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1. Introduction and notations

Let (2,4, 1) be a probability space and let M = M(Q, 4, i) be the set of all #-measurable
real-valued functions defined on Q. Given a C! convex function ¢ : [0,0) — [0, o) such that
$(0) =0, ¢(t) >0, when t > 0, let L? = L#(Q, o4, u) be the space of all functions f € M such
that

J‘Q(])()tlﬂ)d,u < oo, (1.1)

for some A > 0. Since we only deal with a A, function ¢, that is, there exists a constant K > 0
such that ¢(2x) < K¢(x) for all x > 0, the space L¢ can be defined as the space of all function
f € M, where (1.1) holds for every positive number . The space L¢' is analogously defined,
where ¢' is the derivative of the function ¢. Besides, observe that for a A, function ¢ it holds
the next inequality

P(x) < xp'(x) < P(2x) < Kp(x) (1.2)

for all x > 0, and therefore L? C L¥. Moreover ¢ is a A, function if and only if ¢’ is a A,

function.
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We say, according to [1], that a collection £ of sets in 4 is a o-lattice if it is closed under
countable unions and intersections and contains @ and Q. Given a o-lattice £, we denote by z
the o-lattice of all the complementary sets of .2, that is, £ ={A°: A€ L} Denote by L#(£) all
£-measurable functions in L?.

A set C C L? is called ¢-closed if and only if f, € Cand f, / f € L? or (f, \\ f € L?)
then f € C. Then L?(.2) is a ¢-closed convex set and a lattice, that is closed for the maximum
and minimum of functions.

We will use the notation f A ¢ = min(f, g) and f V g = max(f, g). Aset C C L? is called
a o-complete lattice if and only if A\ nfn = infuenfn € C and V, o fr = sup,onfn € C for all
sequence { f,},.y C C.

It is well known, see [1], that for every f € L? there exists an element ¢ € L?(£) such
that

| 907 -sghdp= inf, [ 407 -H)an 13)

heL? (L)
Denote by 5 (f) the set of all g € L?(£) satisfying (1.3). Each element of yi5/(f) will be called
a best ¢-approximation of f given L?(£), and we will refer to the mapping f — /1£ (f) defined
on LY as the best approximation operator.

It is showed in [1] that for f € L? the set y?’f( f) is a nonvoid o-complete lattice. Also it
was proved that if f < g, bothin L?, fi € uj(f) and g1 € p5(g) then we have fi A f € pg(f)
and fiV f» € ‘uf( g). In this case, we say that the multivalued operator ,uf (f) is a monotone
operator.

The main purpose of this paper is to extend the best approximation operator to the set
LY. The case ¢(t) = t?, p > 1, was extensively treated in [2] and the best L' approximation op-
erator is extended to all measurable functions in [3]. The extension from L? to L?' is considered
in [4] for a C! function ¢ which is strictly convex and ¢'(0) = 0.

Now in this paper we consider a C! convex function ¢, ¢'(0) = 0, but not necessarily
a strictly convex function. Extension of best approximation operator when the approximation
classes are the constants is treated in [5-7].

The extension of the best approximation operator is ,u(f (f); for f € L¥, we will be
denoted by /iy (f). In Theorem 2.12, we prove that fij (f) #@ for every f € L¥, while in
Theorem 2.16 it is proved that it is indeed an extension, that is, ﬁf (f) = ‘uqf (f) for f € LY.
Additional properties are obtained for the set ﬁg( f) when the o-lattice £ is a o-algebra (see
Theorem 2.17) and similar results hold when £ is the class of monotone functions in LY (see
Theorem 3.2). A martingale-type result is given in Theorem 4.1 which generalizes [8, Theorem
2.8] for the particular family of measures considered in this paper.

2. Extension of the best ¢-approximation operator

We begin with some definitions and auxiliary results. The proof of the next two lemmas can be
found in [4].

Lemma 2.1. A necessary and sufficient condition for a continuously differentiable and convex function
¢ to satisfy the A, condition is that there exists a constant a > 1 such that

ud' () <ad(u) Yu>0. (2.1)
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Lemma 2.2. Let f, g bein LY. Then ¢'(|f|)g is an integrable function.
According to Brunk and Johansen [8], we set the following definitions.

Definition 2.3. Let v be a signed measure on < and let £ be a o-lattice contained in <. Say that
P € Lis a v-positive set, if for all D € £, then v(PN D) > 0. A set N € £ is called v-negative if
forall C € £Lone hasv(NNC) <0.

Definition 2.4. Let {v4},cr be a family of measures on &, and let .£ be a o-lattice contained in
4. An L-measurable function g is called a Lebesgue-Radon-Nikodym function (LRN function)
for {v,} given £ if and only if the set {g > a} is v,-positive for all a € R and the set {g < a} is
v,-negative for all a € R.

Remark 2.5. We note that in Definition 2.4 it is sufficient to impose the conditions for all a in a
dense set in R, see [8, page 588].

For f € L?, ¢ € L?(£), and a € R, we define the following measures on o/:

pe) = [ P -dp ) = [ - (22)

where ¢'(x) = ¢'(|x|)sign(x). Note that when f € LY and g € L (£), the measure Hg and p,
are well defined.
The next theorem is a characterization of ‘u(f( f), see [9, Theorem 3.2].

Theorem 2.6. Let f € L?, £ C o be a o-lattice and g € L¥(L). Then the following statement are
equivalent.

(1) g € uy(f)-
(2) (a) aset {g > a} is pg-positive for all a € R; and
(b) a set {g < a} is pg-negative for all a € R.
(3) g isan LRN function for the family {pa} ,op given L.

Now we extend the operator yﬁ () to the space L.

Definition 2.7. Let £ be a o-lattice and let f € LY. Then g is an extended best ¢-approximation
if and only if g € LY (£) and

(i) the set {g > a} is pg-positive for all a € R;
(i) the set {g < a} is pg-negative for all a € R.

For f € L? we denote by ﬁg( f) the set of all extended best ¢-approximation functions.

Remark 2.8. Let f € L? and let g be a function in L? (£) such that the set {g > a} is p,-positive
and the set {g < a} is pg-negative for all a € R. Then we have the following.

(i) Forallh € L*(£) and h > 0,

fl }g(f —g)hdu > 0. (2.3)
g>a
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Forall h e L®(£) and h > 0,
Lﬁﬂ@%f—gmdﬂso. (2.4

(i)
f P(f-g)du=0. (2.5)

Proof. We prove inequality (2.3). Since the set {g > a} is p-positive, that is, for each D € £ and
a € R, we have

L Pf - g)du >0, (26)

g>ajnD ™

For h = Zszlck,%Dk, where Dy € 2 and ck>0,k=1,...,N, then by (2.6), we have

N
[ ¢-gndu-
{g>a} — =

k=1

af @U-gduzo 27)
{g>al}

NDy —

All nonnegative h € L (£) can be obtained as a limit of functions of the above type. The proof
of inequality (2.4) is similar.

The equality (2.5) is obtained using Lebesgue’s theorem when a — co with h = 1in (2.4)
and if a — —oo consider in (2.3) also h = 1. O

As a reference, we note that (2) is equivalent to (3) in Theorem 2.6 for f € LY, g€ LY.
We have the next remark.

Remark 2.9. For f € L? and g € L (£), the following statements are equivalent:
(1) g € iz (f);
(2) gis an LRN function for the family {4}, given £,
The next lemma is a particular case of [8, Theorem 1.8].

Lemma 2.10. Let f € L and g € LY (£). Then the following statements are equivalent.

(1) g isan LRN function for the family {pa} ,cp given L.
(2) There exists a countable set D such that {g < a} is pa-negative for all a € D€ and the set
{g > a} is pa-positive for all a € D°.

We need the following auxiliary result.

Lemma 2.11. Let f, € LY be a sequence of functions such that f, /* f(fn \ f), where f € L¥". Let
8n € iy (fu) be such that g /* g(gn ™\ 8)- Then g € jiz (f).
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Proof. We will prove the result just for the increasing case, the proof for the decreasing case
follows the same pattern. The function g = lim,_...g, is obviously £-measurable function.
Now, we prove that ¢ € L?, and it satisfies (i) and (ii) of Definition 2.7. We have that

fo—8n<f-gn<f-g (2.8)

Using (2.5),
f ¢ (fn—gn)du=0 foreachneN. (2.9)
ot

According to (2.8) and (2.9), we have, since ¢'(x) is an increasing function,

fQ ¢'(f - gu)dp 0. (2.10)
Since ¢’ is a continuous function and ¢'(0) = 0, we have by (2.8) and Lebesgue’s theorem
[(@-gvodus [ @(r-g)vode @11)
Q= Q—
Now by (2.10) it holds
[ (-o¢-s)vodus| @(F-g)vope 212)
Q Q

Using Fatou in (2.12), we have

[ (-9-9)vodus [ @(r-g) v0)p 213)

Therefore, using (2.11) and (2.12), we get g € LY (Q) and fQ ¢ (f-g)du>0.
Leta eR, DeZ,andCeﬁweknowforeaChn

f ¢ (fu—8n)dp >0, f ¢ (fn—gn)du <0. (2.14)
{gn>a}nD — {gu<a}nC —
Since {g,},oy is an increasing sequence, we get ,«n{gn > a} = {g > a}, and by (2.14), we have
f ¢'(f-g)du=0. (2.15)
{g>a}nD —

Hence, the set {g > a} is pu¢-positive for all a € R.
Now, for a € Rand k,n € N, we define B, = {g, < a} and B,k = {g.» < a—1/k}. We have
that, for n — oo, Bk \, Ak for some «#-measurable set such that

{g<a—%}CAkC{g§a—%}. (2.16)
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We observe that X4, — X{¢<qa), a.e. Then taking limit as k — oo, n — co and using Lebesgue’s
theorem, we obtain

[ #U-gdu=tim [§(F - Lnee du=fimtim [ §(f-gauso. @17)
{g<alnC —®

—oo = Jp inC
nk
’ [

Theorem 2.12. Let £ be a o-lattice and f € LY, then ﬁf( f)#2.

Proof. For f € L¥ we can define the following sequences. For each m € N, let f,, = f V (-m) and
when m — oo we have f,, \ f.Set f = (f V(-m)) An for all n, m in N, then we have fi., /" fim,
when 1 — 0. Since for each m,n € N we have f7 € L, there exist g/, € yﬁ(f,’,’,). As yqf(-) isa
mono-tone operator over L? we can take a new sequence that we call again g7, € ‘ug( fr), such
that g < gl foralln € N.

Since f;, > f ., and using again that ydf(-) is a monotone operator, we have g | < g7,
where g, € ,ug (f) is the sequence defined by g1 = ¢f' and g7 ., = &/, A g, .- Furthermore, it is
easy to check that g7 < gnl.

Then, we have that for each m € N that f}. " f,, when n — oo, and since ﬂf( fr) C
jig (fm) we have g, € jig(fy) and if we define g, = lim,—gj, by Lemma 2.11 we obtain
gm € ﬁﬁ(fm) and gy > gm+1 for all m € N. If we take m — oo, we have f,, \, f and by

Lemma 2.11 we get g € ﬁ£ (f), where g = limy;,—.c; gim- O

To see that the extended best ¢-approximation is an extension of the best ¢-approx-
imation operator, we must prove jig (f) = pj(f) for every f € LY. First, we need to prove
the following lemmas.

Lemma 2.13. Let ¢ be a C' convex function and assume that it satisfies the Ay-condition. Then

=200, @19

K
p(a) + 3 ag(x-a) <
for a,x >0, where K is the constant for the A, condition.

Proof. We consider two cases. First, we assume 0 < x < a. Since ¢ is A,-convex function, we
have that ¢(a) = ¢(a — x + x) < (K/2)(p(a - x) + ¢(x)). Using x¢'(x) > ¢(x) for all x, we get

$(x) + ad'(a-x) = p(x) + (a-x+x)¢'(a-x)

> ¢(x) + Ppla—x) +x¢'(a-x) (2.19)
> %d)(a) +x¢'(a—x) > %d)(a).
Then we obtain
¢(a) - gagb’(a -x) < %g‘b(x). (2.20)
For 0 < a < x, we have
¢(a) + a%g‘b’(x —a)<P(a)+ % J;_a ¢'(t)dt < Pp(x) + ggb(x) = K; 2gb(x). (2.21)
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Lemma 2.14. Let f € L? and g € Jij (f), then

f P(f-8)gdp=0.
{§>0} —
Proof. Since {g > a} is pg-positive for all a € R, then for all D € £, we have that

[ g-gduzo
{g>a}nD —

In particular, it holds that for all a € R,

f[ §(f - )du >0,

g>a}
that is,
f P1f - ghdp > f ¢(1f - ghdp.
{g>aln{f>g} {g>a}n{f<g}
Now, we have

f:ofg f>g¢(|f 8|)dﬂda>f fgm f<g ¢'(If - ghduda.

By the Fubini’s theorem, we get

4 4
f f P - gD K jog) dadye > f f P (f - gD K req) dadp.
{g>0} /0 {g>0) Jo

Thus

[ #ir-shxipagan
(g>0}

¢'(f - gD Xr<q)8 dAp.
{g>0}

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

To see that inequality (2.22) is equivalent to (2.28) we will prove that ¢’ (f-¢) X (>¢)g € L' ({g >

0}). In fact

f ¢'(f -~ Xipg18dp < f
{g>0} {8>0} {g>0)
Since f € L by Lemma 2.2, the last integral is finite.

The following properties of the set ﬁﬁ( f) can be easily proved.
Proposition 2.15. Let f € LY, then

(1) i (=f) = iz (f),
(2) iy (f +) = jiy (f) +t forallh € R.

V- Xpafdis | FOS

(2.29)

O

Now we prove that the operator ji n £(f) is in fact an extension of the operator Iin £(f).
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Theorem 2.16. Let f € L?, then jiy (f) = p3 (f).

Proof. For f € L?, we will prove only that fif (f) C p;(f). The other inclusion follows from

Theorem 2.6. Let g € ﬁf (f) and again using Theorem 2.6 it remains to prove that ¢ € L?.
Recall that ¢(0) = 0, then

[ otehdn=[ o@dus| p-gan (2.30)
Q {g>0} {g<0}

By Lemma 2.13 we obtain the following inequality:

K+2

[ p@dnss [ ga-ggans 2 g0fhdu @31)
{g>0} {g>0} {g>0}

Applying Lemma 2.14 and taking into account that ¢'(x) is an increasing function, we get

o< gr-ggdns| FUr-ggde (2.32)
{g>0} — {g>0} —

Thus using (2.32) in (2.31), we have

K+2
[ pan< 2 gdshan 2.39)
{g>0) Q
For the set {g < 0}, again by Lemma 2.13, we obtain
K ) K+2
[ scomes| guneoepans T2 gfan @3
{g<0} {g<0) — {g<0}

Since —f + g <|f| + g wehave ¢'(-f + g) < ¢'(If| + g). Thus

[ #eripegans |  #isgan (2.35)
{g<0} {g<0}

By (1) in Proposition 2.15, -g € ﬁg(— f), and by Lemma 2.14, we have that

j ¢'(—f +8)(-g)du>0. (2.36)
{g<0} —

Therefore, j{g<0} P(-g)du < (K +2)/2) [ ¢(|f])dpu. By (2.33), we have

[ ptghan< 22 [ pasvan 27)
Q Q

and therefore g € LY. O
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Now, if consider a o-subalgebra B instead of a o-lattice £, the extended best ¢-approx-
imation operator has the following properties.

Theorem 2.17. Let f, f1, and f, be in LY, if B is a sub-o-algebra of the 5-algebra <4, then the follow-
ing hold.

(1) The set-valued function ﬁg( f) is a monotone operator.

(2) The set ﬁg (f) is a o-complete lattice, and there exist Up, Vi € ﬁg (f) such that Up < g < Vg

a.e. for every g € iz (f).

Proof. To prove (1), recall that this set-valued operator is monotone if f; < f»; thenif g € ﬁg (f1)
and g € ﬁg(fz), we have that g1 A g € ﬁg(fl) and g1 Vg € ﬁg(fz) Since L‘i’(73) is a lattice,
we know g1 A g € L(B) and g1V & € L?(B). We will prove first that g1 A g2 € i3 (f1). Set
‘uf (A) = [, ¢'(fi — a)du, where a € R and i = 1,2. We will see that g A g is an LRN function

for the family of measures { ,uﬁl } ser given B. First, we will see that for each a € R and for all
B € B, we have

‘uil({gl/\g2>a}ﬂB) > 0. (2.38)

Since {g1Agp >a}nNB={g1>a}n{gp >a}nBand {g > a} N B € B and using that g is an
LRN function of the family {4/ } ser, We obtain that for all B € B

f(fl -a)du = f ¢ (fr—a)du>0. (2.39)

f{g1Ag2>a}ﬂB {g1>aln{g>a}nB —

Now, we see that {g1 A g < a} is yf;] -negative for all a € R. For B € B, we have
{sing<alnB=({gi<a}nB)u({s12a}n{g <a}nB). (2.40)
Using f1 < f» and that ¢'(-) is a nondecreasing function, we obtain
¢'(f1—a)d#=J ¢'(f1—a)d#+f ¢'(fr - a)dp
{g1<alnB ™ {§12a}n{g2<a}nB —

I{ Ag2<a)nB —
fihesa (2.41)

<  #h-aae | ¢ (2~ a)dp <.
{gi<a}nB — {g12a}n{g<a}nB —
Thus

f ¢'(fi—a)du<o. (2.42)

{g1Ag2<a}nNB ™
By (2.39) and (2.42), we have g1 A g € ﬁg(fl)

Now we show g1V g € ﬁg (f2). Since f1 < fo and {g1 > a} isa ﬂf; -positive for all a € R
and for all B € B, we have

9'(fz-a)dﬂ=f @'(fz—a)dwf ¢ (f - a)du
{g2>a}nB {g1>a}n{g:<a)}

f{g1ng>a]ﬂB NB
[ gh-ade |
{g2>a}nB —

(2.43)
B?'(fl —a)du > 0.

{g1>a}n{g<aln
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Since

$'(fo—a)du= f ¢ (fa—a)du<o, (2.44)

{g1<a}n{g<a}nB —

.[[g1ng<a}ﬁB

the inequalities (2.43) and (2.44) prove that g; V g» € ﬁg (f2).

As the statement (1) proves in particular that ﬁg( f) is a lattice, we will see that the set
is a o-complete lattice. Given a sequence {g},oy in ﬁz (f), we have that \/7gx € ﬁg (f); then,
from Lemma 2.11 we obtain that \/,,cygn = limy—e\/1gn € ﬁg (f). The proof \,cngn € ﬁg (f) is

similar.
By [10, Proposition II.4.1] there exists a sequence g, € ﬁg( f) such that infg, < ¢ <

sup gn, for every g € iz (f). Set Up = inf g, and V3 = sup g, then Up and V5 are in /i3 (f) since
this set is a o-complete lattice. O

3. Extended best ¢p-approximation with nondecreasing functions

When the approximation class is the monotone functions defined on [0, 1] we can obtain simi-
lar results as those of Theorem 2.17. Now Q = [0, 1], p is Lebesgue measure on the measurable
sets, and £ = {(a, 1), [a,1), &, R} ,cr- Therefore, L? (£) is the set of nondecreasing functions in
LY[0,1].

Remark 3.1. Let g be anondecreasing function on [0, 1]. Given a € R, the set {g < a} is one of the
intervals [0, a,) or [0, a,] and similarly the set {g > a} is (B4, 1] or [B4, 1] with 0 < a, < B, < 1.
Then Hg = {a € R: a, = f,} is a dense set in R. In fact, the complement set of H is a countable
set.

Note that each C € £ is of the form (¢,1] or [¢,1] and D € LisD = [0,d) or [0,d]. Thus
d a,
[ g-ade=| $-aa [ §E-adu= [ Fr-ad 30
{g>a}nD — Ba {g<a}nC — c

Theorem 3.2. Let L#(.2) be the class of the ¢'-integrable nondecreasing functions in [0,1]. Then the
following hold.

(1) The set mapping ﬁq’f (f) is a monotone operator.
(2) For every f € LY, the set iy (f) is a o-complete attice.
Proof. First we prove (1), that is given f1, f, in LY with fi1 £ fo, for each g; € ﬁj (f), i=1,2

we will see that g1 A g € jij(f1) and g1V g € jig (f2). Let H be Hy, N Hy,, where Hy, is the set
given in Remark 3.1. Recall that g1 A g € ﬁf (f1) if and only if foreacha € H and ¢, d € R

j ¢'(fr—a)dx>0, f ¢'(fi—a)dx <0. (3.1)
{g1Ag>aln(0,d) — {g1Ag<aln(c,1) —
Alsog1 Vg € ﬁ£ (f2) if and only if for each a € H,and ¢,d € R,
f ¢'(f2—a)dx >0, f ¢'(f2—a)dx <0. (3.2)
{g1Vge>aln(0,d) — {g1Vge<aln(c,1) —
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First we prove (3.1). Now we see that
f ¢'(fr-a)dx >0, (3.3)
{g1ngx>aln(0,d) —
with {g1 A g2 > a} = (B7,1] N (B, 1]. Since f(pa,d) ¢'(f1 — a)dx > 0 to prove (3.3), we have to see
that
I ¢'(fr—a)dx >0, (3.4)
(B5.d) —
where fif < 5. Indeed by (%), we get

B3 d
0 La a®d'(fr - a)dx = La ¢'(fi—a)dx+ Lu ¢'(fi - a)dx. (3.5)

Since ¢'(-) is a nondecreasing function, we have

P3 d
ogj g(fz—a)dﬂj' ¢ (fi - a)dx. (3.6)
Pi B

As fﬂf ¢'(fo—a)dx <0 (5 = a3), we have f;,zz ¢'(f1 — a)dx >0, that is (3.4).
Now we will prove that

J‘ ¢'(fi—a)dx <0. 3.7)
{g1Ag<aln(c,1) ™

In fact

[ ¥ (i - = ¥ (- aydxs P (fi - a)dx
{ {g1<a}n(c,1) {g1>a)

sirg<aln(cl) — N{g<ajn(c,1) —

<f § (- aydx §(f2- a)dx.
{gi<a}n(c1) — {g2<alnl{giza}n(c1)] —
(3.8)

The last two integrals in (3.8) are less or equal than zero, so (3.7) holds. A similar argument
shows that g1 vV ¢ € ﬁf( f2). Therefore, the extended best ¢-approximation operator is a

monotone operator. By (1), we have that ﬁf (f) is a lattice, just setting f = f; = fo. Now by
Lemma 2.11 we obtain that ﬁ£ (f) is a o-complete lattice. O

4. A limit theorem for extended best ¢-approximations

Given a sequence {B,},y of o-algebras contained in the o-algebra «#, we consider two cases,
B, C By forall n € N and we set B, for the o-algebra generated by (J,,B,, and if B, 2 B, for
alln € N, we set By, = (,,enBa-

The next result is a particular case of [8, Theorem 2.8] when ¢ is a strictly convex func-
tion. This assumption on the function ¢ assures that the family of measures {p,} . decreases
at zero as required by Brunk and Johansen in that theorem.
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Theorem 4.1. Let {B,},cy be an increasing or decreasing sequence of o-algebras in o, and let
By, be the limit of the sequence. If f € L%, then we have for all g, € ﬁg"(f), n € N, that

liminf, ..g,, and limsup,_, g, arein ﬁgw (f).

Proof. Define g = lim sup,_,..gx» and 8= liminf, . g,, then we only prove that & g€ /1 p “(f),
when {B,},oy is an increasing sequence of o-algebras, the proof for the decreasing case is
similar.

First, we prove for each f € L? that the set {g > a} is ps-positive forall a € R. Let B € B,,,
and for H, = U, {8k > a — €.}, where €, decreases to zero, we have that {g > a} = (5, H,,
and for all n € N, H,,1 C H,. Now for each n € N, we define the following disjoint sets. For
p2nsetHy,={g.>a-eu},..., Hip={gp>a-e}N{g1<a-e}n---N{g,<a-e,}.
Thus, H, = U,»,Hnp, and then

[, #U-@-enau=3] (7~ (@a-en (1)

As By, C Byi1, and for p > n, we have that {g, 1 <a-e,}N---N{g, <a-e,} €B,. AsB € By
then B € B, and an'Pan'(f —(a—e€n))dp >0 form < n <p.Thus anme,(f —(a-e€n)du >0,
and by Lebesgue’s theorem, we get

j ¢ (f —a)du = 11mJ‘ ¢'(f-(a-e€n))du=0 (4.2)
{g>a}jnB —

for all B € U, enBn- Now we have (4.2) for all B € Bg. In fact, the set D = {B €  :
I {g2a)nB fl(f —a)du > 0} is a monotone class, that is, the set D is closed for increasing and
decreasing sequences of sets. As |J,nyBr» C D and this union is an algebra of sets, the mono-
tone class generated by it is B, that is, B, C D.

Now let us prove that the set {g < a} is y,-negative foralla e R. As {g < a} =,en{g <
a+1/n}and

f ¢'(f —a)du = hm f ¢ (f —a)du, (4.3)
{g<a}nB— {g<a+1/njnB —

then we have to prove that for all a € R, the set {g < a} is pu,-negative. Since {g < a} =
Unzlnkzn{gk <a-e,} = Unlen, where H,, = ﬂkzn{gk <a-e,}and e, \ 0, we have for all
n € Nthat H, ¢ H,,1. Then

[ #G-ade=tim | F-@-e)dn (4)
{8<alnB ™ =% JH,nB —
for a fixed set B € B,,.

Set Gy = Nksns118k < a — €} and note that H,, = G, N {g, < a — €,}. Then for m < n, we
have

¥(f - (a-e)du [ ¥ (f - (a=e))dp

f[g,,<ae,,}ﬂBﬁG,, - {gn<a—e,JNBNG;; —

-| P (f - (a-en)du <0,

{gn<a—e,}NB —

(4.5)
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Now, we prove the following inequality:

¢'(f - (a—en))dp20. (4.6)

f[g,,<a—en JINBNGy, —

We can see that

{gn<a-eJNBNG, = ) A 4.7)

k>n+1

where Ay are the following disjoint sets

Apa={gm>a-e,}NBN{g. <a-e,},

(4.8)
k-1
Ac={gk>a—-e,}n ﬂ {gi<a-e}n{gn<a-e,}NB.
i=n+1
Then
[ V(- (a-e)du= 3 [ ¢ (a-a)dp 9)
{gn<a—e,JNBNG;, — k>n+1
Since Ak = {gk > a — €,} N By, where By € By, we have (4.6). Therefore by (4.5), we have
f ¢'(f-(a+en))du<0, (4.10)
H,NB—
for all B € J,,enBr. Thus by (4.10), (4.4), and (4.3), we get
[ g-mduso (@11)
{g<a}nB ™

for all B € |J,,cnyBn. Therefore, the result is satisfied for all B € B,. Thus g € ﬁg“’ (f).
We have {g < a} = ,5;Hy, where Hy, = Uy, {8k < a+e€,} and e, \, 0, then H,,1 C H,
for all n € N. Since f € L? we have for all B € B,, that

[ p-ade=pm [ #0- (@ e)dn @12)
{g<a}nB — H,nB—

For p > n define the following disjoint sets H,, , = {gn < a+€,} and H,,, = {g, < a+e,}N{gp-1 >
a+e)N---N{gy > a+e,}. Then for B € B,, we have

J g’(f—(“en))df‘zz I f’(f_(a+en))dy. (4.13)
H,nB pon JHypnB
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Now if m <n <p,H,,NB={gk <a+e,} NB*, where B* € B,. Thus

J' ¢(f - (a+en))du<0. (4.14)

PN

Then by (4.12) and (4.14), we have for all B € | J,,cnB» that
f ¢'(f —a)du <0. (4.15)
[g<u}ﬁB -

Therefore, we have (4.15) for all B € B,.
Let us see now that

f{ LEU a0 (4.16)
g2ain

for all B € J,,enBa-

As {g > a} = ,en{g > a — 1/n}, we have to prove that for all a € R, the set {g > a}
is p,-positive. We have that {g > a} = Uns1Nisn 8k > a + en} = U,s1 Hu, where H, is the
increasing sequence H, = ﬂ,Qn_{ gk > a+e€,} and €, \, 0. Then we have

f ¢'(f - a)dp = lim f P'(f - (a+en))du (4.17)
{g>alnB *° JH,NnB—

Set Gy = (ksns1{8k > a + €,} and note that H, = G, N {g, > a + €, }. Then for B € B,,, m < n,
we have

o< | §(f - (a+en)dp
{gn>a+e,})NB

(4.18)
-| ¥~ (are)dus [ ¥(F - (a+en)dp
{gn>a+e, }NBNG, {gn>a+e, JNBNG,
Now, we prove
f ¢'(f - (a+en))du<0. (4.19)
{gn>a+e, JNBNGy, —
We can see that
{gn>a+e, ) NBNG, = ] Ay (4.20)
k>n+1
where Ay are the following disjoint sets:
App1 = {gn+1 < a+€n} NBN {gn > a+€n}/
(4.21)

k-1
Ac={gk<a+e}n ﬂ {giza+e,}n{g.>a+e,}NB.

i=n+1
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Then

(7 -@redu= 3 [ p(r-@redn  62)

j{ gn>a+ey, }ﬂBﬂGﬁ - k>n+1

Since Ak = {gk < a+ €,} N Bi, where By € By, we have (4.19). Therefore by (4.18), we have

j #(f = (a+en))du>0 (4.23)
H,nB

for all B € |J,,enBn. Thus by (4.23) and (4.17), we get

f{ P(f - ) >0 (424)

gZa}nB -
for all B € {J,,cnBx- Therefore, the result is satisfied for all B € B,,. Thus g € ﬁg"" (f). O
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