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1. Introduction

Let p be a fixed odd prime number. Throughout this paper Z,, Q,, C, and C,, will, respectively,
be the ring of p-adic rational integers, the field of p-adic rational numbers, the complex number
field, and the p-adic completion of the algebraic closure of Q,. The p-adic absolute value in C,
is normalized so that |p|, = 1/p. When one talks of g-extension, g is variously considered as
an indeterminate, a complex number g € C, or a p-adic number g € C,. If g € C, one normally
assumes |g| < 1.If g € C,,, one normally assumes that |1-ql, < p~/ "~ so that g* = exp(xlog q)
for each x € Z,. We use the notation

_1-4 _1-(=q)" (1.1)

[x]q_ 1-q’ [x]_q—ﬁ :

(cf. [1-20]) for all x € Z,. For a fixed odd positive integer d with (p,d) = 1, let

lim-7
X=Xg=——"—, Xi=Z,, X'= |J (a+dpz,),
dp Z O<a<dp (1 2)
(ap)=1 ’

a+dp"Z,={xeX|x=a(moddp")},
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where a € Z liesin 0 < a < dp”. Foranyn € N,

pq(a+dp"Zy,) = 1 (1.3)

[dp],

is known to be a distribution on X (cf. [1-20]).
We say that f is uniformly differentiable function at a point a € Z, and denote this
property by f € UD(Z,), if the difference quotients

&) - ) )

Fr(x,y) = Xy

have a limit I = f'(a) as (x,y) — (a,a) (cf. [10-13]). The p-adic g-integral of a function f €
UD(Z,) was defined as

Zﬂ)q (15)

qu

() = ffmwﬂmmm

By using p-adic g-integrals on Z,, it is well known that

-3 fz (), (16)
—0 7/ Zp :

where p;(x + p"Z,) = 1/p". Then, we note that the Bernoulli numbers B,, were defined as

=3B, (17)
n!
n=0
and hence, we have
B~ | i (1.8)
Z

P

for alln € NU {0}. For k € Nand n € NU {0}, the multiple Bernoulli polynomials B,(lk) (x) were
defined as

k 0 n
<ﬁ> et = ZBflk)(x)% (1.9)

n=0

(cf. [2]). We note that

k 0
<et%1> et = Zfz ---IZ (x+ o1+ +xx) " dpr (x1) -+ - dpa (xx). (1.10)

n=0 p
——

k-times



L.-C.Jang and C.-S. Ryoo 3

From (1.9) and (1.10), we obtain

BY (x) = j f (1 4o ) gy (1) -+~ i () (111)
Z, zZ,
k-times

In view of (1.11), the multiple Carlitz’s type g-Bernoulli polynomials were defined as

ﬂilk,q)(x) — J‘ J [x+x1+...+xk]2d/,{q(xl)---d‘uq(Xk). (112)
z, Jz,

k-times

In this case, x = 0, we write ,B,gk'q) 0) = f,k’q), which were called the Carlitz’s type g-Bernoulli

numbers. By (1.11) and (1.12), we note that

limpy? = B%Y = B, (1.13)

q%l
In Section 2, we give the twisted Carlitz’s type g-Bernoulli polynomials and numbers
associated with p-adic g-inetgrals and discuss their properties. In Section 3, we define the

multiple twisted Carlitz’s type g-Bernoulli polynomials and numbers. We also obtain the
distribution relation for them.

2. Twisted Carlitz’s type g-Bernoulli polynomials

In this section, we assume that g € C,, with [1 - g, < p~/#~V. By using p-adic g-integral on Z,,
we derive

1
1(f1) = %Iq(f) + <@f’(0> @-1fO), 2.1)

(cf. [8]), where fi(x) = f(x +1). From (1.5), we can derive

-1 n-1 ) n-1 )
A1y (fa) = () + D) <Zf’(i)ql +log qu(iw), (22)
24 i=0 i=0

(cf. [8]), where n € Nand f,(x) = f(x +n).

) Let T, = U,5;Cpr = lim;,,Cpn = Cp be the locally constant space, where Cp» = {w |
wP" =1} is the cyclic group of order p". For w € T,, we denote the locally constant function by
¢w : Zp — Cp, x — w*. If we take f(x) = ¢ (x) = w*, then we have

= F7.(1). (2.3)

10gq+t>q(q—1)

[ efx¢w<x>dﬂq<x>=<qwet-1 logq

Zy
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Now we define the twisted g-Bernoulli polynomials as follows:

logg+t\q(g-1) = t"
q _ xt _ q L
Fo(x,t) = <qwet _ 1) logg e = HZ:OBn,w(x) nl (2.4)
We note that B} ,(0) = By, are called the twisted g-Bernoulli numbers and by substituting
w =1, limquzrl = B, are the familiar Bernoulli numbers. By (2.3), we obtain the following
Witt’s type formula for the twisted g-Bernoulli polynomials and numbers.

Theorem 2.1. Forn € Nand w € Ty, one has

I (t+ x)"w'dpy(t) = B} 1 (x). (2.5)
Zp

From (2.5), we consider the twisted Carliz’s type g-Bernoulli polynomials by using p-
adic g-integrals. For w € T,, we define the twisted Carlitz’s type g-Bernoulli polynomials as
follows:

o) = 7 [ 1+ xljuldpy (0, 26)

When x = 0, we write 8 ,(0) = fi.,, which are called twisted Carlitz’s type g-Bernoulli
numbers. Note that if w = 1, then limq_qﬂZJ = B,,. From (2.6), we can see that

Lo () vy L
Priw (%) = a _q)nz <1> 97 (-1) g (27)

i=0

From (2.7), we can derive the generating function for the twisted Carlitz’s type g-Bernoulli
polynomials as follows:

o n
Gl(x,t) = S Bl () —
=0 n:

n=0 i=0 1=0
(2.8)
0 0 1.1 n
_ qw n (eDi (1) "
(S S (1))
© © X+l
Lo (=g
= w 7 —_—
%q nZ:o (1-g)" n!
_ iqlwle[xu]qt
1=0
Then it is easily to see that
GZ,(x,t):J‘ el et dp, (). (2.9)
z

P
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By the kth differentiation on both sides of (2.8) at f = 0, we also have

hw(X) = d—GZ,(x, | = quwl[x +1]g (2.10)
dir 0 &
for n € NU {0}. We note that
hw = Brw(0) = > q'w![1];. (2.11)
1=0

In view of (2.10), we define twisted Carlitz’s type g-zeta function as follows:

q ~ o0 qlwl
eh(s,x) = ;O eIl (2.12)

—

for all s € C and Re(x) > 0. We note that {7 (s, x) is analytic function in the whole complex
s-plane. We also have the following theorem in which twisted Carlitz’s type g-zeta functions
interpolate twisted Carlitz’s type g-Bernoulli numbers and polynomials.

Theorem 2.2. For k € NU {0} and w € T}, one has
&k, x) = Bl (),

S (-k,0)=p .

(2.13)

From (2.11), we obtain the following distribution relation for the twisted g-Bernoulli
polynomials.

Theorem 2.3. Forr e N, n e NU {0}, and w € T,, one has

r-1 .
n— i r 1+X
Blo(x) = [P0 S gl <7) (2.14)
i=0
Proof. If weputi+rl=jandi=1---rand/=0,1,..., then by (2.11), we have

o (X) = D wlql[x + 17
j=0

0
— Z . w1+rlqz+rl[x+i+rl]g

1- qr nr-1 o 1- qr((i+x)/r+l) n
_ < ) - wlqlzwrlqu<1_—qr
i

(2.15)
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3. Multiple twisted Carlitz’s type g-Bernoulli polynomials

In this section, we consider the multiple twisted Carlitz’s type g-Bernoulli polynomials as
follows:

(hq (x) = j j X1+ - +xh+x]qw"1+ T dpg (x1) - - dpg ()

h-times (31)
1S

09— h Z [x +XxX1+-+ xh]:;u)xl+ +xhqx]+ +Xh,
[p@] q xp-+x=0

where h € N, k € NU {0}, and w € T,. We note that ﬁ(h ol 0) = Buw "0 are called the multiple
twisted Carlitz’s type g-Bernoulli numbers We also obtain the generating function of the
multiple twisted Carlitz’s type g-Bernoulli polynomials as follows:

Ggl,q) (X, t) _ ’[ o j e[x1+~~+x;,+x]thx1+u-+xhd‘uq (xl) ce dﬂq (xh)
Z

h-times
l

J‘Z I [x1 +- +xh+x];wxl+ hdpg (x1) - dyq(xh) (3.2)
\;f—-d

h-times

(h q)

Ms

T
o

Ms

:O

Finally, we have the following distribution relation for the multiple twisted g-Bernoulli
polynomials.

Theorem 3.1. Foreachw € Ty, h,r e N,n € NU {0}, and w € T},

A () = [ Z i+ i+ +lhﬁ(h‘7)<w>. (3.3)

r

Proof. If we put ji + rlx = xx, jk=0,1,...r =1,and k =1---h, then by (3.1), we have

g’:}])(x) = fz N J‘Z [xl +o X+ X]wa1+---+th‘uq(xl) .. 'd/’lq(xh)

h-times

rp°-1

X1+ X X1+ X

= lim ;
o= [rpe] g ¥13=0

n
[x+x1+---+xh]qw

q

Pl
. wh +rl]+..4+]'h+rlh qh +rl1+-"+i}1+rl}1

x+]1+rll+ +jh+rlh];l
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Q. . .
= [r];_h 721 W/t gt lim 5 [x ThE T, Lt +1 ’ g () gr(tie+h)
jui=0 e [po] 4 nh=o r q
ek 1 i i sy o) X Jite+ g
= [r]q Z W q]l+ +]hﬂn,wr < r )
Jiresjn=0 (34)
]

Question 1. Are there the analytic multiple twisted Carlitz’s type g-zeta functions which
interpolate multiple twisted Carlitz’s type q-Bernoulli polynomials?
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