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1. Introduction

Let o/ denote the class of functions of the form

f(z) = z+iakzk (1.1)

k=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. If f and g are analytic in U, we
say that f is subordinate to g, written f < g or f(z) < g(z) if there exists an analytic function
w in U with w(0) = 0 and |w(z)| < 1 for z € U such that f(z) = g(w(z)). We denote by S$*, X,
and C the subclasses of & consisting of all analytic functions which are, respectively, starlike,
convex, and close-to-convex in U.

Let /U be the class of all functions ¢ which are analytic and univalent in U and for which
¢(U) is convex with ¢(0) =1 and Re{p(z)} >0 for z € U.

Making use of the principle of subordination between analytic functions, many authors
investigated the subclasses S$*(¢), X(¢), and C(¢, ¢) of the class 4 for ¢, ¢ € N (cf. [1, 2]),
which are defined by

zf'(2)
f(z)

S*(¢) = {f SRV < qb(z)inU},
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f/l( )
fl

C(p,p): {fEJ dg € S*(¢) s.t.

K(P) = {feJ 1422 <¢(z)intu},

fl
8(2)

< ¢(z) 1nU}
(1.2)
For ¢(z) = ¢(z) = (1 + 2)/(1 — z) in the definitions defined above, we have the well-known

classes S*, X, and C, respectively. Furthermore, for the function classes S*[A, B] and X[A, B]
investigated by Janowski [3] (also see [4]), it is easily seen that

L1+ AzZN B
5<1+BZ>—5[A,B] (-1<B< A<,
(1.3)
1+ Az
<1+BZ)—JC[A,B] (-1<B<A<L1).

We now define the function h(a, c)(z) by

a) k+1

h(a,c)(z) := C)k ’

(zeU;aeR; ceR\Zy; Zy ={0,-1,-2,...}), (1.4)

.
]

Ms

0

where (v), is the Pochhammer symbol (or the shifted factorial) defined (in terms of the Gamma
function) by

_Tv+k) |1 if k=0, veC\ {0},
W)= T(v) {v(v+1)m(v+k—1) if k eN:={1,2,...}, veC. (1.3)
We also denote by L(a, c¢): #—<# the operator defined by
L(a,c)f(z) =h(a,c)(z)xf(z) (z€U; fed), (1.6)

where the symbol (*) stands for the Hadamard product (or convolution). Then it is easily
observed from definitions (1.4) and (1.6) that L(2,1) f(z) = zf'(z) and

z(L(a,¢)f(z)) = aL(a+1,¢)f(z) - (a-1)L(a,c) f(2). (1.7)

Furthermore, we note that L(n+1,1) f(z) = D" f(z) (n > -1), where the symbol D" denotes the
familiar Ruscheweyh derivative [5] (also, see [6]) for n € Ny := NU {0}. The operator L(a,c)
was introduced and studied by Carlson and Shaffer [7] which has been used widely on the
space of analytic and univalent functions in U (see also [8]).

By using the operator L(a, c), we introduce the following classes of analytic functions for
p,peN,acRandc R\ Z;:

Sac(P) = {f €A:Lac)f(z) € 5*(4))},
Kae) = (f € o1 L@, 0)f(2) € K@), (1)
Coc(, ) : {fEJ L(acf(z)eC(i)qJ)}
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We also note that
f(z) € Koe(P) &= 2f'(2) € Suc(P). (1.9)

In particular, we set

1+ Az
5(@) = SaclAB] (-1<B<A<)),
(1.10)

1+ Az
ﬁ — =Jk {‘ 1; <B 1‘< .
a’c<1+Bz> aclA, Bl (-1<B<A<1)

In this paper, we investigate several inclusion properties of the classes S, (), Kac(P),
and C, (¢, ¢). The integral preserving properties in connection with the operator L(a, c) are
also considered. Furthermore, relevant connections of the results presented here with those
obtained in earlier works are pointed out.

2. Inclusion properties involving the operator L(a,c)
The following lemmas will be required in our investigation.

Lemma 2.1 (see [9, pages 60-61]). Let ax > a1 > 0. If ap > 2 or a1 + ap > 3, then the function
h(a1, az)(z) defined by (1.4) belongs to the class K.

Lemma 2.2 (see [10]). Let f € K and g € S*. Then for every analytic function Q in U,
(f*Qg)

(f*g)
where coQ(U) denote the closed convex hull of Q(U).

(U) c coQ(U), (2.1)

Theorem 2.3. Let ay > a1 >0,c € R\ Z;, and ¢ € N.If a > 2 or a1 + a» > 3, then

Sarc(P) CSayc(P). (2.2)

Proof. Let f € S,,.(¢). Then there exists an analytic function w in U with |w(z)| < 1(z € U)
and w(0) = 0 such that

z(L(a,0)f(2)
S L(ayc)f(z) $(w(z)) (z€l). 03

By using (1.6) and (2.3), we have

z(L(ay,¢)f(z))' _ z(h(a1,¢)(2)*f(z))
L(ai,c)f(z) h(ay, c)(z)*f (z)

_ z(h(az,c)(z)*h(al,az)(z)*f(z))'

h(az, c¢)(z)xh(a1, az) (z)*f (z)
h(a1,a2)(z)*z(L(az, ¢) f(2))’

h(ai, a2)(z)*L(ay, c) f(z)

_ h(ay, ay) (z)*¢p(w(z))L(az,c) f(z)

h(a1, a2)(z)*L(az,¢) f(2) '

(2.4)
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It follows from (2.3) and Lemma 2.1 that L(ay, c) f(z) € S* and h(ai, a2)(z) € K, respectively.
Then by applying Lemma 2.2 to (2.4), we obtain

{h(a1, a2) (z)*¢p(w)L(az,c)f}

{h(ar, @) (2)+L(az,c) f) (U) cco(p()) € ¢(U), (2.5)

since ¢ is convex univalent. Therefore, from the definition of subordination and (2.5), we have

z(L(al,c)f(z))/ -

(a1, o) f(2) $(z) (z€l), (2.6)

or, equivalently, f € S,, .(¢), which completes the proof of Theorem 2.3. O

Theorem 2.4. Leta € R, c; > ¢ >0and p € N. If c; >20r c1 + ¢, > 3, then
S (P) CSae, (P). (2.7)

Proof (f € Sac,(¢)). Using a similar argument as in the proof of Theorem 2.3, we obtain

z(L(a, ) f(z))' _ h(a1, a2) (z)x¢p(w(z))L(a,c1) f(z)
L(a,c)f(z) h(a1, a2)(z)*L(a,c1) f (z) !

(2.8)

where w is an analytic function in U with |w(z)| < 1 (z € U) and w(0) = 0. Applying Lemma 2.1
and the fact that L(a, c1) f(z) € S*, we see that

{h(a1, az)*h(w)L(ay,c) f}
{h(a1, a2)*L(a,c1) f}

(U) CT($(V)) C $(U), (2.9)

since ¢ is convex univalent. Thus the proof of Theorem 2.3 is completed. O

Corollary 2.5. Leta, > a; >0,c, > ¢1 > 0,and ¢ € N. Ifa, > min{2,3-a;} and ¢; > min{2,3-c¢;},
then

Sae (@) C S0 (P) C Sayer () (2.10)

Theorem 2.6. Let a > ay >0,¢ > ¢1 >0and ¢ € N. If a, > min{2,3—-ay} and ¢; > min{2,3-¢;},
then

‘/Caz,ﬁ (¢) c ‘Jcaz,cz (¢) c JC“LCZ (4)) (211)
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Proof. Applying (1.9) and Corollary 2.5, we observe that

f(z) € Ko, o, () & L(az,c1) f(z) € K ()
= z(L(az 1) f(2) € 3'(9)
& L(ay,c1)(z2f'(2) € $"(9)
& z2f'(2) € 80,6, (§)
= zf'(2z) € Sap0, ()

& L(ay,2)(2f'(2)) € $"(9)
= z(L(az, ) f(2)) € S"(¢)
& L(az,c2) f(2) € K(9)
& f(2) € Ko, (§),

f(2) € Koo, (9) &= L(az,2) f(2) € K ()
&= L(ay, 02)(zf'(2)) € $"(9)
= 2f'(2) € S4,0,(9)
= z(L(a,e)f(2) €59
= f(2) € Kay e, (D),

(2.12)

which evidently proves Theorem 2.6. O

Taking ¢(z) = (1+ Az)/(1+Bz) (-1 < B< A<1; z€0) in Corollary 2.5 and Theorem
2.6, we have the following corollary.

Corollary 2.7. Let ay > a1 > 0and ¢ > ¢1 > 0. If ap >min {2,3 — a1} and ¢; > min {2,3 — ¢1}, then

Sae [A, Bl C S84y, [A,B] C S84, [AB] (-1<B<AKL1),

Kayoy|[A,Bl C Koy, [A, Bl C Ky ,[A,B] (-1<B<A<L]). 21
To prove the theorems below, we need the following lemma.
Lemma 2.8. Let ¢ € N. If f € Kand g € S*(p), then fxq € S* ().
Proof. Let g € $*(¢). Then
zq(2) = q(2)p(w(z)) (z€D), (2.14)
where w is an analytic function in U with |w(z)| <1 (z € U) and w(0) = 0. Thus we have
2(f @) _ f@rq(2) _ f@dwE)gE) 2.15)

f@*q(z) — f(xqz)  f(2)%q(2)

By using similar arguments to those used in the proof of Theorem 2.3, we conclude that (2.15)
is subordinated to ¢ in U and so f*q € S*(¢). O
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Theorem 2.9. Let a, > a1 > 0, ¢, 2 ¢1 > 0and ¢, € N. If ap > min(2,3 — a1} and ¢, >
min {2,3 — ¢}, then

Caz,Cl (4)/ (F) C Caz,cz (¢/ ‘If) C CaLCz (¢’ q,r) (216)

Proof. First of all, we show that

Carer (@, 9) C Cayer (@, 49). (2.17)
Let f € Cq, ., (¢, ¢). Then there exists a function g, € S*(¢) such that
2(L(a,01) f(2))'
PN <g(z) (zel). (2.18)
From (2.18), we obtain
z(L(az,c1)f(2)) = p(w(z)) (z€U), (2.19)

where w is an analytic function in U with |w(z)| < 1 (z € U) and w(0) = 0. By virtue of Lemmas
2.1 and 2.8, we see that h(ay, a;)(z)*g2(z) = g1(z) belongs to S*(¢). Then we have

z(L(az,cz)f(z))’ _ h(ci,¢) (z)*z(L(az,cl)f(z))'
q1(2) h(c1,c2)(2)*q2(z)

_ h(er, 2) (2)2gp (w0(2)) 32(2) (2.20)
h(ci,62)(2)*q2(z)

<g(z) (zel),

which implies that f € Cy, (¢, ¢).
Moreover, the proof of the second part is similar to that of the first part and so we omit
the details involved. O

3. Inclusion properties involving various operators

The next theorem shows that the classes S, (¢), Kc(¢p), and C, (¢, ) are invariant under
convolution with convex functions.

Theorem 3.1. Let a>0,c € R\ Zj, ¢, € Nand let g € K. Then

(i) f € Sac(P) = g*f € Suc(@),
(ii) f € Kuc(P) = g*f € Kuc(P),
(iii) f € Cac(P, ) = gxf € Coc(P, ).

Proof. (i) Let f € S,(¢). Then we have

2(L(a,0)(g*f)(2)) _ g(x)*2(L(a,0)f(2))’ (3.1)
L@ogNE  g@L@of@ '

By using the same techniques as in the proof of Theorem 2.3, we obtain (i).
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(ii) Let f € Kyc(¢). Then, by (1.9), zf'(z) € Sac(¢) and hence from (i), g(z)*zf'(z) €
Sac(¢). Since

g(2)xzf'(2) = z(g*f)'(2), (3.2)

we have (ii) applying (1.9) once again.
(iii) Let f € Cu (¢, ). Then there exists a function g € S$*(¢) such that

z(L(a,c)f(z))' =¢(w(z))q(z) (z€U), (3.3)

where w is an analytic function in U with |w(z)| < 1(z € U) and w(0) = 0. From Lemma
2.8, we have that gxq € S$*(¢). Since

2(L(a,0)(g+)(2)) _ g(2)x2(L(a,0f(2) _ g(2)sp(w(2))q(=)

(8*q)(2) g(2)*q(2) 2(2)%q(2) <g(z) (zel), (B4

we obtain (iii). O

Now we consider the following operators [5, 11] defined by

Wl(z)zzllc:sz (Refc} >0, z€ 1),
= (3.5)
¥,(z) = 1}xlog [11__—xzz] (logl=0;|x| <1, x#1; z € U).

It is well known ([12], see also [5]) that the operators ¥; and ¥, are convex univalent in U.
Therefore, we have the following result, which can be obtained from Theorem 3.1 immediately.

Corollary 3.2. Let a>0,c € R\ Z;, ¢,¢ € Nand let ¥; (i =1,2) be defined by (3.5). Then

(i) f € Sac(p) = Wixf € Sac(d),
(i) f € Kac(d) = ¥irf € Kac(),
(iii) f € Cac(p, ) = ¥irf € Cac(d, ).
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