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1. Introduction

The theory of mixtures is used to develop a mathematical model that governs the interactions
of macrophages, tumor cells, and blood vessels within a vascular tumor, focusing on the
ability of macrophages to both lyse tumor cells and stimulate angiogenesis. In recent years,
a variety of macroscopic continuum models have been derived by [1-6]. In their wake, we
present hereafter a simplified model.

The vascular tumor is viewed as a mixture of three constituents: tumor cells,
tumor-associated macrophages (abbreviated by TAMs), and blood vessels. We denote their
respective volume fractions by a, f, and y, and we assume that the mixture is saturated, so
we take

a+p+y=1 (1.1)

We suppose that the tumor undergoes one dimensional and one side growth, parallel to the
x-axis, by occupying the region 0 < x < L(t). Each phase is associated with velocity, pressure,
and spatial stress denoted, respectively, by vy, P;, 01 for the tumor cells, v;, P, 0> for the
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TAMs and v3, P, 03 for the blood vessels. Formulating conservation of mass for the three
volume fractions, under the assumption that each phase has the same constant density, we

get
ar+ (av1), =q1, P+ (Pr2),=q, ¥+ (yvs), =4gs, (1.2)

where the indices t and x are set for partial derivatives and g1, 2, and g3 are the rates of
production related to each phase, satisfying g1 + q» + g3 = 0. We suppose that the volume
fraction of tumor cells increase by proliferation and decrease by apoptosis, necrosis or lysis,
the volume fraction of TAMs increase by proliferation and by influx from capillaries and
decrease by natural death or after lysing tumor cells. Thus, we write

qi(a, B,y) = kiay — koa — k3(1 — y)a — ksap, (1.3)
@2, B,y) =ksp(1—o(a+7y)) —kef(1 - a) — kyap, (1.4)
where 0 and k;, i = 1,...,7 are nonnegative constants. Assuming that the momentum is

conserved and the motions of cells and blood vessels are so slow that inertial terms can be
neglected, we can write

(lXO‘l)x + F1 = 0, (ﬁO'z)x + F2 = 0, (YO'3)x + F3 = 0, (15)
where
Fy = Pay + dap(v, —v1) + day(v3 —v1), (1.6)
F) = PPy — dap(vs —v1) + dfy(vs — v2), (1.7)
F3 = Py, —day(v3 —v1) — dpy(vs — v2), (1.8)

represent the momentum supply related to each phase, d is a positive constant and P is
assumed to be a common pressure. When neglecting viscous effect, the partial stress tensors
are given by

0;=-P=-(P+%), i=1,2,3, (1.9)

where

2= .)L[X, 3h = ﬂﬁ(l + 9[1), 23 =P, (110)

represent the pressures due to cell-cell interactions exerted on tumor cells, macrophages and
blood vessels respectively. A, 4 and 0 are nonnegative constants and Py > 0 is constant.
The following initial and boundary conditions are considered:

L=l>0, a=u0a9>0, ‘[52‘[5020, a0+[50§1 att=0, (111)

a=a,>0, p=p>0, ap+Pp<1 atx=0. (1.12)
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We impose the no flux boundary condition at the free boundary that we suppose moving at
the same velocity as the tumor cells, so

vi=vy=v3=0 atx=L(t), (1.13)

d—L =10 =0 thatis L(t) =1 Vt>0. (1.14)
dt x=L(t)

Adding the three continuity equations (1.2) and the three momentum equations (1.5), we get
using (1.13)

avy + oy +yv3 =0, (aoy), + (Por), + (yo3), =0. (1.15)
The last equality and (1.9) imply
Px = —([le + ,[522 + YZ3)X. (116)

Using (1.6), (1.9), and the first relation in (1.15), the first equation of (1.5) reduces to give
either a = 0, which we reject because it can be only transient, or

P, + %(aZl)x = —duv,, (1.17)
which together with (1.16) gives
1 1
v = H((u& + P2 +yXs), - E(chl)x>. (1.18)
Using (1.10) and the fact that P, is constant, (1.18) can be rewritten as follows:
vy = %(ax (2Xa + pOP* — Py — 21) + P (2up(1 + Oa) — Py)). (1.19)
Similarly, the second equation of (1.5) simplifies into
vy = %(ax (2Xa + pOp* — Py — p6p) + P (2u(B - 1)(1 + 0ar) — By)). (1.20)
Thus, substituting the relations (1.19)-(1.20) into (1.2), the equations of a and ff become

ar — %((Z)La(l —a) — ubaf® + Poa)a, + (- 2upa(l + 0a) + Poa)fs) . = qu,
(1.21)

B — %(( —2\ap + p6p*(1 - ) + Pop)ax + up(1 - B)(1 + 6a) + Pof) fx) . = g
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Having regard to the saturation condition (1.1), we omit the equation of y. The resulting
problem (1.21) is strongly coupled with full diffusion matrix which is generally not positive
definite. To simplify it, we reduce the number of biological parameters by setting

A=pu="n, 0 =0. (1.22)
In this case, (1.13), (1.14), (1.19) and (1.20) reduce the boundary condition at x = [ to
ay = Py = 0. (1.23)

Without loss of generality, we set [ = 1,21/d = 1 and for technical reasons, to get the
maximum principle (see Lemma 3.7), we need to take 0 = 1in (1.4) and

ks < k. (1.24)

In summary, denoting u = (a, ), up = (@, fo), up = (ap,Pp) and g = (q1,q2), the problem
(1.21) simplifies into

ur = (Awux), = q(u), (1.25)

with A and g given by

() ()
ﬂG‘“) ﬂ<g_ﬂ> (1.26)

qi(a, f) = kia(1 - a - p) — kot - ksa(a + p) — ksap,
‘12(“/,3) = k5,ﬁ2 - kéﬂ(]. - [X) - k7a[3.

Ala, p) =

The system (1.25) is complemented with the boundary and initial conditions

u(t/ O) = ub(t)/ ux(tr 1) =0,

u(0,x) = up(x), (1.27)

and has to be solved in R, x (0, 1).

In recent years, cross-diffusion systems have drawn a great deal attention. For example
in [7], the global existence was established, as well as the existence of a global attractor
in a case of triangular positive definite diffusion matrix. In [8], the well-posedness and
the properties of steady states for a degenerate parabolic system with triangular positive
(semi) definite matrix, modeling the chemotaxis movement of cells, were investigated. In
[9, 10], the existence of global weak solution was shown for a nonlinear problem with full
diffusion matrix. The proof was based on a symmetrization of the problem via an exponential
transformation of variables, backward Euler approximation of the time derivative and
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an entropy functional. Here, we use analogous arguments, but in our case, after the
transformation of variables the resulting matrix B is not positive definite. To overcome
this difficulty, we approximate B by positive definite matrices B” which tend towards B as
T — 0, if the condition 0 < a,f, a + p < 1 is satisfied. This needs to prove that the set
{(a,p) € L*(Q) x L*(Q), 0 < a, B, a + p < 1} is time invariant.

Throughout this paper, we use the following notations: let T, 7 be positive real
numbers, we will denote by C all the positive constants which are independent of 7. We set
Q=(0,1), Qr = (0,T) xQ and s* = max(s, 0) the positive part of the real number s. We write
Uy := Oyu and u; := Ou for partial derivatives of a real-valued function u = u(t, x). Moreover
we will use the Sobolev space H}J(Q) = {u € HY(Q); u(0) = 0} equipped with the norm of
H' and we denote as usual, by (H 1), the dual of H!. In the case of vectorial functions, we
designate the corresponding Lebesgue and Sobolev spaces, respectively, by L2, L=, H', HJ,.
Finally we set In(r, s) = (Inr,Ins) for r,s > 0 and ") = (e, e®) for r,s € R.

The remainder of this paper is organized as follows. In Section 2, we introduce the
weak formulation of the problem and state our main existence result in Theorem 2.2. In
proving this theorem, we define and solve in Section 3 an auxiliary problem which will be
useful further. Then, in Section 4, we formulate a semidiscrete version in time of the problem,
using a backward Euler approximation, combined with a perturbation of the diffusion matrix.
This leads to a recursive sequence of elliptic problems depending on the small parameter 7.
Performing the limit as 7 — 0, with the help of Aubin compactness lemma and the Sobolev
embedding H'(0,1) — L*(0,1), we get a weak solution to our problem. Finally, an appendix
is devoted to the proof of a technical lemma.

2. Main result

We set the following assumptions:
(H1) ao, fo € H'(Q), 0 < ag, fo, a0 + fo <1, Inay, Inpy € L*(Q),
(H2) ap,Pp €R, 0 < ap, v, ap + P < 1.
The matrix A(a, p) is not positive even if 0 < a, f, a + p < 1, so the problem (1.25)—(1.27) has

no classical solution in general. A weak solution is defined as follows.

Definition 2.1. Let (H1)-(H2) be satisfied ant let T > 0.u = (a, p) is said to be a weak solution
of problem (1.25)-(1.27) on Qr if

(1) u € L2(0, T, HY(Q)) n H'(0, T; (H'(Q))) NL*(Qr) with 0 < a, B, a + p < 1,

(2) u(0,x) = up(x) a.e.in Q, u(t,0) = up a.e. in (0, T),

3) jOT(ut,(p)dt + jQTA(u)ux'(px dxdt = IQTq(u) -pdxdt, for all ¢ € L*(0,T;H,(Q)),
where (-, ) is the dual product between (H!(Q))" and H'(Q).

Our main result is the following.

Theorem 2.2. Assume (H1)-(H2) are satisfied. Then for every T > 0, there exists (at least) a weak
solution u = (a, B) on Qr to the system (1.25)—(1.27), satisfying the entropy inequality

fg(cl (a(t)) + G2 (B(t)))dx + }JLIQ(MXF +|Bx|*)dx ds < IQ(Gl (at0) + Ga (o) )dx + C,
(2.1)
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where C > 0 dependson T, ap, Pp, ki, i=1,...,7, G1, Gy being positive functions defined on R, by
Gi(s) =s(Ins—Ina, — 1) + ay, Ga(s) =s(Ins—Inpfp — 1) + fp. (2.2)

The proof of this existence result is based on the entropy inequality (2.1), which is
formally obtained by testing (1.25) with (In(a/ay), In(/fp)), and integrating by parts (see
Section 3.3 for details).

This estimate suggests to use the change of unknown U = In(a, 8), which transforms
the problems (1.25)—(1.27) into the following one

(e!), - (BU)U,), = Q) inQr,
U(t,0) =Uy(t), Ux(t,1)=0 1in (0,T), (2.3)

U,x) =Up(x) in Q,

with Uy = In(ap, Bp), Uy = In(ag, fo), Q(U) = g(e¥) and the new diffusion matrix is B(U) =
A(et)diag (et e2) and takes the form

3 1
82r<§ _ er> er+s<§ _ es)

B(r,s) = er+s<% ) er> 625<§ ) es) . (2.4)

The matrix B(r, s) resulting of this transformation is still not positive definite. Nevertheless,
in the case e” +e° < 1 which is under interest, B(r, s) is positive definite. Moreover, this change
of variables leads to nonnegative solutions, without using maximum principle, since a = e'!
and f§ = e*2.

3. Auxiliary problems

We will use a time discretization scheme to study (1.25)-(1.27). In order to prove global
existence for the resulting stationary problem, it may be useful to introduce an artificial
perturbation of the diffusion matrix A of type €I, where € > 0 and I is the identity matrix (see
the proof of Proposition 3.3 below and Lemma 3.6). Nevertheless, the choice of the parameter
¢ is technical and cannot be done independently of the time discretization parameter 7. Here,
we take € = 7, this choice being dictated by the sake of coherency of the discretization scheme
proposed in Section 4. Indeed, in the case where ¢ is independent of 7, this procedure is
seriously compromised. More details on this question are given in Remark 3.8, at the end of
this section. In summary, we need to solve the following problem:

%(u — 1) - ((A(u) +tuy) = q(u) inQ,
u0)=up,  ux(1)=0,

(3.1)

where 7 > 0 is a small parameter and # = 7i(x) is a fixed function. Before giving the existence
result for this problem, let us define the solutions we deal with.
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Definition 3.1. u = (a,) € H'(Q) is said to be a weak solution of problem (3.1) if u(0) =
upy, 0<a, B, a+p <1inQ and if for every ¢ € H})(Q), it holds

%J‘Q(u —i)-dx+ IQ (A(u) + T uy - pdx = fgq(u)-(p dx. (3.2)

We have the following result.

Theorem 3.2. Let up = (ap, o) € R? satisfy assumption (H2), i = (a, ﬁ) € L*(Q) such that
O<ap,a+p<lae inQandInu € L*(Q). Then for all 0 < T < 1, there exists a weak solution
ur = (ar, Br) € HY(Q) of the problem (3.1). Moreover, In u, € H'(Q) and it holds

J' (Gl(aT)+Gz(ﬁT))dx+£J‘ (|am|2+|ﬂ”|2)dng (G1(@) + G (f))dx +Cr,  (33)
Q Q Q

where Gy and G, are defined by (2.2).

For the proof, according to the change of unknown introduced in Section 2, we will
consider the following stationary problem

%(eu —ely - (BTU)U,), =Q*(U) inQ,

(3.4)
u@o)=u,  Ux(1)=0,
where U = Inii, B" is the matrix defined by
B"=B"+D", (3.5)

B* is given by

1
ezr<§ — min (e’,1—65)> eHS(E —es>

B*(r,s) = , 3 , (3.6)
e”s<§ —er> ezs<§ — min (eil—e’))
and D7 is a diagonal matrix with
D7, (r,s) = Dy,(s,1) = (e + 5" (e” +e°)) (e +e° —1)" +7e". (3.7)
The vector field Q* is defined by its components

Qi(r,8) =kie"(1-e" —e®)" —min (e”,1) (k2 + ks min (e” + e°,1) + ks min (e%,1)),
(3.8)
Q;(r,s) =min (e°,1) (ksmin (%, (1 -€")") —ks(1 —€")" - kymin (", 1)).
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Clearly if " + e° < 1, then B*(r,s) = B(r,s), Df,(r,s) = D},(s,r) = Te" — Owhent — 0and
Q" (r,s) = Q(r, s). In addition, we have for i = 1,2 that

|Qi+(r1/ r2>| < Cr |Q;r(r1/ r2)| < Ceh” v(rll 7’2) € I&2/ (39)

where C > 0 depends only on ki, i = 1, ...,7. We will prove the following result.

Proposition 3.3. Assume that Ue L (Q) is such that fIl, CIZ <0ae inQ. Thenforall0 <7 <1,
there exists a weak solution U, € H(Q) to problem (3.4).

The proof of this result relies on the Leray-Schauder fixed point theorem, so we start
by studying the linear problems associated with (3.4).

3.1. Linear problems associated with (3.4)

In the sequel, we let once forall 0 < 7 < 1 and Ue L*(Q) fixed. Let U € L*(Q) be given; we
consider the following linear problem: find U € H!(Q) satisfying

U@©)=U, and Vg eHL(Q),
(3.10)

1f (ed — ety dx + J‘ BT (U)U, - p.dx = f Q*(U) - pdx.
TJa Q Q

We have the following result.

Lemma 3.4. For every U e L=(Q), problem (3.10) has a unique solution U € H'(Q).

Proof. We will apply the Lax-Milgram lemma. We set V = U — U}, so (3.10) goes over into the
following equivalent problem

V(0)=0 and VyeH.(Q),

B e - (3.11)
J‘ B™(U)Vy - prdx = —;I (eh—ed)-¢ dx+J‘ Q" (U) -y dx.
Q Q Q

Next, we define a bilinear form «# on HJ,(Q) xHJ, () and a linear form £ on H, (Q) by setting

4, = [ BE@Vepudr, 2= [ (el g drs [ Q'@)-g ax
(3.12)

The continuity of &/ and £ follows from the boundedness of U and U. For the coerciveness
of &, it is sufficient to prove that the matrix D defined by

D(r,s) = B*(r,s) + e"**(e" + e° — 1) "diag(e”, e®) (3.13)
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is positive definite. Let us compute D(r, s)¢ - ¢ for (r,5) € R? and & = (¢1,é) € R?. We consider

first the case where e’ + e® < 1 so that
3 3
D(r,s)é-¢ = ezr<§ - e’>§% + e2s<§ - es>§§ - (e" + e’ - 1)&é.

The elementary inequality

1—a—b§‘\/§—a g—b if0<ab, a+b<1

and Young inequality lead to

1 3

- (e + e - 1)1 > ~3 <62r<§ - €r>§% + ‘325(; - es>§§>'

)
D(r,s)é- &> %(e”(; - er>§f +e% <; - es>§§) > }Imin (e*,e*) 1l

In the case e + e® > 1, we have

D(r,s)¢-¢ = e”(% +e’(e + es)>§f + ezs<% +e'(e + eS))§§ - (e +e° - 1)éié.

From the inequality
2 2 _9/1 1
(1-e"-e°)" < (e +e°)" < 1 (5 +e’(e + es)> <§ +e' (e + e5)>,

we deduce that

e+e’-1< ;\/% +es(er+es)\/% +e (e +e°).

So, thanks to Young inequality we get

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

D(r,s)é-&> %(ezr (% +ef(e + es)>§f +e% (% +el (e + es)>§§> > %min (e*,e*) el

(3.21)



10 Abstract and Applied Analysis

Hence, we infer that for all ¢ € R, U = (U;, U,) € L®(Q),

B (U)¢-¢>DU)é-¢ > %min <e_2||U1||L°°(Q)’e_ZHUZHLw(Q)) lel?, (3.22)

so Lax-Milgram lemma implies the existence of a unique solution V € HJ,(Q) of problem
(3.11). Consequently, U = V + U}, is the unique solution of (3.10). O

3.2. Proof of Proposition 3.3

Lemma 3.4 and the embedding H'(Q) ¢ L*®(Q) allow us to define the map S : L*(Q) —
L*(Q), by setting .S (U) = U the solution of (3.10). We will establish, using the theorem of
Leray Schauder, that .S has a fixed point U, in L*(Q), so U, € H'(Q) is a solution of the
nonlinear problem (3.4).

First, we prove that S is continuous. Let (En)n be a sequence in L* () such that u, - u
strongly in L*() as n — oo and let S (U,) = U,. We use the test function p=U,-Uy, €
H})(Q) in (3.10), estimate (3.22), and Poincaré inequality to get

1 T _
;f (¥ ey - (U, - Up)dx + f Q' (Uy) - (U, - Up)dx > C|| Uy, - ub||§{1(g), (3.23)
Q Q

where C > 0 is independent of n. So taking into account (3.9), we get, thanks to Young
inequality,

U = U 3y < C(T). (3.24)

Thus, U, is bounded in H!(Q) and from the compactness of the embedding H'(Q) — L= (),
we deduce that there exists a subsequence of (U,),, still denoted by (U,),, and a function
U € H'(Q) such that

U, — U stronglyin L*(Q), U,—U weakly in H(Q). (3.25)

This implies the weak convergence B” (En)llnx — BT(E)UX in L?(Q), hence there exists a
subsequence of (U,), which converges towards S (U). Moreover thanks to the uniqueness
result for the system (3.10), we see that all the sequence (U,),, converges to S(U) which ends
the proof of continuityof S.

The compactness of S follows from the compactness of the embedding H'(Q) into
L*(Q) and (3.24). Finally, let us check that the sets As = (U € L*(Q)/U = 63(U)} are
uniformly bounded with respect to 6 € [0,1]. Observe that Ay = {0} and if 6 #0 the equation
U = 63(U) is equivalent to U € H'(Q), U(0) = 6U} and for all ¢ € H}(Q),

1( . o @ 1 S —
;J‘Q(e“ —e) g dx+ SIQBT(U)U" S(ppdx = ng*(U) ~¢p dx. (3.26)

The remainder of the proof is a direct consequence of the following lemma.
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Lemma 3.5. Under the assumptions of Proposition 3.3, there exists a positive constant C(T)
independent of & such that if U € H'(Q) satisfies (3.26), then it holds
”ax”]LZ(Q) < C(7). (3.27)
For the proof, we need the following technical result which will be checked in the
appendix.

Lemma 3.6. Forall (r,s), (¢1,&) € R?, one has

B7((r,5), (¢1,&)) = Bl (r,5) (1 + 2re™")¢T + B,y (r,5) (1 + 27¢75) &3

(3.28)
+ (BLy(r,s) (1 +27e™) + BE,(r,8) (1 +21e™%) ) &1&p > T2(&2 + &2),

where B” is the matrix given in (3.5).

Proof of Lemma 3.5. Testing the equation of (3.26) with ¢ = U — 56U}, +27(e U —eU) € H}(Q)
leads to

J‘ B™(U,U,)dx = —éj (e¥ - ea) cpdx + 6J. Q*(U) - pdx. (3.29)
Q TJa Q

The left-hand side is estimated using (3.28). We write u = (U, Uy), u-= (ljll,ljlz), u, =
(Up1,Uyp); the convexity of e® leads to

(e — ) (U, - 6Uy) = (€% (U; - Ui — 1) + e78) — (e (TT; - Ui — 1) + e7) |
L ) (3.30
+ (e - ey — i (U, - CI:)) > f:(6,U;) —fi(5,ai),

where fori = 1,2, fi(6,5) = (s —6Uyp; — 1) + e®i > 0, for all (8,s) € [0,1] x R. Using the
elementary inequality e® > 1 + s, valid for all s € R, we get

(el — el (g70Uui — g7Ur) = (Um0l _TT, 4 5U,;) — (e — {1, + 6UL,)
o B ~ (331)
+ (e — (U - Uy) - 1) 2 &i(6,Us) - gi(6,U;),

with g;(6,s) = e57s — 5+ 6Uy,; > 1, for all (6, s) € [0,1] x R. Combining (3.30) and (3.31), we
find

‘T—‘SJ (eﬁ—ea)-(pde%f (f1(6,fll)+f2(6,flz))dx+zf (1(6, 1) + 2(6, 1)) dx.
? . ? (3.32)
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We recall that a.e. in Q, — |[Uillo < U; < 0 for i = 1,2, and since the functions fi, g are
continuous on [0, 1] x [-||U;]|«, 0], we deduce that the right-hand side of (3.32) is uniformly
bounded with respect to 6. Now we infer from (3.9) and Poincaré inequality that

—_— — — 2 —
5f Q" (@) - (U - Uy)dx < cf [T~ Uil < T[T g + C),
@ Q (3.33)
6 f Q" () - (e — e Tydx < C.
Q

The result follows by combining all these inequalities. O

3.3. End of proof of Theorem 3.2

Let U, be the solution of (3.4) provided by Proposition 3.3. Recalling that i = e and uy, = e,

we see that u, = el satisfies the following problem:

%(uT — i) = (A" (r)ttrx) , = Q*(Inu;) in Q, (334)
uT(O) = Uyp, u'rx(l) =0,

where the matrix AT is given by A" (r,s) = A*(r,s) + h"(r, s)I with

r(%—min(r,l—s)) r<%—s>
s(% - r> s(% —min(s,1 - r)) , (335)

h'(r,s) = (r+s—1)"(rs+5(r+s)) + .

At (r,s) =

Note thatif » + s < 1 then A*(r,s) = A(r,s) and h"(r,s) = 7.
We will focus on the L* and H' estimates satisfied by the function u,. We begin with
the following L* bounds.

Lemma 3.7. Let the hypotheses of Theorem 3.2 hold, and let u, = (a., p;) € H'(Q) satisfy problem
(3.34). One has

O<ar,pr, ar+p <1 inQ. (3.36)

Proof. We write the equation satisfied by a; + - and test it with ¢ = (a- + f; = 1)" € H}(Q).
We get using (1.24) that

A+ P — (@ + ) 1 T 2
J‘thp dx + J‘Q<§(0{T +B:)+h ((xT,ﬁT)> || dx <0, (3.37)
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50 [, (@ + fr — (@ + P))pdx < 0. Consequently, [,¢?dx < [,(@+ - 1)pdx < 0, and hence
ar+pr <1 O

As a consequence of Lemma 3.7, we easily see that u; is a solution to problem (3.1) in
the sense of Definition 3.1. Moreover, since Inu, = U, € H(Q) then Inu, € L*(Q). In order
to check the entropy inequality (3.3), we test (3.1) with ¢; = Inu, — Inu, € HL(Q) to get

1 |a'rx|2 |ﬁ*rx|2
—I (uT—ﬁ)~(pde+f (1—aT—ﬁT)aTxﬁTxdx+TI <—+—>dx
TJa Q Q

“T T

+ f@((; - aT) |t | + (; - ﬂr) |ﬁrx|2>dx = IQQ(%) “pr dx.

Then, from (3.15) and Young inequality, we get

[ (e po- Dz -3 ((G-a)lanl (3-p)1pal)ax, 69

so, inserting (3.39) into (3.38) and using the fact that 3/2 — a;, 3/2 — f; > 1/2, we see that

(3.38)

1I (uT—ﬁ)-(pde+1f (|aTx|2+|ﬁTx|2)dx§J‘ q(ur) - prdx. (3.40)
T)a 4)q Q

Using the boundedness of g(u,) and the fact that the function sIn(s) is bounded in [0, 1], we
obtain fgq(uT) -prdx < C, then the convexity of the functions G; and G, leads to

f (s - &) - prdlx > f (Gu(ar) + Ga(pr))dx - f (G(@) + Ga(B) ) dx, (3.41)
Q Q Q

which ends the proof.
Remark 3.8. All the results of this section remain valid if one consider, instead of (3.1), the

following problem:

%(u — i) = ((A(u) +el)uy) = q(u) in Q,
u(0) = up, ux(1) =0,

(3.42)

where 7 > 0 and ¢ > 0 is independent of 7. In particular, the solution v% to (3.42) satisfies
the L* bounds and the entropy inequality given in Theorem 3.2, with the constant C > 0
independent of € (and 7). Thus performing the limit as ¢ — 0in (3.42), we get a function v,
solving the problem

%(u - i) - (A(wuy) , = q(u) in Q,
u(0) = uy, u(1) =0,

(3.43)
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which corresponds to the “natural” time discretization of our problem (1.25)-(1.27).
However, from there, the situation becomes complicated because the obtained solution v
to problem (3.43) has its components which are only nonnegative and we no longer have
Inv; € L*(Q) (in fact, we cannot even take the In of v;). Therefore, the time discretization
scheme based on (3.43) cannot be solved.

4. Proof of Theorem 2.2
4.1. The time discretization scheme

Let assumptions (H1)-(H2) hold and let T > 0. We will use the backward Euler approximation
of time derivative u; = (1/7)(u(tx) — u(tx-1)). We divide the time interval (0,T) into N
subintervals (tr_1,tx] of the same length 7 = T/N. Then, we define recursively u’;, k =
1,...,N, as the weak solution of (3.1) provided by Theorem 3.2 corresponding to the data
ii = uk1, that is

T 7 7

L ()~ ((A@S) +71)ids,), = q(u) i Q,

uI;(O) = Uy, u’;x(l) =0,

(4.1)

u? being the initial condition uy of problem (1.25)-(1.27). Let u™, 74 be the piecewise

constant in time interpolation on (0, T) of u},u2,...,ulN and 12, ul,...,ulN"!, respectively, that

is,
u™(t, x) = uk(x), 7t x) = uk1(x) on (-1, 8] xQ, k=1,...,N, (4.2)
and let %™ be the function defined on Qr by
70t x) = %(u(”(t, x)~ 77 (%)) + 77 (%) on (bei,t] xQ k=1,...,N. (43)

With these notations, we can rewrite (4.1) as

B - (AW 1)), = ) ine, s
(7) _ (1) _ .
u'™(0) = up, u, (1) = 0.

Now, we set for uX = (ak, gk)

i [ @) A k=0 N, =1,
Q

N ) =nk, vte (ke k], k=1,...,N.

(4.5)
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4.2. Uniform estimates with respect to T
Lemma 4.1. Let u™ = (a®, ) and u™ = (E(T),E(T)) defined by (4.2). One has
0<a®, @, a®+p0 <1 ae inQr,
—(r) 2 =) , 7™ .
O<a,p ", a”+p <1 ae inQr,

and there exists a positive constant C independent of T such that

[l s 1)’ [l (0,T;H(Q))” ”ﬁm | rorme) S ¢

15

(4.6)

(4.7)

Proof. We apply the results of Theorem 3.2, so the first part is immediate, then (3.3) leads to

4. T
w5 (kP | Parscrn k=1.N
Summing these inequalities from k =1 to k = m, for 1 <m < N, we get
m T k 12 Kk 12
=m0+ 72, | (lan]” + |Pral ) dx < Cmr.
4k:1 Q

Therefore,

1<m<N

1N
max 7+ 33, | r(lakl*+ phel)dx < o,
k=1

which can be written as

() Lo (™ 1k 2o gk 2

”71 ||L°°(0,T) + 4 Qg , (|“Tx| + |ﬁ-rx| )dtdx <o+ CT.
= k-1
This means that
1
”n(T) ||L°°(O,T) + 1 J‘Q (lag’) |2 + |ﬂ3(cT) |2)dt dx < Ho + CT.
T

Coming back to (4.9), we deduce that

N-1
S [ rQab e g Pydx = [Pt v fuoddx <400+ CT),
k=1 7 Q Qr Q

and we get the result.

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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We have also the following estimate.

Lemma 4.2. There exists a positive constant C independent of T such that

LZ(O,T,Hl(Q)) S C! (4'14)

<Cr. (4.15)

1# N o ren@yy 177

||ﬁ(T) - u® ”LZ(O,T;(Hl(Q))’)

Proof. We use (4.4) and the results of Lemma 4.1 to deduce that ||z7§T) ll220,1;m (@)Y i uniformly
bounded. Now, since i{” = ((t - tx1)/T)ul" + ((te — ) /7)) on (te_1, 1] x Q, then thanks to
Lemma 4.1 we deduce that ||i(™ |12 (o 7.1 (@) is uniformly bounded. Finally, to check (4.15), we
have from (43) that fort € (tk,l, tk), ”ﬁ(T) - u(T) ||(H1(Q))' = (tk - t) ||ﬁ:r) ”(Hl Q) < T“ﬁ:r) ”(Hl Q)+
This leads to the result by using (4.14). O

4.3. Passing to the limit as T — 0: End of proof of Theorem 2.2

Using (4.14), we deduce the existence of a function u € L(0, T; H'(Q)) n H'(0, T; (H'(Q))")
such that as 7 — 0 at least for some subsequence,

i —u weaklyin L?(0, T; H'(Q)) n H'(0, T; (H'(Q))"). (4.16)

Then Aubin compactness lemma and the compactness of the embedding of H!(Q) into L*
lead to the strong convergence

™ — u  stronglyin L?(0, T; L®(Q)). (4.17)

Moreover, by Lemma 4.1, we infer the existence of a function v in L?*(0,T; H'(Q)) and a
subsequence of 1" such that

u'™ — v weaklyin L*(0, T, H'(Q)), (4.18)

and according to (4.15) and (4.16), we derive that v = u. Moreover, we have the strong
convergence

u'™ — u  stronglyin L?(Qr). (4.19)
Indeed,

147 = ull iy < 16 =7 gy + 17 =l
(4.20)

< O = s 17 = 0 sy +

L2(0,T;H! L2(0,T;(H'(Q))) =~ |,
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where C > 0 is independent of 7. Using (4.7), (4.14), (4.15), and (4.17), it is straightforward

to deduce that u™ — u strongly in L?(Qr), and hence a.e. in Qr. Consequently, u = (a, )
satisfies

0<a,p, a+p<1, ae. inQr. (4.21)

Finally, since H'(0, T; (H'(Q))") N L?(0, T, H(2)) ¢ C°([0,T];L?(XQ)), the initial condition is
satisfied and thus u is a weak solution of (1.25)—(1.27) in the sense of Definition 2.1.

Remark 4.3. The result proved in this work remains valid if we replace the condition A = y =
Py by one of these conditions:

gmax()t,,u) << g(.}t +u) or gmax(l,,u) << gmin()t, . (4.22)
Indeed, in these cases, direct calculations show that (3.15) becomes

(-2ub-2\a+ 2P0)2 < Z(Z)L(l —a)+D)(2u(1-b)+ D) if0<ab,a+b<1.  (423)

Appendix
Proof of Lemma 3.6

Inequality (3.28) is equivalent to say that, for all (r, s) € R?,

(BT, (r,s)(1+27e™) + By, (r,5) (1 + 2Te_s))2

(A1)
<4(BI,(r,s)(1+27e™) - %) (BL(r,s) (1 + 27e™%) — 72).
We write
((Bi,(r,s)(1 +27e™) + By, (r,8) (1 + 27‘6’5))2 = i[i, (A.2)
=1

I; denoting the successive terms of the equality
6 1\2 1\2
ZIi =a’b*(a+b-1)> +47%4% (a - §> +47%p? <b - E)

i=1
+8T2ab<a— 1) <b— 1) +4Ta2b<a— 1)(a+b— 1) +4Tab2<b— 1)(a+b— 1)
2 2 2 2 ’

(A.3)

with a = e” and b = r°. We split the proof into two cases.
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Case 1. We suppose that a + b < 1, so that

T -r 3 3 S
Bl (r,s)(1+2re™) - 7% = a2<§ - a) +Ta+2Ta<§ - a> +7% = i;l]i,
(A4)
r -s 2_12(3 3 2 S K
Bl (r,s)(1+2te™) =12 =b 5b)+Tb+2tb( S -b) 47 =i§1 ir

where J; and K; denote, respectively, the successive terms of the first and second sums in
(A.4). To handle I, we use (3.15) to see that

L < a2b2<§ - a) (; - b) = 1K;. (A.5)

Next, to estimate the other terms, we use the inequality 0 < 1 -a - b < 1, together with
lc-1/2|<1/2<(3/2-c), valid for ¢ = a and ¢ = b. We get successively that

123272a2<§—a> 22]1K4, 13S2T2b2<§—b>=2]41<1, I4§4T2ab(g—b) 22]2K3,

1554’2'1121?(%—[1) 24]1K2, I@S4Tﬂb2<§—b> 24]2K1,

(A.6)
which concludes the proof in the first case.
Case 2. We suppose that a + b > 1, and we set B],(r,s)(1 + 2re™") — 7% = f(a,b), where
S 1
fla,b)=>Li= a2<§ +b> +a’b(a+b-1)+T1a+5a(a+b-1)(a+b)
= (A7)

+2Ta<% +b) +27ab(a+b-1)+10T(a+b-1)(a+b) + 2.

Then, B, (r,s)(1 + 27e™®) — 2 = f(b,a), and we set f(b,a) = Z?lei. Here again, the
enumeration respects the ordering of the terms in each sum. First, we get from (3.19) that

L < Za2b2<%+b+b(a+b—1)> <% +a+a(a+b—1)> = Z(Ll +Ly) (M; + M).  (A8)

Next, to estimate I, we distinguish two situations. If a <1/2+1/ V2, then (a—1/ 2)2 <1/2<
1/2 +band

I, < 47%a? (% + b> = 4L, Ms. (A9)
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Otherwise, we have a—1/2<6(a+b-1), and

I, <1447*(a+b-1)*(a+b)* = %L7M7. (A.10)

Notice that I3 can be estimated in the same way. Now for Iy, since (a — 1/2)(b - 1/2) <
(a+1/2)(b+1/2), we see that

Iy <2LsMs. (A.11)
To estimate I5, we consider first the case a < 3/2, so that we have
4
Is<4tab(a+b-1)(a+b) = 5L3M4, (A.12)
then if a > 3/2, the inequality a —1/2 < 6 (a + b — 1) leads to

Is <247b(a+b)* (a+b-1)> = %L7M4. (A.13)

I can be estimated along the same lines as I5, and we get the result.
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