe ay+--+ap)t (_é q e t) L (_g t) xt

qal,‘..,u;,:O x1=0 xp,=0

h-’;rrnes
0 d-1

— [Z]Z Z Z x(al + dx1 Footap+ dxh)(_gq)a1+dX1+~-+ah+dxhe(a1+dx1+“-+ah+dxh)texf

x1,..,x,=0 ay,...,ap=0

= [Z]Z Z X(ll +- 4 lh) (—éq)l”'”*'lhe(x+ll+~~+lh)t

(h)
nqéx( )_
n=0

(2.5)

We now see that the twisted Dirichlet’s type g-Euler polynomials of higher order are
easily expressed by the twisted g-Euler polynomials of higher order as follows.

Proposition 2.3. Let F be an odd multiple of the conductor d. Then,

F-1
h 1 a ap (h at---+apt+Xx
By () = S s mE D () )
[F]—q ay,..-, ah=0
Proof. Let d(= odd) € N. By (2.1) and (2.5), we note that
< aj+- +a;,F(h) d a+---+ap+Xx
qéx(t x) = [d],q . §=0X<a1 +--+ap)(—¢q) oy t, ) (2.7)
Then, we have
(h) 1 i ar+-ray (1) a+---+ap+x
Engan ) = 4" Z X+ a) )T L (T ) 28)
-q 25 P ap=
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On the other hand, if F = dp, then we get

1 < a h aj+---+ap+x
ay+ -+ ap) (=gq) ™ (Pt —>
[F]ﬁq i ah:oX( 1 1) (=¢q) g & F

N 2, \"
Z X(al +oot+ ah) (—gq)aﬁ"'ﬂlh <§F i ) plartrapt)t

al,...,ahZO eFt + 1
d-1 p-1
_ Z Z X(bl void+--+by+ Chd) (_éq)b1+c1d+~~+bh+chd (2.9)

b1 ,...,thO Cl,‘..,ChZO

h
[2]‘7 e(b1+01d+"'+bh+chd+x)t
éFquFt +1

1 o by +---+by+x
D L (]
-q by,...,bp=0

This completes the proof. O

The two-variable multiple twisted g-Euler [-functions are defined by the following
definition.

Definition 2.4 (see [14]). Let y be a Dirichlet character. For s € C and x € R*, one has

(h)
lq $E

& b qylizh ol
(sxp) = 2" S y(h+-+ LTI (1) ehg |

s (2.10)
qll,.‘.,lh:O (11 + oo+ ll’l + x)

The value of l(%E(s, x, x) at nonpositive integers is given explicitly by the following
theorem.

h h
Theorem 2.5 (see [14]). Let m € Z.. Then l;/g/E(—m, X, X) = Ein,)q,é,x(x)'

Proof (cf. [17, 18]). Let x be a Dirichlet character with odd conductor d and let F be an odd
number of multiple d. Set s € C and x € R*. Beside the multiple twisted g-Euler I-

. (h) . . . . (h) .
function lq,é,E(S’ x,Y), we consider the multiple twisted g-Euler zeta function gq/glE(s,x) in

Definition 2.1. Then

Fo1 _— a +--+ap+x
[Relse 0 = Froti 5 e a) (4 g, (o )
[F]—q ai,...,ap=0 F
(2.11)
(ct. [14]).

In the integral for I'(s), we make the change of variable y = (x + 1 + --- + [)t, where
Ii,..., 1y >0, to obtain

F(s):f e vy — dy
0

v (2.12)

dt

(o)
=(x+h+-+ lh)SJ‘ e~ (i)t s =
0
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or

s *® dt
(x+li+-+1,)T(s) = f e‘(x”l”“'”h)ttsT. (2.13)
0

Summing over all I, ..., I, >0, we find

® _ ® dt
2];‘[ Z (_éq)11+~-‘+lh (x + ll +eeet lh) Sr(s) — [Z]Iql Z (_éq)l1+'“+th‘ e — (x4l +- +lh)tt5
1o =0 1o =0 0 t
(2.14)
This gives us
- —(x dt
RO D Y o e I
1o y=0 0
= Jmts 2], 2, e*xtﬁ
1+¢éget 1+ ¢ge t (2.15)
h-’;rrnes
=f EF (—t, x)—
If we divide the infinite integral into two parts:
sph) sph) dt sph)
tF(t)— tF(tx)t+ tF(t) (2.16)
it is easily seen that the second term is an entire function on ¢.
Consider f(l) ts Fy;) (-t, x)(dt/t). By the definition of Eg”;é (x), we have
F(h) ~t,x) = ZE x)(- 1) B2 he-xf (2.17)
" ‘7‘5 1+¢éget ' :
Therefore,
E, .:(x)
I EFY)(~t, )dt St "‘5 -1)" f e
n=0
(2.18)

This has an analytic continuation to a meromorphic function s in the entire complex plane.
It is holomorphic except at s = 0,-1,-2,..., where it has a pole of order 1. Note that I'(s)
is holomorphic except at s = 0,-1,-2,..., where it has a pole of order 1. I'(s) does not have

a zero. Therefore, C;hg £(8,x) has an analytic continuation to the whole complex plane. For an
integer m € Z,, we have

(h Eg:)qé(x
Slir}}n(s + m)(gqlé)lE(s, x)I(s)) = #(_1)m' (2.19)
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If m € Z,, we have lim,_,_,,,(s + m)I'(s) = (-1)"(1/m!), and thus we obtain
™ (=m,x) =E" (x). (2.20)

gqléf maq,¢

Consequently, by using Propositions 2.3 and (2.6) and the above equation, we have

1 (-m,x, x)

9.4E
_m 1 = a1+...+ahE(h) art+--+ap+x\ E(h)
= [P]h ) z,; Ox(a1 +o+ay)(-&q) ma\ ) ° m,q,é,x(x)‘
—q 1, ap=
(2.21)
Therefore, we obtain another proof of Theorem 2.5. O

Remark 2.6 (see [11, 14]). We put

D=<%). (2.22)

Let m € Z., and let x € R*. From (2.1) and (2.4), we obtain the following:

(h) (h)
Em,q,,g (X) = Dqu,g (tr x)lt:O

[ee]

=210 3 (et (et e+ )" (2.23)

_
- quélE( m/x)'

Similarly, by (2.5) and (2.11), we have

(n) _ ymp®
Em,qlélx(x) =D Fq,g,x(t/ x)|i=o
o h
= [2]2 Z X(ll +-..+lh)H(_1)li§liqli<x+ll +"'+lh)m (224)
11,...,1;,:0 i=1

h
= l;,g),}s(_m' X, X).

3. Partial multiple twisted g-Euler (-functions

Let s € C and a;, F € Z with F as an odd integer and 0 < a; < F, where i = 1,...,h. Then,
partial multiple twisted g-Euler ¢-functions are as follows (cf. [14, 16, 18-20]):

H(?E(S’ ai,...,ap, X | F) = [2]2 i (_éq)ll+“»+lh ) (31)
" I odh=0 (h+-+1l,+x)

li=a; (mod F),i=1,...,h
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We give a relationship between H (") e(s,ai,...apx | F) and g< (s, x) as follows. For i =

F éF E
., h, substituting l; = a; + m;F w1th F as an odd into (3.1), we have

H;Z),E(s, ai,...,ap x| F)

Uy

(—§(/])ul+n1 F+-+ap+n,F

(a1 + mF +-- +ap+n,F +x)°

ni,...,np=0
B DY (=gFgh)m ™ (32)
- F
[F]ﬁq F TSm0 (m 4+ my + (a1 + -+ ap +x) /F)°
1 (- Ezﬂl)alJr an (h) a+---+ap+x
= [F]h Fs g g}f E f .
By using (2.3) and Theorem 2.2 and substituting s = —m, m € Z, in the above, we

arrive at the following theorem.
Theorem 3.1. Let F be an odd integer, s € C and let x € R*. Then

1 (—gq)uﬁmﬂzh (h) ai+---+ay+x
[F]h Fs CqF,éF,E 4 F . (33)
-q

HY (5,01, anx | F) =

In particular, if m € Z,, then

H(h) (-m,a1,...,an,x| F)

. k (3.4)
s . " m\/ F  N_m
4 (ay 4 ay + %) kzo<k> (s Bl

By using Theorem 3.1 and (2.11), we arrive at the following theorem.

CIE,

Theorem 3.2. Let y be a Dirichlet character with conductor d and F as an odd multiple of d. Then,

l;{g{E(s,x,X) Z x(ar +---+ ah)H( )E(s x,ai,...,an x| F), (3.5)
where s € C and x € R*.

4. Multiple twisted p-adic g-Euler /-functions

Let p be an odd prime. Z,,Q, and C, will always denote, respectively, the ring of p-adic
integers, the field of p-adic numbers, and the completion of the algebraic closure of Q,. Let v}, :
Cp — QU{oo} (Q the field of rational numbers) denote the p-adic valuation of C, normalized
so that v,(p) = 1. The absolute value on C, will be denoted as ||, and |x|, = p~r™) for x € Cp.
Welet Z; = {x € Z, | 1/x € Z,}. A p-adic integer in Z; is sometimes called a p-adic unit. For
each integer N > 0, C,v will denote the multiplicative group of the primitive p™N-th roots of
unity in C; = C, \ {0}. Set

T,={¢€C, | & =1, for some N >0} = UCP”' (4.1)
N>0
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The dual of Z,, in the sense of p-adic Pontrjagin duality, is T, = C,», the direct limit (under
inclusion) of cyclic groups C,~ of order pN (N > 0), with the discrete topology.

When one talks of g-extension, g is variously considered as an indeterminate, a
complex number q € C, or a p-adic number g € C,. If g € C,, then we normally assume
I1-ql, <1

We will consider the p-adic analogue of the I

asE
previous section. In order to consider p-adic and complex l;h; p-functions simultaneously, we

-functions which are introduced in the

will use an isomorphism, o, between the algebraic closure of the rational numbers in C, and
the algebraic closure of the rational numbers within the complex numbers C. Our purpose is

to discuss the values of l;hg p-functions, so we will consider ¢ as fixed throughout this section

and use o to identify p-adic algebraic numbers with complex algebraic numbers. We will
write x =y, whenx € C,, y € Cand y = o(x).

Let w be denoted as the Teichmtiller character having conductor p. For an arbitrary
character y, let y, = yw™, where n € Z, in sense of the product of characters. We put

(a) =w ™ (a)a = (4.2)

a
w(a)’

whenever (a,p) = 1. We then have (a) = 1(mod pZ,) for these values of a. Note that we
extend this notation by defining

(a+pt) = w(a)(a+ pt) (4.3)
for all a € Z with (a,p) = 1, and t € C, such that [t|, < 1. Thus, (a + pt) = (a) + pwt(a)t, so
that (a + pt) =1 (mod pZ,[t]) (cf. [21, 22]).

The significance of Theorem 3.1 lies in the fact that the right-hand side is essentially a
liner combination of terms of the form

i my(___F kE<"> (4.4)
k)\a+---+ap+pt) ka5’ '

k=0

which makes sense when m is replaced by a p-adic variable and p|F. Set
D={s€eC,||s|, <p??/P 1}, (4.5)

(cf. [8, 16, 18-22]). Let F be an odd integer, and let (a; +---+ap,p) =1,a; € Zwith0O < a; < F
fori =1,...,h. Suppose that s € D and t € C, with [, < 1. We apply [18, Proposition 5.8,

page 53] to the series
& [s F k
i o) B 4.6
k=0<k><a1+--~+ah+pt> k.qF 5 (4.6)

2.

Letg €1+ M, where M, = {z € C, | |z| < 1}. In [13], we see that

(h)
[Edyerl <1, (47)
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since § € T,. Observe that we have for odd p|F,

k
F £
aj+-+ap+pt) ka4

so that we can take r = 1/p and M = 1in [18, Proposition 5.8]. This prove that (4.6) is analytic
in D. Note that (a; +--- + aj, + pt)~° is analyticin D for (a; +--- + ap,p) = land t € Cp such
that [t], < 1.

@)

Definition 4.1. Let F be an odd integer, and let (a1 +--- + an,p) =1, a; € Zwith0 < a; < F
fori=1,...,h. Suppose that s € D and t € C, with [t[, < 1. One defines the partial multiple
twisted p-adic g-Euler {-functions for p | F:

H(Z),;E(s, ai,...,ap,pt|F)

p
R 4.9)
(gt —sv (S F K (

Theorem 4.2. Let F be an odd integer with p | F, and let (a1+---+ay,p) =1, a; € Zwith0 < a; < F

. . h .
fori=1,...,h. Suppose that s € D and t € C, with |t|, < 1. Then H}S,q),g,E(s, ai,...,appt|F)isa
p-adic analytic function on D such that

Hglq),g,}s( -m,ai,...,appt| F)=w™(ag +---+ ah)Hc(:;,E( -m,ay,...,an,pt| F)  (410)

for m € Z,. In particular, if m = 0 (mod p — 1), then
h
-m,ai,..., anpt|F) = H;,g),E( —-m,ay,...,appt| F). (4.11)

Proof. We have already remarked that (a; + - - - + a; + pt)”° is analyticin D for (a;+- - -+ap, p) =

1and t € C, such that |t|, < 1. Also we see that (4.6) is analytic in D. It is clear that HS';,;E is

a p-adic analytic function on D. For s = —m, m € Z, one has

H(h)g,E(—m,al,...,ah,pt | F)

P,
_ (gt (al +ooo+ap +Pf>mi <m> < F _>k15(h)
[F]ﬁq wlai+---+ap) ) SNk \Nai+---+ap+pt) “*as (4.12)

(where we use Theorem 3.1)

=w (a1 +--+ ah)H;Z),E( —m,ay,...,an pt| F).

This completes the proof. O
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Definition 4.3. Let y be a Dirichlet character with odd conductor d, and let F be a positive
multiple of p and d. We can define the multiple twisted p-adic g-Euler I-function:

F-1
Vst = Y x(a+-+a)Hy, (s,a1,... apt| F). (4.13)

ai,...,ap=0
(ar+-+app)=1

l(h)

Theorem 4.4. Let y be a Dirichlet’s character with an odd conductor d, and let F be a positive multiple
of pand d. Then lg’g,E(s, t, x) is a p-adic analytic function on D with

h h h p+t
1m0 = E? (o) -~ () Xt (B) (- 807 ED §(7> (4.14)
[ ] -q pely P
where m € 7., and
=a1+---+a,=0 d
. 1 x=a .ah (mod p) (4.15)
p | forsome ay,...,apwith0<ay,...,ap <F-1

and in 3 geq, one sums over p = (1/p)x as many times as x is expressed in the form x = ai +--- + ay
by various a;j’s, and x, = yw™ with w the Teichmiiller in the sense of the product of characters.

Remark 4.5. Theorem 4.4 can be extended to obtain similar results for the multiple p-adic L-
function in [16]. In the case h = 1, we note that

F/p-1
>=>. (4.16)
pely a=0

Observe that if h = 1, then

lim 1% o (-m,t, )
Fm Pt a+t
= P gpP F
Enage ()~ Gy n(®) 3 (@) (- 80) Enar ()

[F/pl_.» /EN\N™ 1 F/p-1 ,
= Ematyn(P) = P" Xm(P) —— [F] 1 <;> [F/p] - ;} Xm(a)(-&q” ) Em(qp)”" (g”)””<£7p)

(where we use Proposition 2.3)

_Em‘7§Xm(pt) p [] Xm(P) mq”,é",xm(t)-
(4.17)

This function interpolates the twisted generalized g-Euler polynomials at negative integers.
For l(l) ot p(=m,t, x), the twisted p-adic g-Euler [-functions similar results were obtained (cf.
see for detail [8, Theorem 9]). If ¢ — 1 in the above, then

M _ & x(O(n'E
hm L ae e (56 X) = loge(s b x) =2 % R t, <1, (4.18)

(lfP):l

which is called the twisted p-adic [g-function of two variables.
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Proof. The formula for [ " DEE (s, x, x) is p-adic analytic function in D by the Theorem 4.2. On the
other hand, by substltutmg s = —-m, m € Z., into Definition 4.3, we have

F-1

h

l;;(;g( m,t, x) = ) Za . x(al+---+ah)H;;gE(—m,al,...,ah,pt|F)
1yeee A=

(aj+-+ap,p)=1

F-1
= > X(a1+~~+ah)H( )gg( m,a,...,anpt|F) (4.19)
a /A=
F-1
- Z x(a1+-~+ah)H( )gE( m,ai,...,anpt|F).
ai,...,ap=0

(ar+-+app)#1
From Theorems 2.2, 3.1, and 4.2, we obtain

F-1
Z X(al+...+ah)H( )gE( m,ay,. ,lltht|F)
ai,...,ap=0
(ar+-+app) #1

F_l m ..
- Z Y@y + -+ ay) (~2g)™ o F £ <a1 +-+ap +pt> (4.20)

h T mgtEf
ai,...,ap=0 [F]—q
(ar++app) #1

ppiy (Pt
- ]hqu@)ﬂ;oxm(ﬁ)( o) Em ()

Therefore,

p+t
l(h)éE( m,t, X) EE'?)‘HXm(pt)_ [ ]thm(p)%)Xm(ﬂ)( épqp)ﬂEZlLF,gF(F_/r’)- (4.21)

This completes the proof. O
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