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1. Introduction

In the well-known monograph of Colojoard and Foias [1], it is mentioned (in Chapter 5,
Corollary 5.7) that J-unitary and J-self-adjoint operators in Pontrjagin spaces give examples of
generalized spectral operators. Actually, it is clear that this observation can be applied also to
many operator classes in Krein spaces, so Operator Theory in Krein spaces is a good laboratory
where different methods of general Operator Theory can be tested. One of these methods is
related with model spaces of function type.

The main goal of the paper is a problem of model representation for a commutative
operator family 9) acting on a separable Krein space and possessing a maximal nonnegative
invariant subspace, presented as a direct sum of a neutral subspace with a finite dimension
and a uniformly positive subspace. As it is known (see [2]), this family generates a spectral
function E) with a peculiar spectral set A that provides a resolution of the spectral type for the
family. In particular, with every operator A, one can associate a scalar function f4 (1) such that

AE() = L Fa()dEy, (L.1)

where A runs through the set of all closed intervals of the real line disjoint with A.
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The key results (Theorems 6.5, 6.19, and 6.29) say that there is a suitable function space
(so-called basic model space) where fa(\) generates a multiplication operator similar to a
compression of A on a subspace calculated through E,.

Section 2 gives a draft of problems considered in the paper, analyzing a simple case
of self-adjoint operator in Pontryagin space. Section 3 contains definitions and well-known
results used throughout the paper. Section 4 deals with a model representation of a resolution
of the identity that is simultaneously J-orthogonal and similar to an orthogonal resolution
of the identity. In Section 5 a notion of unbounded elements conformed with a resolution of
the identity is introduced and studied. Roughly speaking, a resolution sets a correspondence
between a Hilbert space and a (vector-valued) function space LZ. From this point of view,
the unbounded elements correspond to measurable vector-valued functions outside of L. The
main results are presented in Section 6, where the notion of a basic model space is introduced.
Also, a relation is established between multiplication operators by scalar functions acting in
a basic model space, and operators of a commutative J-symmetric algebra of Dj-class. Here,
emphasis is made on the problem of uniqueness of a basic model space for such algebras.
Section 6.2 corresponds to resolutions of the identity with properties like those in Pontryagin
spaces. Section 6.3 deals with general J-orthogonal resolutions of the identity of Dj-class,
and Section 6.4 contains a theorem on a model representation of a commutative J-symmetric
operator family of Dj-class. Historical and bibliographical remarks are presented in the last
section.

It is assumed that the reader is familiar with elements of Krein space geometry and
Operator theory (see [3-7]). In this paper, the terminology given in [8] will be used.

2. An elementary description of the problem

Let # be a separable Hilbert space with a scalar product (-,-). J is said to be an indefinite
metric space if it is equipped by a sesquilinear continuous Hermitian form (indefinite inner
product) [-,-] such that the corresponding quadratic form has an indefinite sign (i.e., [x, x]
takes positive, negative, and zero values). The indefinite inner product can be represented in
the form [-,:] = (G-, ), where G is a so-called Gram operator. The operator G is bounded and
self-adjoint. If the Gram operator for an indefinite metric space is boundedly invertible and its
invariant subspace that corresponds to the negative spectrum (or, alternatively, to the positive
spectrum) of G is finite dimensional, the space is called a Pontryagin space. In this section, we
consider Pontryagin spaces only.

Now, let A: H — H be a bounded linear operator. This operator is said to be sr-self-
adjoint (;r-s.a.) if [Ax,y] = [x, Ay] for all x,y € H. The properties of sr-s.a. operators differ
from the properties of ordinary self-adjoint operators. For instance, a or-s.a. can have a nonreal
spectrum or/and a nontrivial Jordan chain. If A has only a real spectrum, then there is, on
R, the eigen spectral function (e.s.f.) E) of A with a finite set A of critical points such that
(A =(a;b),a,b ¢ A)

(a) forevery A € R\ A itholds that AE, = E, A;

(b) o (Algayw) C A;
(c) if AN A =@ then the subspace E(A)H is positive;
(d) if AN A # & then the subspace E(A)# is negative or indefinite.

(2.1)
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Let Ay € A. Then for every point of A there are three options.

(1) For an interval A = (a;b) such that AN A = {Ay} and a,b ¢ A, the spectral function
E\|E(a)e is bounded and the representation [, ¢E(d¢) takes place.

(2) For an interval A = (a;b) such that ANA = {Ay} and a,b ¢ A, the spectral function
E)|e(a)w is bounded but the representation [, ¢E(d¢) does not take place.

(3) For an interval A = (a;b) such that AN A = {Ay} and a,b ¢ A, the spectral function
E)|E(a)e is unbounded.

The first item means that the operator A|g ) is similar to a self-adjoint operator, that
is, it is a scalar spectral operator. The second item corresponds to a spectral operator with
a nontrivial finite-dimensional nilpotent summand. Thus only the third item represents a
situation that is out of the ordinary theory of model representation for spectral operators with
real spectrum. Below, we consider this exceptional case. Let us give an example of the case in
discussion.

Example 2.1. Let the system h, g, e1, e, e3, ... be an orthonormalized basis in a Hilbert space #
and let [x,y] = (x,h)(g,v) + (x,9)(hy) + Z?L (x,ej)(ej,y). Then this space is a Pontryagin
space with k = 1. Let an operator A be given by the conditions
(i) Ah =0,
(i) Aej=1/j-(ej+h),j=1,2,...,
(iii) Ag=h+ Z%(l/j) -ej.
These conditions define a bounded operator, so A is naturally defined on J# and, moreover,

is a sr-self-adjoint operator. The spectral function of A can be described by the following
conditions:

E<{%}>x: [x,(ej+h)] - (ej+h), (2.2)

SO

E({l}" )x: S [x, (e; + )] - (e; + ). 2.3)

] J)j=1

=1

Put x, = 1/n- 37 e;. Then E({1/j}_)x, = 1/n- 37 1(ej + h) = h + x,. At the same time
lxn]l = 1/4/n — 0 for n — oo. Thus, for A and its spectral function E,, we have the following
results:

(i) E, is unbounded;

(ii) h belongs to the closure of the linear span < generated by the subspaces E(A)<X,
where A = (a;b), 0 < a < b, so the kernel of the operator A| 5 is not trivial;

(iii) < is degenerated, & N K = {ph) jec

Let us note that the coexistence of these properties reflects a general situation (in
particular, the first item yields the other two). Indeed, it is shown by the following theorem.
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Theorem 2.2 (see [8, Theorem 1.9.6]). Let a subspace £ be positive. Then there is a constant ¢ > 1
such that (x,x) < c[x, x] for every x € L.

For simplicity everywhere below in this section, we assume that

(a) A={0},
(b) E, is unbounded, (2.4)
(c) for every interval A = [a;b], such that 0 ¢ A the operator '

Alg(ayw has simple spectrum.

Then by Theorem 2.2, the subspace H generated as the closed linear span of the subspaces
E(A)H#, where A = [a;b], 0 ¢ A, is not a positive subspace, thus it has the nontrivial isotropic
part, H N HH # {0}. Let us denote, below, that #; = N K, Since the subspace His
evidently nonnegative, it can be presented in the form

H=Hy + H, (2.5)

where H#, is a positive subspace. Note that &, is not uniquely defined. Note also that, due to
the general theory, the subspace < is a part of a maximal nonnegative subspace £, invariant
with respect to A.

Theorem 2.3. Let E, be the e.s.f. of a ar-self-adjoint operator A. Then there are a scalar Lebesgue
measure y, the Hilbert space L2 associated with p,, and a collection of p,-measurable scalar functions
{gi(t) };'(:1 such that if A = [a,b],0 & A, the operator E(A)| 5 is similar to the operator acting by the
formulae

k -
£ — xa)f() + ;fAfmgj(t)do(t) e, e

ej—0 j=1,2,...,k
on the formal linear span of L2 and {e; };.;1, where {e; };‘;1 is a basis on H1, ya(t) is the indicator of A,
xa(h)g(t) € L3 forj=1,2,...,n,and
k
Zdigj(t) € L?y = a=ap=---=a=0. (27)

j=1

Proof. According to Equality (2.5), the restriction E(A)| 5 has the following matrix representa-

tion:
(0 En(d)
E(A)|z= <0 Ezz(A)> . (2.8)

With no loss of generality (see Proposition 3.3 below for details), one can assume that (-,-) =
[-,-] on H;, and H; L H;. Then the operator-valued function F) := Ex((—o0,.1)) represents an
(orthogonal) resolution of the identity acting in the Hilbert space <#,. From the classical theory,
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we know that there is a Hilbert space L? of scalar functions that is a model space for Fy with
some corresponding operator W: L2 — <, of similarity, that is,

W En(M)WE(t) = xa(t) f (1) (29)

Let {el} be an orthonormalized basis in .£;. Then, forevery A = [a,b],0 ¢ A,andj=1,2,...n,
the expression vJAW f(t) :== (Enn(A)WF(t),ej) defines a continuous linear functional in L2.
Thus, for every j = 1,2,...mn, there exists the F-measurable function g;(t) such that, for an
arbitrary A = [a,b],0 ¢ A, and f(t) € L2, the representation

W) = [ FOF0do) (2.10)
A

holds. Since the spectral function E is unbounded, j_ll |§(t)|2d0(t) = oo for at least one j =
1,2,...,n. It means that at least one function (maybe all) of the collection

(8O}, (2.11)

is notin L2. Then we just need to prove (2.7).
Let Z}Llaj - gj(t) € L2. Then the linear functional (f € L2)

bf = f f(t)Za, % (do(t) (2.12)

is bounded. .
Next, by definition, the space  is the closure of all vectors having the form

+ZJ F®FBdo(t) -ej, (2.13)

with f € L2 vanishing near zero; so, for every x € o1, there is a sequence { f,,}%_, such that

Jim [|full 2 =0, lim Eklj fRfm(ﬂ%do(t) e =x. (2.14)
i
The latter yields
( Za] e,> = nlgan fu(Da;gi(Ddo(t) = lim ¢ f, = 0. (2.15)
Thus Z?:l“j -ej =0, thereforey =ay =--- = a, = 0. ]

Theorem 2.3 gives a possibility to construct a partial model representation for A in a
sense exposed below. With no loss of generality, one can assume that the Hilbert scalar product
(-,-) on H is such that the corresponding Gram operator re-denoted as J (i.e., [-,-] = (J+,-)) has
the properties | = J=! = J*. Let (see (2.5))

Ho = JH. (2.16)
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Then £, 1 &. Additionally, one can assume that the basis {ej};.‘:l from Theorem 2.3 is
orthonormalized, [-,-] = (-,-) on H, and H#q1 L H>. Let Py and P, be orthoprojections onto

subspaces H and H#», respectively.

Theorem 2.4. Let a space L2 and functions {g;) ;.‘:1 be related with the e.s.f E, of a or-s.a. operator A
as in Theorem 2.3, and let L2 be a Hilbert space formed as the linear span of L2 and {8 };.‘:1,

functions in {g; };‘:1 are mutually orthogonal, have unit norm, and are orthogonal to the space L% which

where the

conserves its Hilbert structure. Then tg; belongs to the linear span of L2 for every j = 1,2,...,k, and
the compression (Py + Pa) Al e, of A is similar to the multiplication operator by t acting on L2.

Theorem 2.4 is not new (see, e.g., a more general result in [9] and its applications in
[10, 11]) but it opens some ways to generalization and generates some open questions and
problems. For instance, (2.4)(c) is restrictive and must be dropped. This, in turn, implies a
replacement of the space L2 of scalar functions by a suitable space of vector-valued functions.
Next, the passing from a single self-adjoint operator to a family of self-adjoint operators in the
case of indefinite metric spaces has some difficulties which must be taken into account. Let us
consider the following example.

Example 2.5. Let the union of systems {hy, hy, h3}, {g1, £, g3}, and {ex}}2; give an orthonormal-
ized basis in a Hilbert space . We define a fundamental symmetry | on by formulae

Jgi=h, Jhi=g, j=123, Jex=ex, k=12,.... (2.17)

Thus & becomes a Pontryagin space. Next, we define operators A and B by formulae

1 <1
Ahy = hy, Ahy = Z P Ahsz = Z —= - ek, Ag1=Ag =0, Agp =g,
k=1

= ks
1
Aek=% ek+k g2+k4/5 s, k=1,2,...,
<1 <1
Bh1:h3/ th:;m €k, Bh3_§m €k, BglngZZO/
| 1 1
Bes=g Bew=pgm et g &t gr 8 k=12

(2.18)

It is easy to check that the operators A and B are sr-self-adjoint and commute. Next, the eigen
spectral function (e.s.f.) of A has the form

0, if A<0;
E =41~ > Louk] u, if Xe(0;1]; (2.19)
k:(1/k)>A
I, if A>1,

where uy = ex + kg1 + o + (k)1/5€3, k =1,2,.... Moreover, for every f > a > 0, we have the
representations

p p
AE(a,) = [AE@),  BE(lap) = [ 0 E@). (220)

a
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Therefore, E) can be considered as an “e.s.f.” of the family { A, B}; however,
1+0 1+0
A # f AE(d\), B# j WYSE(dN), (2.21)
0 0

because both integrals are nonconvergent. Next, dimKer (A) = dimKer (B) = 2, but Ker (A) #
Ker (B). Thus B ¢ Alg (A) and A ¢ Alg (B), where Alg (-) means the weakly closed algebra
generated by the identity operator and the corresponding sr-self-adjoint operator. The same
reasoning shows that there is no sr-self-adjoint operator C for which, simultaneously, A €
Alg (C) and B € Alg (C). Therefore, the description of the operator family in discussion cannot
be reduced to a representation of one operator. At the same time the existence of the spectral
function with (2.20) is not occasional (see Theorem 3.11 below) and gives a possibility to
construct a partial model for the whole family.

So one of the problems is to generalize Theorem 2.4 to commutative families of self-
adjoint operators in Pontryagin and Krein spaces. Next, it is clear that the space L2 depends
on the choice of (2.5), but the latter is not uniquely determined. Thus, another problem is
a description of the ambiguity of I2 or its analog with vector-valued functions. The present
paper is devoted mainly to these two problems.

Of course, the direction marked by Theorem 2.4 is not unique in relation to the goal
to construct a model representation of function type for operators in Pontryagin spaces. In
particular, in [12], it was shown that a bounded cyclic self-adjoint operator A in a Pontryagin
space is unitary equivalent to the operator Agp of multiplication by the independent variable
in some space I1(®) generated by a “distribution” ®. This distribution, in turn, is associated
with a quasiintegral representation for the moment sequence {[A"h, h]};,, where h is a cyclic
vector. The model in consideration describes the behavior of A on the whole Pontryagin space,
and in this sense, it is complete. On the contrary, the model from Theorem 2.4 is a partial one;
it describes only the part of A that can be restored via its e.s.f.. It gives, indeed, an advantage
to the model [12] but this advantage concerns mainly cyclic operators because in the case of a
non-cyclic operator the corresponding space I1(®) contains matrix-valued functions, and this
space has a more or less complicated structure. The latter, however, is not the main obstacle.
The experience with a canonic representation of normal operators in finite-dimensional spaces
with an indefinite metric (see, e.g., [13, 14]) shows that any attempt to give an observable
and, simultaneously, complete description for a commutative family of self-adjoint operators
in spaces with indefinite metric with the rank of indefiniteness more than 2 has little chances
to prosper. On the contrary, a partial model representation in the style of Theorem 2.4 can
be generalized easily to commutative families of sr-self-adjoint operators and to commutative
families of J-self-adjoint operators of the so-called Dj-class. A previous experience shows that,
in spite of some incompleteness, this model was useful in some applications concerning a
single or-self-adjoint operator, see Section 7 for more details.

3. Preliminaries
3.1. Krein spaces

Let  be a Krein space with an indefinite sesquilinear form [-,-], let H# = H.[+]H_ be its
canonical decomposition, let P, and P- be canonical projections #, = P,H and H_ = P_K, let
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J = P, — P_ be a canonical symmetry, and let (-,-) = [J-,-] be a canonical scalar product. Note
that one of these canonical objects uniquely determines the others. Everywhere below, we fix,
on #, a unique form [x,y] = (Jx,y). At the same time, let us note that, in the question we
consider, a concrete choice of Hilbert scalar product is not really essential. One needs only to
fix the topology (defined by the above-mentioned scalar product) and the structure of J. Let
us mention the following result (see [15]) concerning some redefinitions of a Hilbert structure
in Krein spaces.

Proposition 3.1. Let K = H, & H_ be a canonical decomposition of the Krein space K and let H =
L. [+]L£_ be another canonical decomposition of the same space. Let the first decomposition define the
canonical scalar product (-, ) and let the second decomposition define the canonical scalar product (-, -);,
that is, [-,-] = (J-,-) = (J1-,+)1. Then spectrum of the operator Q = J1] is strictly positive, and the
operator D : D> = Q, o(D) C (0, +o0), has the properties

(a) [Dx,Dy] =[x, y]
(b) (Dx,Dy), = (x,y) (3.1)
(c) DH, =L, DH_=_L_.

Definition 3.2. The operator D that we introduced in Proposition 3.1 is called the canonical
isometry that maps the Krein space $) with the scalar product () on the same Krein space
$, but with the scalar product (-,-);. If it is necessary to exactly indicate the corresponding
scalar products or the canonical decompositions of the space $), we replace D with

D), or Dig. 0 )(g.,8)- (3.2)

Below nonnegative (especially maximal nonnegative) subspaces will play an important
role. The set of all maximal nonnegative subspaces of the Krein space $) is denoted 9t ().
A subspace £ is called pseudoregular [16] if it can be presented in the form

L=L+20, (3.3)

where £ is a regular subspace and £, is an isotropic part of £ (i.e., £, = £ LW,

Proposition 3.3. Let
(i) £+ € M (9) and a pseudoregular subspace,
(ii) Lo the isotropic subspace of £,
(iii) (-, -)" a scalar product on £q such that the norm \/(x, x)" is equivalent to the original one,
(iv) & = et
and
L, =L.48, £=L4%, (3.4)

where £, and £_ are uniformly definite subspaces. Then one can define, on §, a canonical scalar product
(+,-) such that

@ontoy:  (,)=()

(b) Lo { L,  Llg (35)
(c) on £, (=[]

(d) on £_ () ==01
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Definition 3.4. If a canonical scalar product of Krein space $) has (3.5), it is said to be compatible
with (3.4) and the choice of the scalar product (-,-)" on £;.

Definition 3.5. Let £ be a pseudoregular subspace and let
e=£04g, £=£04g (3.6)

be two different decompositions of £ as a direct sum of a regular subspace and the isotropic
subspace. We will call the map Mg o) g : £ — £2), defined by the condition

[Mez0,cox,y] =[xyl (Yy€8), (3.7)

the standard map associated with (3.6).

Remark 3.6. The map Mg oo e is uniquely determined by the condition (3.7) since the
subspaces £(1) and £ are projectionally complete and the subspace £; is neutral. This map
preserves the sesquilinear form [, ] (i.e., is J-isometric). Furthermore, the subspaces £ and
£ can be presented in the form

e®=el[+1e?, 2@ =eP[+1e?, (38)
where 21" is uniformly positive, £Wis uniformly negative and

£(i2) = Mg em oo S(il). (3.9)

Then the union of (3.6) and (3.8) generates two decompositions of the type (3.4).

Define a special case of pseudoregular subspaces: a nonnegative (non-positive) subspace
2L is called a subspace of the class h* (h~) if it is pseudoregular and dim £; < oo for £; as in
(3.3). In Pontryagin spaces, every subspace is pseudoregular, and every semidefinite subspace
belongs to class h* or h™.

Here, the term “operator” means “bounded linear operator.” By the symbol B*, we
denote the operator J-adjoint (J-a.) to an operator B. Thus, if A = A¥, then A isa J-s.a. operator.
For an operator A, the symbol o(A) denotes its spectrum treated in the same way as in [17] or
[8].

If an operator family 9) is such that the condition A € ) implies A* € 9), then this family
is said to be J-symmetric. An operator algebra 2l is said to be a W J*-algebra if it is closed in the
weak operator topology, J-symmetric, and contains the identity I. The symbol AlgQ) means
the minimal W J*-algebra which contains ).

One of the most important directions in the development of the operator theory is
connected to the existence of invariant maximal semidefinite subspaces for certain operator
sets (see [18] for references) and the study of the properties of the operators in such sets. A
subspace £ is said to be A -invariant ()-invariant) if it is invariant with respect to the operator
A (operator family )).
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Proposition 3.7. Let A be an operator that acts in $) and has an invariant pseudoregular subspace £,
and let £, = £ 0 LM be also an A-invariant. Consider two different decompositions of the space £,

g=2Wig, £=204g, (3.10)

as a direct sum of the isotropic part and a projectionally complete subspace. Let

AL 0 A® 0
Ale = . Ale= 3.11
le <A§1) A le A?) A ( )

be two matrix representations of A|g corresponding to these decompositions. Then

AW = (Mg om o0)AP (ﬂg,gm),g(m)_l, (3.12)
where Mg o) e is the standard map associated with (3.10).

Proposition 3.8. Let
= 57J+[+]57J—1 H= £+[+]£— (3-13)

be two different canonical decompositions of the Krein space $), and let $, and £, be invariant subspaces
of a J-s.a. operator A. Then

A-Dis.ne.0) = Disosie.e) A (3.14)
where D¢, & 1,1¢.,¢ ) are associated with Definition 3.2.

Definition 3.9. A J-symmetric operator family 2) belongs to the class Dj. if there is a subspace
2L, in H such that

(i) £, is Y-invariant,
(i) £, € M*(H) N K,
(iii) dim (£, N 2 = «.

Remark 3.10. If a J-symmetric family ) € Dy and £, is a §)-invariant subspace corresponding
to Definition 3.9, then the pseudoregular subspace £ is 9)-invariant too.

3.2. Spectral functions with peculiarities

The spectral resolution for different operator classes is one of the important problems in the
operator theory. Let us start with the following definition.

Let A = {A«}] be a finite set of real numbers and let R be the family {X} of all Borel
subsets of R such that 0X N A = &, where 0X is the boundary of X in R. Let E : X — E(X) be
a countably additive (in the weak topology) function, that maps 93, to a commutative algebra
of projections in a Hilbert space &, where E([A —¢, A +¢]) # 0 for every A € A, and € > 0, and,
moreover, E(R) = I. E(X) is called a spectral function on R with the peculiar spectral set A; the
mention of A can be omitted. The symbol Supp(E) means the minimal closed subset of R such
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that E(X) = 0 for every X: X C R\ S and X € %R,. Besides the symbol E, we will use also, as a
notation of a spectral function, the symbol E;, A € R, where E; = E((-o0, 1)).

A spectral function E, that acts in a Krein space, is said to be J-orthogonal or J-s.a. if E(X)
is a J-orthoprojection for every X € Rj.

Let us recall the definition of scalar spectral operator with real spectrum [19]. An operator
A acting in a Hilbert space is said to be a scalar spectral operator if there exists a spectral
function E with empty peculiar spectral set A such that, for every X € 93, : E(X)A = AE(X),
o(Algx)w) € X and AE(X) = [, ¢E(d¢) in the weak sense.

Now, let E be a spectral function with peculiar spectral set A. A scalar function f(¢) is
said to be defined almost everywhere (with respect to E), fo have a finite value almost everywhere,
and so on, if the corresponding property holds almost everywhere in the weak sense on an
arbitrary set X € R, X N A = &. We will assume that the function f(¢) is not defined at A.

The following theorem was announced in [2] and proved in [20].

Theorem 3.11. Let Q) € D; be a commutative family of J-s.a. operators with real spectra. Then there
exists a J-orthogonal spectral function E) with a finite number of spectral peculiarities A (A may be the
empty set) such that the following conditions hold

(@) E,€Alg) YLIeR\A;
(b) there is a nonnegative subspace L., corresponding to Definition 3.9,

for which the descomposition E(A)H# = E(A)L,[+]E(A)L- holds,
A being any closed segment A C R satisfying A € Rp and ANA = &;

(c) for every operator A € ), there exists a defined almost everywhere and
(uniformly) bounded function ¢(\) such that for every interval A C

R, A € Ry, ANA = &, the decomposition AE(A) = J‘ ¢(L)E(dN)
A
is valid;

d) the subspace # =  CLin {E(A)H} is pseudoregular and it
(d) the subspace AemA,Az{;;zA:g{ (A)H} is pseudoregular and its
isotropic part has finite dimension;
(e)if \o € Aand H), := (| E(A)H, then for every operator A € ) the
Ao€EA
set 0(Alw,,) is as ingletone {pa} and there is a positive integer m

such that (A — pal)™ |, =0;
(f) if Ao € A, then limsup ||E,|| = oo or at least for one A € Q) the
)L—>.)L[)
operator Ay, is not a spectral operator of scalar type.

(3.15)

A spectral function E with a peculiar spectral set A, satisfying (3.15), is called an eigen
spectral function (e.s.f.) of the operator family Q).

Definition 3.12. Let E, be an e.s.f. of an operator family ) and let an operator A € 2 and a
function ¢ (1) be connected by the system of equalities from (3.15)(c). Then the function ¢(\)
is said to be the portrait of the operator A, and the operator A is said to be the original of ¢ (1) in
2 (with respect to E)).

Let a spectral function E with a peculiar spectral set A be an e.s.f. of 2. If A € A, then
A will be called a peculiarity of 9. Let A be a peculiarity. Fix a set X € Six: X N A = {1}. The
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peculiarity A is called regular if the operator family {E(X NY)}ycx, is bounded; otherwise, it
is called singular. Note that the notion of regular and singular peculiarities is correctly defined
since the boundedness of the family {E(X NY)}ycx, does not depend on X.

3.3. Some function spaces

Assume that o(t) is a nondecreasing function defined on the segment [-1;1], continuous in
the points -1, 0, and 1, continuous (at least) from the left in all other points of the segment,
and having an infinite number of growth points, where zero is one of these points. This
function o(t) generates, on [-1;1], a Lebesgue-Stieltjes measure y, and spaces (L2, L%, etc.)
of complex-valued functions. At the same time we will consider also some spaces of vector-
valued functions; so, from time to time, we will note, after a symbol of a space a symbol of a
range for the functions forming this space, for instance, L2(C). Next, let us consider a slightly
different construction. Let G(t) be a p,-measurable function defined a.e. on [-1;1] and such
that a.e. G(t) > 1 for every T € (0;1], it is true that [ G(t)do(t) < oo and jTl G(t)do(t) < oo, but
[', G(t)do(t) = oo. Set

J‘TG(t)do(t), if T € [-1,0];
v(1) = - (3.16)

1
_I G(t)do(t), if T €[0;1];

T

The function v(t) is nondecreasing in both segments [-1;0) and (0;1], but it is unbounded
in neighborhoods of zero. Define, for it, a corresponding function space. Let f(t) and g(t) be
arbitrary functions continuous in [-1;1] and vanishing in some neighborhoods (different in
the general case for f(t) and g(f)) of zero. Then the integral j_ll f (t)%dv(t) is well defined
and generates a structure of pre-Hilbert space on the set of all such functions. The completion
of the space will be denoted L (or L2(C)). Note that, due to (3.16), the spaces L¥ and L2 form
a Banach pair, so the space L® N L2 is well defined (for details, see [21]).

Let us pass to some notation relating to direct integrals of Hilbert spaces and
corresponding model descriptions of self-adjoint operators (see [22, Section 41]; [23, Chapter
7]; [24, Chapter 4.4]; [25, Chapter VII]). We will use definitions close to the “coordinate
notation” given in [22]. A difference between [22] and the definitions that follow is related
to the fact that direct integrals, here, will be used not only for a resolution of Hilbert spaces
but also for a resolution of Krein spaces. Let £ be some separable Hilbert space (£ can be
finite dimensional), let {d; }’f be an orthonormalized basis of this space, let o(t) be be the same
as above. Let {p;(t)}] be a system of nonnegative y,-measurable functions defined almost
everywhere (a.e) on the segment [-1;1] and such that every function of the system is the
indicator of some set of nonzero measure and p,{t : pj(t) =0,j =1,2,...,a} = 0. Denote

dc(t) = > dipj(tydo(t). (3.17)
j=1

In this case the sum in the right part of the formula is considered as a formal expression without
any suggestion of its convergence or divergence.
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Here the space Ms(&) means the space of vector-valued functions {f(t)} defined a.e.
(with respect to p;) on the segment [-1; 1] and taking values in £ under the conditions

f0 =3 pi0d;, (3.18)
=1

where f;(t) runs the set of all yi,-measurable a.e. finite scalar functions such that
(@) pi(t) =piOP; (1), j=12,....a4

®) ae. O]} = 3 1501 < oo, (319
j=1

The topology on Mg(&) is introduced by a base for neighborhoods of zero, where any
neighborhood of the base is defined by a couple of positive numbers € and 6 (the couples are
different for the different neighborhoods) and contains all functions satisfying the condition
uslt + |If (t)||fS > 6} < e. Next, the symbol Lé(é) means here a Hilbert space of functions
f(t) € M5(&) such that f_ll If(®)I5do(t) < oo.

The spaces Mz (€) and L%(&) are said to be a standard space of measurable functions and a
standard Hilbert space, respectively.

The choice of {d; }‘l” in the construction of spaces Mz(£) and Lé(é) is not essential if

p]-(t) =p(t) forl,j=1,2,...,a. (3.20)

Spaces LZ(£) of this type correspond, in particular, to model representations of self-adjoint
operators with uniform multiplicity (see [25]). So M5(£) and Lé(é) are said to be spaces of
uniform multiplicity a if conditions (3.20) are fulfilled.

If LZ () is not a space of uniform multiplicity, it can be represented as an orthogonal sum
of spaces of uniform multiplicity. Note a special case of such representation.

Definition 3.13. A space L%(&) is said to be orderly decomposable on uniform components if
(see (3.17))

Ly(&) =L (&) e Ll (&)e..., (3.21)
where & = @Z‘?:léj (both f = oo and f < oo can occur), the above decomposition of & is
concordant with the choice of the basis {d; }1" in the sense that ¢; = CLin{d;}, , , Lé}_(é]-) isa

1=%7
space of uniform multiplicity dim &;, &; C &j41, dim & < dim €49, 05(t) = f_tl Xj(r)do(t), xj(7)
is the indicator of some pi,-measurable set X, uX; # 0, dGj(t) = (Xp4e¢,d1)d0; (1), X; N X; = &,
j1=12,...,Bj#L
Spaces orderly decomposable on uniform components play the key role in the theory

of model representation for self-adjoint operators (for details, see, [25, Theorem VIL6]).
Practically the same definition can be given for spaces Mz (&).

Definition 3.14. Mg (&) is said to be orderly decomposable on uniform components if
Ma(é) = Mal (61) + Mgz (62) +..., (322)

where Mg, (&) is a space of uniform multiplicity, the rest of the elements in (3.22) are the same
asin (3.21).
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We introduce some notation related to multiplication operators by scalar functions.
Everywhere below we assume a scalar function ¢(t) to be defined a.e. on [-1;1], po-
measurable, and a.e. bounded. For f(t) € Mz(&), set

(@f)(E) = () f (B)- (3.23)

It is clear that (©f)(t) € Mgs(&), so (3.23) defines on M3(£) the continuous operator @ (= the
multiplication operator by the function ¢(t)). If ¢(t) satisfies some additional conditions, one
can consider the operator @ as acting simultaneously on different spaces. If, for instance, ¢(t)
is continuous, then the operator @ is well defined on every space M, (&) independently of G(t)
and &. If p(t) € LZ(C), then Lg(é) can also be taken as a domain of @. So, if it is necessary,
we will mention, simultaneously, the operator @ and its domain using the notation {®, D (D)},
say, {®,LZ(£)}.

Let X; be the multiplication operator by the indicator y[_1.-)(t) of the set [-1;7), X; =
{Xs, Lé(é) }. Pass to the description of automorphisms acting on Lé(é) and commuting with
operators X;, T € [-1;1]. Denote, by G;, the subspace of the space & spanned by all vectors of
the set {d; };’:l such that p;(t) # 0 (see (3.17)). The following result is well known (e.g., Birman,
Solomjak [23, Chapter 7]; [24, Theorem 4.4.6]; [22, Proposition 1, Subsection 2; Section 41]).

Proposition 3.15. Let U be a unitary operator commuting with {X,, LZ(€)} for a.a. T € [-1;1]. Then
there is an operator-valued weakly ps-measurable function U, defined a.e. on [-1;1] such that, for a.e.
€ [-1;1], the operator U, is unitary on & and

(@) (Uf)(t) =Uf(t);
(b) UGt = Gy, (3.24)
() Urlg = Il

Remark 3.16. The space L2 (€) is a complete linear set in Mz (£). So if initially an operator X acts
on Lé(é) and satisfies conditions (3.24), its domain can be extended to M5(£) via the passage
to the limit. Thus the operator {#, M5(£)} is a continuous bijective mapping.

4. On a model representation for /-orthogonal spectral
functions without peculiarities

We define, on L2(£), an additional structure of a Krein space. Let 2 be an operator acting on
L2(&), being at the same time self-adjoint, unitary and commuting with X, for a.e. 7 € [-1;1].
By Proposition 3.15, the operator 2 has the representation

@HW® =Jf(B), tel[-11], (4.1)
where J; is self-adjoint a.e. on [-1;1]. Let
1), 2O)] s = (Je1(®), fo(1)) - (4.2)
Then the inner product
1
A1), fa0) 2 e, = L (1), f2(8)] s (®). (43)

converts the space Lé(é) to a Krein space. This Krein space is denoted 2 — Lé(é) and it is said
to be a standard Krein space.
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Remark 4.1. The product [fi(t), f2(t)], is a.e. well defined both for fi(t), f2(t) € Lé(é) and
f1(B), f2(t) € Ms(&).

A standard Krein space can be used for a model representation of a J-spectral function
(= J-orth.sp.f.) E) without peculiarities. For simplicity everywhere below, we will assume that

E1=0, Eaq=1, E_1=E_i. (4.4)

Definition 4.2. Let E be a J-orth.sp.f. with the empty set of peculiarities. A space 2 — LZ(&) is
said to be a model space for E, if, for some canonical scalar product on §), there is an isometric
and J-isometric operator W : 2 — Lé(é) — 9 such that, for every A € [-1;1],

Ey=WX,W, (4.5)

where, as above, X, is the multiplication operator by the indicator y[_i,1)(t) of the set [-1; 1),
Xy ={Xy,2- Lé(é) }. The operator W is said to be an operator of similarity.

Proposition 4.3. Every J-orth.sp.f. E) with an empty set of peculiarities has a model space 2 — L%(&).

Proof. By [19, Lemma XV.6.2], one can define, on <#, a new scalar product (noncanonical in
the general case) (-,-);, topologically equivalent to the initial scalar product (-,-) and such
that the spectral function E), is orthogonal with respect to (-,-);. Then [-,-] = (G:,-);, where
the operators E, commute with G for a.a. A € [-1;1]. Now one can introduce, on #, a new
canonical scalar product (,-), = (|Gl|-,-);, where |G| = (GZ)U 2 is the module of G. The new
scalar product generates the canonical decomposition # = HP @, 1t easy to show that the
subspaces #? and #? are E,-invariant for a.a. A € [-1;1]. Thus there are model spaces
- L (é+) and 2 — L2 (&-) for orth.sp.f. E,| *® and E,| ey respectively. Without loss of
generahty one can assume that the scalar functions (see (3.17)) o4 (t) and o_(t) are such that

0.) = [ p0do), o= p-(do), R0 =p.(0),

(4.6)
PW=p-), o= [ () +p- ) =p.p-()do().

Put 2 - L%(&) = 2 - L} (&4) ® 2~ L (£-). The rest is straightforward. O

Remark 4.4. As is well known, a model representation for an orth.sp.f. is not uniquely
determined. At the same time, all scalar measures for such representations in the case of
the same orth.sp.f. are equivalent among themselves and the function (see (3.24)) r(t) =
dim G; does not depend on the choice of the model representation. This is the reason why a
model representation for orth.sp.f., usually is taken in the class of Lebesgue spaces orderly
decomposable on uniform components. In the case of J-orth.sp.f., the situation is slightly more
complicated. Specifically, for all model representations for a fixed J-orth.sp.f., all admissible
scalar measures are equivalent among themselves and two functions r, (t) = dimKer ((J;-1)|,)
and r_(t) = dimKer ((J; + I)|g,) do not depend among themselves and of the choice on the
model representation. Conversely, if data include a class of equivalent measures, functions
r.(t) and r_(t), then a J-orth.sp.f. with empty set of peculiarities can be restored up to
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J-isometric equivalence. In particular, one can choose a suitable function o(f), construct a space
2- Lé(&,) using o(t) and r, (), construct a space 2 — Lé_(é_) using o(t) and r_(t), and put
2-L3(&) = 2~ L% (&)@ I~ L7 (£-). Note that, even if the spaces 2~ L7, (€4) and 2-L% (£-)
are orderly decomposable on uniform components, the spaces 2 — LZ(£) in the general case do
not have this property.

Proposition 4.5. Assume that E) is a J-orth.sp.f. with empty set of peculiarities, 2 — L% (&) and 2' -
Lg(é) are two different standard Krein spaces such that each of them is a model space for E, and is
derived from the same space LZ (&) by canonical symmetries 2 and 2, respectively. Then, in LZ(£),
there is a unitary operator U satisfying (3.24) and such that 2' = U JU.

Proof. In the general case the operators of similarity W and W’ correspond to different
canonical scalar products on the same space H#, say, W : 2 - Lé(é) — {H,(-,-)} and
w2 - Lé(é) — {H, ()}, where (-,-) = [J-,-] and (-,); = [Ji-,-]. On the other
hand thanks to Definition 4.2, E, is self-adjoint simultaneously with respect to the scalar
products (-,-) and (;,-);, hence it commutes with | and J;. Thus, taking into account
Proposition 3.1, we can assume that (-,-) = (-,-);. Then the required operator % can be defined
by the formula % := W'W'. Indeed, first, this % is unitary because the canonical scalar
product on & is the same for W and W’; second, for every function f(t) € Lé(é) is true,
DFOf Oz = O F Oz = IFOUFO] 120 = [DUFE,UF O]z )7 third,
UX.f(t) = WLEW'f(t) = X;Uf (t). The rest follows from Proposition 3.15. O

The proof of the next proposition will be omitted because it contains the same well-
known ideas as the proof of Proposition 3.15.

Proposition 4.6. Let M be a J-unitary operator in a standard Krein space 2 — Lé(é) commuting with
(X, 2- Lé(é) } for a.a. T € [-1;1]. Then there is an operator-valued weakly measurable function M;
defined a.e. on [-1;1] and taking values in the set of bounded operators acting in & such that, for a.a.
te[-1;1],

(a) (Mf)(E) = Mif(1);

(b) MGt = Gy, Mtqtl = th/ Mt|c;‘i = I|qg;
(¢) [Mix, Myx] = [x,x] VYx€§;

(d) EssSupye(_yq || Me| o = 1A 12 e)-

(4.7)

5. Unbounded elements in Hilbert spaces

First, let us consider the notion of unbounded elements.

Assume that # is a Hilbert space, P; is a resolution of the identity (= an orthogonal
spectral function with the empty set of peculiar points) defined on the segment [-1;1],
continuous in zero (with respect to the w-topology), and

(@) P.1=0, P =1;

(b) for every t € [-1;1] the unilateral limits wﬂ :tl_lgn P, (5.1)

and w - lim P, exist, where for definiteness P = P;.
‘u~>t+0

Set Py, = I + Py — P,1o, where A € [-1;0), u € (0;1].
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Next, let x) , be a mapping of the numerical set [-1;0) x (0;1] into # (A € [-1;0), u €
(0;1]). The function x, , is said to be conformed with P; if the following condition is fulfilled;
for every A, a € [-1;0), u, p € (0;1]; the equality P, ,x,p = xys holds, where y = min{J\, a},
6 = max{y, p}.

Note that x, , has the following property:

if sup {|lx).ll} < oo then there is an element x € & such that for every
Ae[-1;0)
ne(0;1]

A € [-1;0), u € (0;1] the equality x, , = Py ,x holds.

(5.2)

It is clear that the element x from (5.2) is uniquely defined by x,, and can be found by the
formula x = w — lim)_ox) ..
p—+0
Definition 5.1. A function x, ,, which is conformed with Py, is said to be an unbounded element
conformed with Py (or, if it cannot produce a misunderstanding or an unbounded element) if
supae[-1,0) { 111} = 0.
ue(0;1]

Note that unbounded elements conformed with P; exist if and only if zero is a point of
growth for P, that is, for every e > 0 it is true that P, — P_. # 0. Everywhere below in this
section, this condition for P is assumed to be fulfilled.

For brevity everywhere below unbounded elements will be denoted by symbols X, ¥,
and so on. For A € [-1;0), u € (0;1], we set x) ,, := Py, X.

Definition 5.2. Unbounded elements Xi,X»,..., X, conformed with a (common) resolution
of the identity P\, are said to be linearly independent modulo H if every nontrivial linear
combination of them is an unbounded element from #.

Next, for every bounded P;-measurable function ¢(t), one can define, on #, the
following operator @:

1
®x = j $(t)dPix. (5.3)
-1

Using the previous notation, rewrite the last formula as

A 1
(F),, = fl¢(t)dpti + f $(t)dPA. (5.4)
- H

Representation (5.4) allows a possibility to treat the operator @ in a more general sense;
unbounded elements conformed with P, can be naturally included to the domain of ®. Note
that the portrait of an unbounded element can be both a bounded element and an unbounded
element. Moreover, ¢(t) in (5.4) could also be taken unbounded. In this case the portrait of a
bounded element, optionally, is an unbounded element.

Proposition 5.3. If a function ¢(t) is unbounded on every subset of complete E-measure, then the
vector space DH contains an infinite number of unbounded elements conformed with P; and a linearly
independent modulo K.
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The last proposition shows (see also below, Proposition 5.4) that if we need to operate
with a finite number of unbounded elements, then only bounded functions ¢(t) are admissible
in (5.4).

Until the end of the present section, the orthogonal resolution of the identity P; and
a nondecreasing function o(t), such that ps-measurability on [-1;1] coincides with the P;-
measurability, will be fixed. Note that the existence of o(t) follows from the separability of H#
(see [26, Section 76, Theorem 1]).

We give an additional notation. Let {fcj}lf be a fixed family of unbounded elements
conformed with P; and a linearly independent modulo . Both the unbounded elements and
the ordinary vectors from <# can be considered as functions defined on [-1;0) x (0;1] and
taking values in H# (see (5.2)). The linear span of vectors from < and unbounded elements
from {JNc]-}ll(, consistently taken as functions on [-1;0) x (;1], is denoted H. Additionally H
will be considered as a Hilbert space, where < is a subspace with the the same scalar product
that was given on <# from the beginning, and unbounded elements from {X; }’f are mutually

orthogonal and orthogonal to J. The space H is said to be an expansion of # (generated by
(%17).

Next, using the system {Xx; }11(, introduce the function v(t);

k
o)+ > ||1PE |, if t € [~1,0);
v(t) = j=1 . (5.5)
—o() +a(t) - Y ||(B-DF|? ifte[0,1).
j=1

The connection between P; and o (t) implies that the function v(t) introduced in (5.5) has (3.16).
In this case the function G(f) from (3.16) can be calculated directly through v(t) and o(t).

Proposition 5.4. Let {X; }’1‘ be a system of unbounded elements, forming together with H the space X,

let ¢(t) be a ps-measurable function, let ® be the operator defined by (5.4). Then DA C H if and only
if(t) e LN L2

Proof. Sufficiency of the formulated condition is clear, so we will consider its necessity only.
Note that, by virtue of Proposition 5.3, condition OH C H implies the boundedness of the
function ¢(t). Next, since ®x; € K for j = 1,2,...,k, then, by (5.4) it is true that ||(I)5Ej||2 =
f_ll |<i>(1?)|2d||Pt3?j||2 < oo and, moreover, f_ll |¢(t)|2do(t) < oo. Thus (5.5) implies ¢(t) € L¥ N L2.

O

For future applications, both the cases ®H C H and
OHCH (5.6)

are important.

Proposition 5.5. Let {X; }If be a system of unbounded elements, generating together with H the space

H. Then there are no more than k?puo-measurable functions ¢(t) linearly independent modulo L¥ N L%
such that (5.6) is fulfilled.
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Proof. Due to (5.6), every element from the system {(1)3?]-}’1( can be uniquely represented
(modulo ) as a linear combination of elements from {X; }’f, that is,

k
OXj = > CjmXm(modk), j=1,2,... k. (5.7)
m=1
Thus the operator @ generates the matrix
k
Co = (¢jm)  pers (5.8)
in addition, DA C H if and only if Ce = 0. Hence functions comparable modulo LY N L,z, have
the same matrix (5.8). O

Remark 5.6. For the function ¢(t) =1, (5.7) is always fulfilled. At the same time the example of
the unbounded elements {(1)™};._; and {(i)"},,_; from the space I, shows that the case, where
there are no functions different from a constant modulo L® N L2 and simultaneously satisfying
(5.6), is possible. Moreover, the estimation mentioned in Proposition 5.5 is excessive for every
k > 1 because two arbitrary matrices of the form (3.19) generated by (5.7) commute. For a
discursion of the linear dimension of a group of commutative matrices, see, for instance, [27,
Part 2, Section 10].

6. A function model for a /-symmetric family of the class D
6.1. Some remarks

In this section a function model of J-symmetric family 9 € Dj with real spectrum will
be discussed. This model is defined with the help of an e.s.f. E, of ) (see Section 3). It is
incomplete because the model describes the operator family restricted on some important
subspaces (in particular, on the subspace H (see (3.15)(d))) and not this family itself. By virtue
of Theorem 3.11, it is clear that the general situation can be reduced to the case of J-orth.sp.f.
E, with a unique spectral peculiarity in zero. Furthermore, the case of a regular peculiarity is
trivial because, under this condition, all operators from ) are spectral in the sense of Dunford
and have a finite-dimensional nilpotent part. Thus E, is such that

(@ E_1 =E_14=0, Ea=1I
(b)A= {0}} (6.1)

© sup {[E]) = oo
Ae[-L1]\ {0}

During the first stage, assume additionally that, for every closed interval A C [-1;0) U (0;1],
the following condition holds:
if E(A) # 0, then the subspace E(A)J is positive. (6.2)

Note that (6.2) does not necessarily mean that J is a Pontryagin space because the subspace
JHM can contain both positive and negative subspaces of infinite dimension. We introduce
some notation. Let

Hi=HnHY, =N, Hy=JH,
P; be an orthoprojection (in the sense of Hilbert spaces) onto <#;, (6.3)

j=0,1,2, Ey :=Ez
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Note that, by virtue of (6.1)(c), the equality #; # {0} holds, and due to (6.2), the subspace
H#, is uniformly positive (recall that the subspace <#; is finite dimensional). Without loss of
generality one can assume that, on #»,

=[] (6.4)
Now, we pass to a detailed analysis of the structure of E,. First, let X € R, and
X c[-1;1]\ {0}. (6.5)
Then
E(X)| (et tysan =0, (6.6)
thus it is enough to study the behavior of E(X) on the subspace
Ho+H1+Ho>. (6.7)

Assume that a canonical scalar product on  is such that (Ho+#; -i-elez)[” 1 (Ho+H1+H5). In
this case, (6.7) is an invariant subspace for J.

A direct verification shows that, if (6.5) holds, the operator E(X) has the following matrix
realization:

0 0 O

E(X)|wotet400, = | E10(X) 0 Enn(X) |, (6.8)
Ex(X) 0 Ex(X)

with respect to (6.7), where

Eyp(X) = En(X)EL,(X)V;  Ex(X) = EL,(X)V;

(6.9)
E3,(X) = E},(X) = Ex(X); Epp(X)Exn(X) = Enn(X),
and the operator V' corresponds to the representation
ov?to
Jlwgicerice, =\ V0 0 ). (6.10)
0 0 b

Let A be a family of all sets under Condition (6.5). If X, Y € Xy, then, for the operators E(X)
and E(Y), the condition of the form (6.8) holds simultaneously. Since E(X)E(Y) = E(Y)E(X) =
E(XNY), then

En(X)En(Y) = Exn(Y)Exn(X) = Ex(XNY),

6.11
E1n(X)En(Y) = En(Y)En(X) = En(XNY)En(XNY). (&.1)

Now, we discuss the spectrum multiplicity of the family E,. Recall that a subspace £ is said to
be cyclic with respect to E, if CLinye[-11)\j0} { EA L} = K.
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Definition 6.1. In what follows, a nonsingular multiplicity of J-orth.sp.f. E\ means the minimal
dimension of all cyclic subspaces with respect to E,.

Remark 6.2. Due to the choice of J# one can assume that a cyclic subspace £ is taken such that
£ C H», so the nonsingular multiplicity of E, coincides with the multiplicity (in the ordinary
sense) of the (orthogonal) spectral function P> E,|.,.

Proposition 6.3. If (6.1) and (6.2) are fulfilled and the nonsingular multiplicity of E, is greater than
dim H#y, then there is a decomposition H = HVLHD such that HO[L]HP, E\HD c LD,
ExH? c KD for every A € [-1;1] \ {0}, the subspace KV is uniformly positive and the J-orth.sp.f.
ELl( gy has nonsingular multiplicity less than or equal to dim <.

Proof. Since #; C # and (6.2) holds, there is a sequence of disjoint subsets {Xj}7” such that
a condition of the type (6.5) holds for all k = 1,2,..., U X = [-1;1] \ {0}, and for every k,

the equality E1p(Xk)H#a = H1 is true. It is clear that dim (E7,(Xk)H#1) = dim H#;. Let {ugk) };l be
some orthonormalized basis in E},(Xx)H#1, k=1,2,.... Set

< ko) . ey
uj = g;(l/ﬁ) ', j=12.m L0 =CLin{Ex(Mu},, (6.12)

HAD = (KON Hy, HP = CLinyey, {E(Y)HD ). We show that the subspaces K1) and 4@
are as desired. First, we prove that, for every set X € X, the equality

En(X)HD = {0). (6.13)
holds. Indeed (see (6.11)), if y € KV and z € H#;, then
(E12(X)yr Z) = (]// EIz(X)Z)

- <y,éE22(Xk)E;1 (X)Z> = é (v, E2 (X N Xi) B, (Xk)2) (6.14)

O n
Z <y, Exn(Xn Xk)Zagk)u](.kD =0.
o1

k=1

Next, it is clear that #© is an invariant subspace with respect to the operators Ex(X),
therefore, the subspace #) has the same property. Thus, taking into account (6.13), one can
conclude that # Y is invariant with respect to E;. O

Remark 6.4. Proposition 6.3 shows that, in some problems one can assume that the nonsingular
multiplicity of E, is finite. At the same time, this hypothesis is not convenient in many
cases because the decomposition £ = H D +H£@ is not uniquely defined and, moreover, the
subspace HV can be always extended saving all properties enumerated in Proposition 6.3.
Basically, Proposition 6.3 gives a possibility to illustrate peculiarities of J-orth.sp.f. in question
using J-orth.sp.f. with finite nonsingular multiplicity.

In addition to (6.3), set

H'=HgoHky, E =Elg  El=(Po+P)E|z. (6.15)
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Now, let Lg(é) and Mé(é) be some standard Hilbert space and some standard space of
measurable vector-functions, respectively, and let g;(t), 32(t), ..., Sk (t) be a finite collection of
vector functions such that

(a) gj(t) e M5(¢), j=12,....k
(b) the set {g;(t) };11 is a set of unbounded elements from (6.16)
Lé(é) linearly independent modulo Lé(é) and conformed with X,.

Below IN%((‘.) C M;(€) is the linear span formed by Lé(é) and the collection {g;(t)} ;.‘:1, where
(see Section 5) the functions from {g;(t) };(:1 are assumed to be normalized, pairwise orthog-
onal, and orthogonal to Lé(é), that is, on Lé(é), a structure of Hilbert space is defined. Note

that, sometimes, ié(é) will be considered without its Hilbert structure as a vector subspace
from Mz (&) but this case will be noted explicitly.

6.2, Functional model of E, (a special case)

Theorem 6.5. If, for J-orth.sp.f. E,, (6.1) and (6.2) hold, and for a canonical scalar product (-,-), (6.4)
holds, then there exist a standard Hilbert space Lé(é), a collection {g;(t) };.‘:1 satisfying (6.16) which

generates the expansion L2 (&) of L2(£), and an isometric operator W: L2(&) + &, WLZ(&) = A,
such that, for every A € [-1;1] \ {0}, the following representations take place (see (6.10)):

E=w.x;-w)!, W=0ev)W, E-=-w.x.wh7, (6.17)

where X = {Xy, LA(&)}, k = dim o = dim #;.

Proof. First, P,E, |4, is an orthogonal (in the ordinary Hilbert sense) spectral function, so there
is a space Lé(é) such that the operator P;E, is similar to the operator X; = {X), Lé (&)}. Let

a space Lé(é) be already chosen and let an isometric operator Wj: Lé(c‘,) — J#, be such that
k

¢ v
so that the corresponding space Lé(é) and the operator W would be as desired. Choose, in 1,

PE)| s, = WX, Wy 1. Now, itis necessary to find a collection of unbounded elements {g;(t)}

some orthonormalized basis {ej};.(zl. Let A ¢ [-1,1] \ {0} be a closed interval. Consider the
expression (E(A)x, e;), where x € JH». It can be considered as a continuous linear functional
acting in J# or, equivalently, in L2(&). By the well-known theorem of Riesz on the general
representation of continuous linear functional, there is a function g; (t) € Lé (&) such that

1
(E@)xe) = [ (10, 840) do(t), (6.18)
-1
where f(t) = W, 'x or (thanks to properties of the spectral function)

(E(D)x,e)) = L (f(t), gja (1)) do(t), (6.19)
gja(t) =0, ift¢A. (6.20)
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Condition (6.20) means that there is a function g;(t) € Mz(&) such that, for every interval A as
defined above,

gia(t) = xa(H)gj(t), (6.21)

where ya(t) is the indicator of the interval A. The collection { g](t)} is as desired. We show
this. First, we prove that the set {g; (t)} is linearly independent modulo LZ(&). Suppose the

contrary, that is, suppose the existence of a collection of coefficients {y;}:_ } such that

k
0< > Il
j=1

k
> yi8i(t) € Li(€). (6.22)
j=1

Lety = Z?:l}’jej- By the definition of the space H, there is a sequence {x,,}7° C Lin{E(A)H#}
such that [|x,, — y|| — 0 for m — co. Set W, (Paxm) = fm(t). Note that f,,(f) = 0 in some
neighborhood of zero, therefore, the representation

1 2
I =31 = (U ®llze)’ + 3 |1 = [ () G(8) At (623)
is valid, hence limy,—o|| fm (£)|| = 0,
hmj (fm(®), &) do(t) =yj, j=1,2,....k (6.24)

These equalities and (6.22) imply
k
Z|y]| = lim Zy}j (fm(®),8j(1)), do(t) = hmf <fm 1), Zy,gj(t)> do(t)=0, (6.25)
j=1 j=1 &

which is a Contradicti~on, that is, (6.22) is impossible.
Second, form L2 (&) according to the above procedure using the space L%(&) and the

collection of unbounded elements {g;(t) };(:1. Next, set

WE(t) =Wyf(t), if f(t)e Lé(é);

. . (6.26)
Wgi(t)=e;, j=12,...,k.
In this case the dual operator W' is defined by the equalities
WTf(t) = Waf(t), if f(t) € LA(&);
f) =Waf(t), if f(t) € L5(E) 6.27)

Wng(t) =h;, where h; = V’lej, i=12,...,k

Now, pass to (6.17). Assume (as above) that for a closed interval A the condition A C [-1;1] \
{ } 0} holds. Then, in concordance with (6.8) and (6.19), one has E1»(A)x Z] 1(x,z (A))e]-, where
= Wgja(t),j =1,2,...,k, s0 Ex(A)h; = z](.A ,j =1,2,...,k. The last equalities, (3.21),

and (3.23) imply (see the notation introduced in (6.15)) W‘lfT(A)Wgrj(t) = xaH)gi(t), j =
., k. Due to the choice of Lé(é), the rest follows from (6.9) and (6.27). O
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Definition 6.6. If J-orth.sp.f. E, satisfies (6.1) and (6.2), and the space ié(é) has (6.17), then
ié(é) is said to be a basic model space for E, (compatible with (6.3) and (6.15)), and the operator
W is said to be an operator of similarity (generated by ié(é)).

Theorem 6.7. Let a space ig(é) be the expansion of a standard Hilbert space LZ(&) generated by a
collection {g;(t)} ;.‘:1 satisfying (6.16). Then there exist a Pontryagin space K and a J-orth.sp.f. Ey on

H such that ié(é) is a basic model space for E,.

Proof. Let < be the set of triples (u,v, f(t)) with u,v € C* and f(t) € L(&). For x1 = (uy,v1,
f1(#)) and xz = (u2, v2, f2(t)), put

(x1,x2) = (U1, u2) o + (V1,02) i + (fl(t)/fz(t))Lé(é),

(6.28)
[x1,%2] = (”1/1’2)@ + (011”2)@ + (fl(t)rf2(t))L§(f.)'

Next, let {e;} ;‘:1 be the canonical basis in C¥. Then, for intervals A = [a, p), where 0 ¢ A and
a # 0, we put

k
E(A) (8]', Or 0) = <0/ Z (XA (t)gj (t)/ Xa (t)gm(t))LZ&(é) *€m, XA (t)gj(t)>

m=1

forj=1,2,...,k, E(A)(0,v,0)=(0,0,0) forevery v € Ck, (6.29)

k
E(A)(0,0,f(t)) = <0, 2 (a®f (1), xaOFn(®) 2 ¢, - €ms xA<t>f<t)>.
m=1

Direct verification shows that E(A) generates a J-orth.sp.f. with (6.1) and (6.2). Let us check
that

L1 ={0,0,0)},ccer  H2={0,0, f(D)} pperz ey (6.30)

We denote, by the symbol (Lé (€)),, the set of all functions from Lé (&) vanishing near zero, and
for every f(t) € (Lé(é))o, we set T f := anzl (f(t),gm(t))Lg(é) - . Then the space H is the
closure of the set

{(O,Tof, f(1)) }f(t)e(Lg(;,))o' (6.31)

Let a system {v; };‘:1 be an orthonormalized basis in C. Then

k
vj = szmjem (6.32)
m=1

and (6.31) can be rewritten as

k
{ <0r S (F 0,80 ) 50 vm,f(f)> } , 63
m=1

fOELEL(E),

where, by (6.32), g (t) = 5,@mg;(t). Note that system {gy,(f)},_; also has (6.16).
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Initially, the basis {v,,}%,_, was arbitrary but now we pass to choose it in a special way.
Since the elements from {g,, () }51:1 are unbounded, there is a sequence { fi(t)};2, C (Lé(é)) 0
such that liml_>oo||f1(t)||L§(é) = 0 and ||T1 fillcx = 1 for every I. Let w; = Ti f. Since w; € CF,
one can assume that there exists lim;_,.,;w;, and put vy := limi_,,w; € x. Now, we apply the
same scheme for defining v,. Let T, f := Z,’;zz(f(t),gm(t))%(é) cop = Tif — o1 - (Tif,01) cxe
Then (0, T>f, f(t)) € H for every f(t) € (Lé(é))o. Since the elements from {§m(t)}fn:2 are
unbounded for every choice of {v; };.‘:1, there exists a (new) sequence { fi(t)};2, C (Lé(é)) o such
that limlﬁoo||f1(t)||L(z?(5) = 0 and ||Ta2fi|lcx = 1 for every L. Let w; = T»fj. Since w; € CK, one can
assume that there exists lim;_,w;, and put v, := lim;_,,w; € . Then v1 L vy. The rest of the
proof of (6.30) is now evident. Next, we put W f (t) = (0,0, f(t)) for every f(t) € 2— L(z?(é), and
Wgi(t) = (0,e;,0) for j = 1,2,..., k. The rest is straightforward. O

We note that a basic model space for a given J-orth.sp.f. is not uniquely defined and
discusses the arbitrariness for the choice of a concrete model. The construction of the basic
model space was started from (6.3) and these depend on the choice of a canonical scalar
product. So the first question is the following: does the basic model space depend on a choice
of canonical scalar product? In order to answer this question, note, first, that J#; does not
depend on any canonical scalar product and is calculated using only the Hermitian sesquilinear
form [-,:] and J-orth.sp.f. E;. Second, one can consider the factor space H/ H#;. Then, by
virtue of (6.2), the sesquilinear form [, ] generates in it the structure of Hilbert spaces, and
the spectral function induced on H/ K by the operator function E, is orthogonal. Third,
by Definition 4.2 and Proposition 4.3, this induced function is similar to the spectral function
P,E)|&,. Summarizing all mentioned arguments, we obtain the following proposition.

Proposition 6.8. If Eé(é) is a basic model space for J-orth.sp.f. E, satisfying (6.1) and (6.2), and W

is the corresponding operator of similarity, then the orth.sp.f. E \, induced on the Hilbert factor space =
K/ Hy by the J-orth.sp.f. E,, is similar to the operator family X, acting in L (&), and the corresponding

operator of similarity W LZ(¢) »—>:le is induced by the operator W.

Thus the choice of Lé (&) as a source for constructing a basic model space zé (&) isrealized

in the same class of spaces as for the orth.sp.f. E, and does not depend on a canonical scalar
product on K.

Proposition 6.9. Let spaces L2(&) and L2(&) be expansions of a space L (&) generating, respectively,
by collections | gj(f)}j;1 and {g;(t)) ;‘:l with (6.16), let both L2 (&) and L2 (&) be a basic model space
for the same J-orth.sp.f. Ey with (6.1) and (6.2), and let WO and W?) be the corresponding operators
of similarity. If for every function f (t) € L2(&), the relation

(WO - W) f(t) € Hy, (6.34)
holds, then the spaces L2 (&) and L2 (&) coincide as vector subspaces in Ms(&).

Proof. The complete proof will be divided in several stages. First, consider the case

WWLZ(&) = WALL(E). (6.35)
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This equality means that, in particular, the basic model spaces ié(é) and ié(é) were
constructed according to the procedure mentioned during the proof of Theorem 6.5 using the

same decomposition K = H1+H;, but, generally speaking, a different choice of scalar products
¢, )Y, ()@, and (or) basis in H#;. Put

e) =WOg(t), e =WAg®), j=12,..k (6.36)

Since the Hilbert structure of the spaces ié(é) and Eé(é) is not in question, only the choice of

k k
the bases {e](.l) }1 and {e](.z) }1 in JHq is important (if scalar products are different then
corresponding bases are necessarily different). Let

a’(a) = (E)x, e, aP(a) = (E(a)x,e”)?,

k 6.37
AcC[-1;1]1\ {0}, xeH,, e](.z):Zyﬂel(l), i=12,...,k ( )
=1
Then, by (6.19) and (6.21)
i (8) = [ (70,50 o0, () = [ (70,000, (638)

_ w1 — (r@y-L (1) k @) k ..
where f(t) = (WW)"x = (W®) " "x. But {a]. (A)}1 and {a]. (A)}1 are the coefficients of de-
k k
composition for the same vector with respect to bases {e](.l) }1 and {e](.z) }1, respectively. Thus

(6.37) gives the collection of equalities al(z)(A) = Z;‘:lyﬂa;l)(A), j=1,2,...,k hence
k
qugwkwm=f<ﬂm2n@m>mm. (6.39)
A A e

j=1

Since the segment A is arbitrary and f(t) runs through the set of all functions from L2(¢), this
equality gives

k
q® =D g, j=12,... k (6.40)
j=1

Thus L2(¢) > L2(&). Since the spaces L2(¢) and [2(£) have an equal status, the inverse

inclusion is also true. So L%(&) and L2(&) coincide as subsets of My(&). The proposition is
proved under (6.35). B
For the second stage assume that the model spaces L2(€) and [%(&) are constructed

using different decompositions of the space e’@: that is, H = Hq -i-eléél), H = H -Hk@f), but the
basis in #; and, moreover, the scalar product in #; for both spaces are the same. Thus

ei=WOgt) =W%(t), j=12,...,k (6.41)
Next, the space Jé;z) can be represented in the form

H = {x+ Qx) e (6.42)
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where Q : Jléz) — H; is a linear operator. It is clear that Qx = Z}‘zlej (x,zj), where {z; }’f isa

vector set from Jé;l). Note that the equality
(WD) = (W) (x + Qx) (6.43)

holds for all x € #.". Indeed, if f(t) := (WD) lx, then by (6.42), W f(t) = y + Qy, where
yE Je§”. This implies (W - W @) f(t) = x — y - Qy, and thanks to (6.34), one has x = . Since
W@ is a one-to-one mapping, (6.43) is proved.

Now, let x € Jéél) N (E(A)H+H1). Then by (6.15), the representation H = e@l-'ke’(fél)
implies E(A)x = x + Z;»(:lej (x, s](.l)), where (cf., (6.19))

sV =Wha®F®), j=12,...k (6.44)

soif (W)™ x = f(t), then
E(A)x = x+Ze,f (f(®),8(1)) do(t). (6.45)
The last equality can be rewritten as

k
E(A)x = (x+Qx) + Z ej(x, s
= (6.46)

k
—(x+Qu)+ e f FO,5:(0) - &(0) ,do(t),
=1

where ;(t) = (WD) 'z; € Lz(é) j =1,2,...,k. On the other hand, by (6.15) and (6.43), the
representation H = Hy +e@ and the equahty E(A)x = E(A)(x + Qx) imply

k
E(A)x = (x+Qx) + Z e; L (f(1), (1)) do(t). (6.47)
j=1

The comparison between (6.46) and (6.47) gives

k k
Se; L (F1), 3(1) do) = 3 ejL (F0,5() - (1)) o (?). (6.48)

=1 =1

Since the function f(t) is subjected only to the condition f(t) = ya(t)f(t) € Lé (&) and the
closed segment A is arbitrary, then §;(t) = g;(t) — ¢;j(t), j = 1,2,...,k. The proposition is
proved under Hypothesis (6.41). The general case can be reduced to the two particular cases
considered above, so the rest is straightforward. O

The following proposition is a partial inverse of Proposition 6.9.
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Proposition 6.10. Let spaces I2 (c‘,) and lz(é) be the expansions of a space Lz(é) generated,
respectively, by collections {g;(t )} and { g](t) | satisfying (6.16). If L2 (&) and L2 (&) coincide

as vector subspaces in Mz(&) and the space Li (é) is a basic model space for some J-orth.sp.f. E) with
(6.1) and (6.2), then the space LZ(&) is also a basic model space for E,.

Proof. Let W be the operator of similarity for E, that corresponds to the basic model space
Ijé(é). The scheme of the proof will be the same as for Proposition 6.9; two particular cases will
be considered and the superposition of these will give the general case.

So let a system {g;(t) } be such that

k
g =D yg®, j=12,...k (6.49)
=1

Set H := WLZ(€). The corresponding decomposition H = H+H, (generated by W) will be
taken also for the construction of an operator of similarity W’ corresponding to L2 (€). First, set
W'f(t) := Wf(t) for f(t) € L2(&).

Next, for x € H#H,, x = W f(t), one has

PLE(A)x - Ze, [ 70, 50) 00, (650)
this, jointly with (6.49) implies
PE(A)x = Ze f (f(1), (1) do(t), (6.51)

where e =30 e j = 1,2,..., k. The vector system {e;}’il is taken as the new ortho-

normahzed basis in H#; (so, generally speaking, the Hilbert structure on & is redefined). Set
W'g(t) == e ,j=1,2,...,k. Case (6.49) has been finished.

Now let g = g](t) +¢i(h), (B € I2(E),j =1,2,... k. Put

k 1
W E(H) =Wft)+ > e J 1(f(t),§]~(t))édo(t), (6.52)
[

where f(t) € LZ(&) and W'gi(t) = ej, j = 1,2,...,k, that is, H#, = W'LZ(€). Note also that
the Hilbert structure of #; does not change. It is easy to check that the operator W' and the
decomposition H = H1+H, are as required. O

Remark 6.11. The proof of Proposition 6.10 shows that, if L2 (&) is a basic model space for J-
orth.sp.f. Ey with (6.1) and (6.2), W is a correspondlng operator of similarity, and I2 (&) and
W are conformed with the decomposmon H = Hy+Hy, where Ky = WA (&), then for every
different decomposition H = +#,, it is possible to find a new Hilbert structure of the vector
set ié(é) (evidently this change does not touch Lé(é)) and a new isometric map (an operator
of similarity) W": L2 (&) & such that W'LZ(€) = H) and (e.g., (6.34)) (W - W')LL(&) C H.
An analogous proposition can be formulated for a change of the given Hilbert structure on #;.
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Remark 6.12. Propositions 6.9 and 6.10 show that the Hilbert structure of the basic model space
Lé(é) introduced during an expansion of Lé (&) is not, in some sense, really important. On the

other hand, an example mentioned below demonstrates that spaces I:é (&) and ié (&) obtained
as different expansions of a common space L2(£) can be basic model spaces for the same
J-orth.sp.f. Ey and be different vector subspaces in Mé(é). Thus (6.34) in Proposition 6.9
cannot be omitted.

Example 6.13. Let  be the totality of triples (yh, ée, f(t)), where h and e are some fixed abstract
vectorsy,{ € C, f(t) € Ltz((C), so the measure defining the space Lf((C) is the standard Lebesgue
measure. For x1 = (y1h, &ie, f1(t)) and x2 = (y2h, &2, f2(1)), put

— 1 —
(31, %2) = 11T, + 81k + j AOF, 0,
= (6.53)

— 1 —
[x1, %2] = 11&, + &17, + Lfl(f)fz(f)dt-

Next, let

E;x = <o, <yf:(1 /) dt + fl(l/t)dt> e, Xt-un (O ((y/H) + f (t))>, (6.54)

for T € [-1;0), and let
Erx= <yh, <<§ - flwdt> e Xm(BF () + M) (655)

. B t
for T € (0;1].

Direct verification shows that E; is a J-orth.sp.f. with (6.1), (6.2). In the capacity of
a basic model space for E;, one can take, first, the space I:f((C) generated by Lf((C) and
g(t) = 1/t, or, second, the space L?(C) generated by L?(C) and g(t) = (1/t)e'’!. In the first
case, W(¢g(t) + f(t)) = (0,&e, f(t)) and in the second case, W' (¢g(t) + f(t)) = (0, &e, e/t f(£)) (W
and W' are the corresponding operators of similarity). At the same time, the spaces L?(C)
and if((C) form different vector subsets in M;(C) because [lim,_,o fal g(t)e’i/ tdt| < oo and
lim, .o f; 3(t) e /tdt = oo, that is, unbounded elements g(t) and g(t) are linearly independent
modulo LZ(C).

Theorem 6.14. Let spaces L2(&) and L% (&) be the expansions of a space L2 (&) generated, respectively,
by collections {g;(t) };.‘:1 and {g;(t) };.(:1 with (6.16). Then L2(&) and L2 (&) are basic model spaces for
a common J-orth.sp.f. Ey with (6.1) and (6.2) if and only if there is a unitary-valued function U, of the
type (3.23) such that the sets ié(é) and {thf(t) }f‘(t)etg(é) coincide as vector spaces in Mz(E).

Proof
Necessity

By virtue of Remark 6.11, one can assume that, for model spaces ié(é), Lé(é), and

corresponding operators of similarity W® and W, there exist the same representation # =
H1 @& H; and the same Hilbert structure on ;. In this case, the operator % : Lé(é) — Lé(é),

U = (W)W is well defined. Direct verification gives %{X, ig(é)}* = (X, L2 (&)},
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which implies U{X;, zé &) = {Xs, Iié(é) JU. Since the subspace Lf_r(é) is invariant both for
X; and U, these two operators commute on Lé(é). Moreover, for every closed interval A C
[-1;1] \ {0}, the condition X(A)g;(t) € Lé(é) holds for all g;(t), j = 1,2,...k. The rest follows
from Proposition 3.15.

Sufficiency

By Theorem 6.7, one can construct a Pontryagin space & and a J-orth.sp.f. E, such that ié(é)
is a basic model space for E,. The rest follows from (3.23) and Proposition 6.10. O

The results obtained above show that the choice of a basic model space ié(é) for J-
orth.sp.f. Ey with (6.1) and (6.2) is reduced (up to a finite number of functions) to the choice
of a standard Hilbert space L2(&). The last choice is not uniquely defined. The arbitrariness
of the choice of Lé (&) can be diminished if one takes in consideration only the standard
Hilbert spaces orderly decomposable on uniform components. In the latter case, the choice
is reduced (see [25, Theorem VIIL.6]) to the choice of scalar measure in the corresponding class
of equivalent measures. Note that, if L2() is orderly decomposable on uniform components,
then it is naturally embedded to the space Mz(&) and, therefore, this space is also orderly
decomposable on uniform components. Moreover, the space Mgz(&) does not depend on o (t)
but on the corresponding class of equivalent measures. This reasoning leads to the following
theorem.

Theorem 6.15. Let ié(é) be a basic model space for J-orth.sp.f. E) with (6.1) and (6.2), and let the
space L%(&) be orderly decomposable on uniform components. Then every basic model space for E,
constructed as an expansion of a standard Hilbert space orderly decomposable on uniform components
has the following form;

1 -
—U,f(t , 6.56
{<P(f) S )}f(t)eig(e) (6:56)

where @(t) is a fixed scalar function satisfying the conditions ¢(t) > 0 a.e. on [-1;1], and
f_ll @*(t)do(t) < oo, and the operator-valued function U, is subject to (3.24). Conuversely, every
functional vector space of the form (6.56) is a basic model space for Ej.

Remark 6.16. Let us consider an interpretation of Theorem 6.15 for the case of J-orth.sp.f. E,
with simple nonsingular multiplicity (in particular, E, can be cyclic although this condition
is not necessary). In this case, L2 =(&) converts to the space L2(C) of scalar functions, and U;
converts to the multiplication operator bl?I a function ®®, where d(t) : [-1;1] ~ [0;27) is a
Ho-measurable function. Next, let {g; t) , be a collection of unbounded elements generating

the expansion L2(C) that is a basic model space for E,. Then every basic model space for E,
constructed as an expansion of a standard Hilbert space orderly decomposable on uniform
components has, as a subset of M (C), the following form:

{ zt) < ft) +e®® Z Yigi (t)> } . (6.57)

FHELZ(C) y1,..xEC
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Concluding this part, let us consider an estimation of the norm of a J-orthogonal
projection E(X), where the set X satisfies (6.5) and the conventions given above on the choice
of the canonical scalar product on < are preserved.

Proposition 6.17. If, under the mentioned above conditions, E(X) # 0, then |E(X)|| = 1+ ||E12(X)]|

Proof. If E15(X) = 0, when the desired formula directly follows from (6.8), (6.9), so we assume
that Elz(X) # 0. Let

Vixeds, yeds, [xIP+lyl?=1. (6.58)

Then |[E(X)|*> = sup, , { |E(X)(V~'x+y)|[*}. On the other hand taking into account (6.9), (6.11),
we have [E(X)(V™'x + p)II* = [En(X)E},(X)x + En(X)yl* + [E,(X)x + En(X)yl* < (1+
|Ex(X)|?) - IE7,(X)x + E12(X)y|]%. A first step is an estimation of [IET,(X)x + Exn(X)yl%. Since
E»(X) is an orthogonal projection, it is clear that it is enough to consider the case Ex (X)y = y.
Next, [[Ef,(X)x + yl| < [ELCOlx] + Iyl < VIE*GOI? + 1 - 4/llx[* + [[yl* = VIE*(X)]]* + 1.

Thus
|EX)(V'x+y) ||2 < (1+ [|E12(X) ||2)2. (6.59)

The proof will be finished if vectors x and y, satisfying (6.58) and converting (6.59) to an
equality, can be found.
Since the operator E7,(X) is finite dimensional, there is a vector z # 0, z € H#; such that

|1 EL(X)z] = |EL O 1=l (6.60)

Let
| E2(X) ||z E;,(X)z

2B CO P +1 Lz VIECOIF + 1

Since Ex(X)E;},(X) = E},(X) (see (6.9)), y is well defined. Then

(6.61)

EL,(X)x+y= <||E12(X)|| — 1 > _ E;n(X)z
”E12(X)” ||Z|| ”E*(X)||2+1
(6.62)
En(X)z
“A|EO|F +1 ——22=
=Tt IE;, 0|
Finally (see (6.60)), [|E12(X)E$,(X)z|| = [|E12(X)I|Ef,(X)z]l. -

Proposition 6.18. Let ié (&) be a basic model space for J-orth.sp.f. Ey with (6.1) and (6.2), and let
{gi(t)} ;'(:1 be the corresponding system with (6.16). Then

k k
i S 150100 < lEol < [ S5 0lEdon. (669
Xj=1 X j=1

Proof. Let {ej}’f=1 be the orthonormalized basis in #; corresponding to the system {g;(t) };;1'
Then the operator Ej,(X)E2(X) has, with respect to this basis the matrix representation
(Ymj)kxk With the elements y,,; = jX (8m(t),8i(1) (Ao (t). The rest is a usual estimation for the

norm of a positive matrix. 0
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6.3. A functional model for E, (the general case)

In the previous subsection, we studied J-orth.sp.f. Ey with (6.1), (6.2). Now, we turn to a more
general case dropping (6.2). It implies that (6.9) and (6.11) must be substituted by some new
ones. Let us conserve (6.3), (6.15). However, it is necessary to take into account that, now,
generally speaking, the subspace <, is indefinite. Recall that J-orth.sp.f. E, belongs to the
class Dy, so there is an E,-invariant pair of J-orthogonal maximal semi-definite pseudoregular
subspaces £, and £_ with finite-dimensional isotropic part; moreover, due to (3.15)(b), we can
assume that, for every closed interval A C [-1;1] \ {0}, the subspace (E(A)H) N £. is positive
and the subspace (E(A)<#) N £_ is negative. Thanks to the hypothesis, the following subspaces
are well defined:

#,= CLin {E(A #_ = CLin {E(A)L.). 64
e AC[(El;ll]rQ{O}{ (8)2.}, < AC[(;l;llﬂlo}{ (8)2-} (6:64)

Set
Hi=HyNH,, Hy=HNH, (6.65)

and assume that a fundamental scalar product on J# is simultaneously canonical for the
subspace H & H; and, on the last space, compatible (see Definition 3.4) with the given
decomposition of the subspaces

Hyrky,  Hyr. (6.66)
Thus
0VvV1lo
]|J0+J€1 4'412 = vV o 0 ’ (667)
0 0 )

where the operator V is the same as in (6.10), and ], is a canonical symmetry of the form [, -]
on JH». Then, for X satisfying (6.5), the elements of the matrix realization

0 0 0
E(X)|J€0+Jl1+dlz = <E10(X) 0 Elz(X)> (6.68)
Ex(X) 0 Ex(X)

satisfy (cf. (6.9)) the following relations

Eq10(X) = Ena(X) 2E},(X)V; Ex(X) = FER(X)V;

(6.69)
E3,(X) = E},(X) = E4,(X) = Exn(X); Epp(X)Exn(X) = Ena(X).
Here, EgZ(X) is the operator J-adjoint to the operator Ex(X) (note that now <#; is a Krein
space). We note also that (6.11) remains valid.
Now, let 2 - Lé (&) be a standard Krein space (see Section 3) and let { §j(t)};<=1 be a
system of unbounded elements conformed with the operator-valued function X, and linearly
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independent modulo 2 - L%(&) (ie., {(r}]-(t)};f:1 satisfies (6.16)). Denote, by 2 — ié(é), the
linear span generated by the space 2 — Lé(c‘,) and the system {g;(t) };.‘:1. Define, on 2 — ig(a),
structures of Hilbert and Krein spaces in the following way: on 2 — Lé(é) both structures
coincide with the original structures, and functions of the system {g;(t) };.‘:1 are, by definition,
positive (as elements of the Krein space), mutually orthogonal and J-orthogonal, normalized
and J-normalized, and orthogonal and J-orthogonal to 2 — Lé(é). The space 2 - Lé(é) is said
to be the expansion of 2 — Lg(é) (generated by the collection {g;(t) };.‘zl).

Theorem 6.19. Ifa J-orth.sp.f. E, satisfies (6.1) (but not (6.2)) and a scalar product on H is compatible
with (6.66), then there are, first, a subspace J — Lé(é) and a system {gr]-(t)};‘=1 with (6.16) forming

together the space 2 — ié(é), and, second, an isometric J-isometric operator W: 2 — ié(é) — ;’Z
WLZ(&) = Ho, such that, for every A € [-1;1],

E=w.-xt-w)!, wi=(hev)w, E=w'x.WH", (6.70)

where Xy = {X), 2 - L(&)}, k = dim o, = dim .

Proof. Since the scalar product (-,-) on &#; is canonical and conformed with the decomposition
Hy = HI[+]H;, the spectral function PE) is simultaneously orthogonal and J-orthogonal.
Then for P,E,, by Proposition 4.3 and in concordance with Definition 4.2, there exist a model
space 2 — LZ(€) and an operator of similarity W». The rest of the proof is analogous to
the corresponding stage of the proof for Theorem 6.5 taking into account that (6.9) must be
substituted by (6.69). O

Remark 6.20. Under the Conditions~of Theorem 6.19, the operator function E 1 is similar not only
to the operator function {Xﬁ, 2- Lé(é)} but also to the operator-function {X7, Lé(é) }, where
the space ié(é) is formed by the standard Hilbert space Lé(é) (it is the same as for Q—ié(é))
and the system of unbounded elements {g;(t) = 2g;(t) };‘:1. Thus the properties of the operator-

valued function E, (as well as for ED do not depend on either (6.2) is fulfilled or not for the
operator-valued function E). However this dependence exists for the J-orth.sp.f. E,, and this
fact is connected with the different structure of the operator Eo(X) in (6.9) and (6.69). Note,
in particular, that, if (6.2) is not fulfilled, then the estimation for the norm of operator Eq,(X)
given in Proposition 6.18 remains true, but at the same time, the equality for ||E(X)|| from
Proposition 6.17 is, generally speaking, incorrect.

Example 6.21. Take the space & coinciding with 15, denote {u,,};._; the canonical basis of this
space, that is, u; = (1,0,0,...), u = (0,1,0,...),..., and define the canonical symmetry | by
the equalities Juy = w1, Jur = uo, Juoms1 = Uzms1, JUom = —Uzm, m = 1,2,..., and the spectral
function E, by the relations

(i) Ex = 0 for every A < 0;

(i) if A > 0, then (I — Ex)uo = 31 /ey (M20n-1) — U2m-1), (I = Ex)ur = 0, (I = E\)un(m-1) =
Uy(m-1) + U1, (I = E\)tpm-1 = gy + 1y for 1/m € [A;1), and (I — Ex)uzgm-1y = (I -
E\)uzym 1 =0forl/m ¢ [A;1).
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For Ay, = [1/m; 1], one has ||[E1n(Ay)|| = V2(m —1) and ||[E(A,,)|| = v2m — 1. Note that,
here, the values ||E12(A,)|| and ||E(A,,)| have the same order of growth for m — co. Note also
that E1o(A) = 0 for every closed segment A C [-1;1] \ {0}.

Definition 6.22. If, for (6.3) and (6.65), a relation between a J-orth.sp.f. E, satisfying (6.1) and
a space 2 — L2(&) is given by (6.70), then 2 — L2(&) is said to be a basic model space for E,
(compatible with (6.3), (6.15), and (6.66)) and the operator W is said to be an operator of
similarity corresponding to this space.

Note that Definition 6.22 does not contradict Definition 6.6, but amplifies it; if, for J-
orth.sp.f. E), (6.2) is fulfilled, then 2 = I, so the canonical scalar product is uniquely defined
on H#; and coincides with [, -].

Now, we show that every space 2 - ig(é) can be considered as a basic model space for
a suitable J-orth.sp.f. E, € Dy.

Theorem 6.23. Let a space 2 — ié(é) be the expansion of a standard Krein space 2 — L (&) generated
by a collection {g;(t) };.‘:1 satisfying (6.16). Then there exist a Krein space K and a J-orth.sp.f. Ey on H#

such that Ey € D and 2 - ié(é) is a basic model space for E,.

Proof. Let H be the set of triples (u,v, f(t)) with u,v € C*¥ and f(t) € 2 - L(&). For x; =
(u1,v1, f1(t)) and x2 = (u2, vy, f>(t)), put (see (4.3))

(x1,%2) = (w1, 12) g + (01, 02) 0 + (f1(8), f2 (D) 12 o)

6.71
et = (11,02) 0+ (01,2) 0 + [0, FoO] e o7

Next, let {ej};.:l be the canonical basis in C¥. For the intervals A = [a,f), where 0 ¢ A and
a # 0, we put

k
E(A)(e),0,0) = (0, > [XA(t)gj(t)/XA(t)gm(t)]Lé(é) 'em,xA(t)gj(t)>
m=1

for j=1,2,...,k, E(A)(0,v,0) = (0,0,0) for every v € C¥, (6.72)

k
E(A)(0,0, f(1)) = <0, > Dea®f (0, xa(OZn(B)] 12 - em/XA(t)f(t)>'

m=1

Direct verification shows that E(A) generates a J-orth.sp.f. satisfying (6.1). The rest of this
proof looks like the corresponding part of the proof of Theorem 6.7 with some evident
modifications. O

Next, the basic model space is constructed not only via the J-orth.sp.f. E, itself and via
the subspaces # and H; naturally generated by E, (note that, in this case, it is convenient
to consider the mentioned subspaces as linear topological spaces), but also via some other
subspaces and via the Hilbert structure introduced on & and <#; that can be defined with
some ambiguity.
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Proposition 6.24. Let a space Q—iz (&) (i.e., the expansion of standard Krein space 2—L% (&) generated
by a collection {g; (t)} with (6.16)) be a basic model space for a J-orth.sp.f. Ey compatible with (6.3),
(6.15), and (6.66). Then for every different decomposition

H=H+H, K= [+H]L, (6.73)

where £, and £_ are, respectively, uniformly positive zmd uniformly negative subspace, and H1+£. and
H1+L_ are Ey-invariant, there is a collection { g](t)} with (6.16) such that the expansion J- Lz( )
of 2 - L2 (&) generated by g](t)} is also a basic model space for E) compatible with (6.3), (6.15),
and (6. 73)

Proof. Note that a collection of unbounded elements {g; (t)};f:1 is uniquely defined by a set
composed by the following components: a choice of a normalized basis in #1, a decomposition
H = H1+H),, and an isometric J-isometric map W,: 2 — Lé(é) — H,. This collection always
exists for the mentioned set, so it is enough to show the existence of W,. Consider two cases.

(1) Let H,, = H,. Thus, on the Krein space #», there are two different P,E)-invariant
canonical decompositions. Then, thanks to Proposition 3.8 and (6.70)

-1
PEle, = Dig 2,0 WoXa W3 (Diws s f22) (6.74)

so one can take Wé = D{ezg;ﬁ/gi],[gﬂg?}WQ.
(2) Let H, # H, and let the pairs {H], H, } and {£,, £_} be related by a condition of the
type (3.9). Then by Remark 3.6 and Proposition 3.7, one can take W) = Tt Wo.

Now, let us pass to the general case. Let £, := -/”JZle,Je’Z#; and &' := -/nlelez,dz;#; Then
H), = £ [+]£", and one can take

W3 =Die, e e, ) MG, - W (6-75D)

Corollary 6.25. Assume that E) is a J-orth.sp.f. satisfying (6.1), (6.3) is fixed, and 2 — L%(&) is a
standard Krein space. Then, independently of any realization of (6.73), an expansion of 2 — L2 (&), that
is a basic model space for E, compatible with (6.73), exists if and only if there is a J-isometric operator
W : 2= L2(&) — Hy such that

PEy|w, = WoX W, (6.76)

Remark 6.26 (cf., with Proposition 6.8). Let ,le be the factor-space of elé generated by ;. Then
o is a Krein space and E, induces, on this space, the J-orth.sp.f. E 1. Note that the unique
peculiarity of E ) is regular and can be removed, so, as a slight abuse of terminology, one can
say that E 1 has no peculiarities. It is clear that W, in (6.76) exists if and only if there exists a

J-isometric operator e 2-L(¢) H‘je such that E A:{){/ Xi WL Taking this reasoning
and Corollary 6.25 into account, one can say that an arbitrariness in the choice of a basic model
space for J-orth.sp.f. E, satisfying (6.1) does not depend on the choice of P, but essentially
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depends on an arbitrariness in the choice of a basic model space for J-orth.sp.f. E; with the
empty set of peculiarities. The last problem was considered in Section 4.

Proposition 6.27. Assume that spaces Q—ié(é) and Q’—Lé (&) are constructed on the base of the same
space L2 (&) passing by the following way: first, introduce on it two (maybe different) sesquilinear forms
by fundamental symmetries 2 and 2'; second, expand these two standard Krein spaces using collections
of unbounded elements {g;(t)} ;.(:1 and {g;(t)} ;.‘:1, respectively. Assume also that, first, 2 — ié(é) and
2 — L%(&) are basic model spaces for a J-orth.sp.f. Ey, second, WO and W@ are corresponding
operators of similarity, and, third, every function f(t) € L(&) satisfies (6.34). Then 2 = 2’ and
the spaces 2 — LA(&), and 2 - L(&) coincide as subsets in Mz(&).

Proof. Condition (6.34) implies that [W® £ (t), WD £(£)] = [W®@ £(t), WP £(t)] is true for every
f(t) € Lé(é), SO [f(t)rf(t)]g_i%(g) = [f(), f(H)])_r2(¢)- Hence 2 = 2'. The rest of the reasoning
is similar to that of Proposition 6.9. O

Comparing the last proposition with Proposition 6.10, note that the fulfilment of (6.34)
is essential for the simultaneous coincidence 2 — L2 (&) with 2’ — L2(&) as subsets in Mz (£),
and 2 — Lé (&) with 2’ - Lé (&) as standard Krein spaces, but at the same time is not necessary.

Theorem 6.28. Assume that spaces 2 — ié (&) and ' - Lé (&) are constructed on the base of the
same space L2 (&) passing by the following way: first, introduce on it two (maybe different) sesquilinear
forms by fundamental symmetries 2 and 2, and second, expand these two standard Krein spaces using
collections of unbounded elements {g;(t) } ;‘:1 and {3;(t)) ;‘:1, respectively. Then 2~L2 (&) and 2'-L%(&)
are basic model spaces for a common J-orth.sp.f. E, satisfying (6.1) if and only if there exist operator
functions U, and M,, t € [-1;1], with (3.24) and (4.7), respectively, such that the sets ié(é) and

{Mtlltf(t) }f(t)eig(é) coincide as subsets of Mz (&).

The proof of this theorem is similar to that of Theorem 6.14.

6.4. The passage to |-symmetric operator families

Up to this point, we discussed model representations not for a family ) € D; but for a
J-orth.sp.f. E, with the unique spectral peculiarity in zero subjected to the condition

There exists £, € MM*(H) N h* such that for every
A € R\ {0} itis true E; £, C £, and for every closed
interval A ¢ R\ {0} there is the decomposition
E(A)H# = E(A) &, [+]E(A) L.

(6.77)

Now, let 9 € Dj be a J-symmetric commutative operator family. Then its linear span
contains a family (not uniquely defined) ), of J-s.a. operators such that the linear span of
2, coincides with the linear span of ). In [20], it was proved that there is the decomposition
H = Hye[+]Him, where H,, and H;, are Y-invariant, all operators from 2),|x, have real
spectra, dim #;,,, < oo, and, at least, one J-s.a. operator from Alg 9)|,, has no real points in its
spectrum. Let E) be an e.s.f. for 9|, . Extend the action of E, for all # setting E,|,, = 0. This
extended function E, is said to be an e.s.f. of 2. Comparing Theorem 3.11 and Theorem 6.19, it
is easy to obtain the following result.
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Theorem 6.29. If9) € Dy is a commutative J-symmetric family, its e.s.f. E\ satisfies (6.1), a canonical
scalar product on H is compatible with (6.66), 2 — LZ(&) is a basic model space for E,, and W is a
corresponding operator of similarity, then, for every operator A € ), there is a function ¢(t) such that
A=who-w)', A=w.T w7, (6.78)
where A' := (Py ® Py)A| i, the space H' and the operator W' are defined via (6.15) and (6.70),
O ={D,2-Li(&)}, and @ is the multiplication operator by @(t) also acting in the space 2 — LZ(&).

Remark 6.30. If, under the conditions of Theorem 6.29, J-orth.sp.f. E, satisfies (6.2), then the
space J — ié((‘,) must be substituted by the space ié(é), and, respectively, the operator o
must be substituted by the operator .

Definition 6.31. If ) € Dy is a commutative J-symmetric family and E, (satisfying (6.1)) is its
e.s.f., then a basic model space for E, is said to be also a basic model space for ).

Remark 6.32. Assume that 9 € Dj is a commutative J-symmetric family, its e.s.f. E, satisfies
(6.1),and 2- zé(é) and W are, respectively, a basic model space and a corresponding operator
of similarity for 9). If, under these conditions, an operator A € ) and a function ¢(t) are related
by (6.78), then, according to Definition 3.12, the function ¢(t) is a portrait of the operator A
(with respect to E,), and the operator A is an original (not unique in the general case) of ¢(t)
in Q). Itis clear that the portrait of an operator does not depend on the choice of the basic model
space 2 — ig(é) and can be found via (3.15)(c), but at the same time depends on the choice of
E,.

Remark 6.33. Theorem 6.29 brings a natural problem concerning a characterization of functions
that can be portraits for operators from a given commutative J-symmetric operator family
2 € Dy with a fixed choice of J-orth.sp.f. E,. A partial answer to the problem is contained by
Propositions 5.4 and 5.5. Indeed, under the present conditions, the function v(t) from (5.5) has
the form

t
f G(t)do(t), te[-10), .
-1 where G(t) =1+ Y [|§(1)|[3- (6.79)

v(t) = .
-j G(t)do(t), te(0;1], =1

7. Closing remarks

Spectral functions are a traditional source for constructions of model spaces for different classes
of normal operators in Hilbert spaces, so it is natural to use the same approach in Krein
spaces. The first theorem concerning the existence of spectral functions for sr-s.a. operators
was published by Krein and Langer in [28] (see also [6] for detailed proofs). The spectral
functions introduced in Section 3.2 are a particular case of generalized spectral functions [1].
Our definition is inspired by spectral measures arising in the operator theory in indefinite
metric spaces (see [3, 6, 8, 29]) but formally, independent (see [30]) of this Theory. Another
development related with generalized spectral functions can be found in [31-34]. There are
some works on model representations for self-adjoint operators and algebras in Pontryagin
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spaces (the majority of them consider the case with the rank of indefiniteness 1) [35-40], (see
also [41] for more references). In [12], the case of a self-adjoint cyclic operator acting in an
arbitrary Pontryagin space was considered. The class Dj that is investigated in the present
paper differs from the well-known class of definitizable operators (see [42] for discussion) and
represents another natural generalization of the class of self-adjoint operators in Pontryagin
spaces. The notion of unbounded elements was given by the author in [43], thereupon, this
notion was used in [9], where the existence of a basic model space for a single sr-self-adjoint
operator was proved. The latter result was applied in [10] (devoted to a description of a broad
functional calculus for sr-self-adjoint operators) and [11], where the bicommutant problem for
a sr-self-adjoint operator was studied. Some remarks concerning a model representation of -
unitary operators were given in [44]. A connection between the spaces of the type L® N L3
and operator algebras was pointed out for the first time in [45] (for Pontryagin spaces with
the rank of indefiniteness 1) and [46]. On this subject, see also [47, 48]. Although the concept
of basic model spaces for commutative families of sr-self-adjoint or J-self-adjoint operators of
the Dj-class was used by the author in some previous papers, its complete description and
corresponding proofs as well as the discussion of the ambiguity of basic model spaces are
given here for the first time.
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