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Abstract. Recently, Z. Ditzian gave an interesting direct estimate for
Bernstein polynomials. In this paper we give direct and inverse results of
this type for linear combinations of Bernstein polynomials.

1. Introduction

For the Bernstein polynomial

(1.1) Bn(f, x) =
n∑

k=0

f

(
k

n

)
pnk(x), pnk(x) =

(
n

k

)
xk(1 − x)n−k,

Berens and Lorentz showed in [1] that

(1.2) Bn(f, x) − f(x) = O

((
1√
n
δn(x)

)α)
⇐⇒ ω1(f, t) = O(tα),

where 0 < α < 1, δn(x) = ϕ(x) + 1√
n
, ϕ(x) =

√
x(1 − x).

Recently, Ditzian [3] gave the following interesting result.

|Bn(f, x) − f(x)| ≤ Cω2ϕλ(f, n− 1
2ϕ(x)1−λ), 0 ≤ λ ≤ 1.

However, Ditzian did not consider the inverse result in [3]. We did give such
an inverse result in [6], where we obtained the following equivalence.

Bn(f, x) − f(x) = O((n− 1
2ϕ(x)1−λ)α) ⇐⇒ ω2ϕλ(f, t) = O(tα), 0 < α < 2.

In this paper we consider linear combinations of Bernstein polynomials, that
is

(1.3) Bn,r(f, x) =
r−1∑
i=0

Ci(n)Bni(f, x),
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where ni and Ci satisfy [5]

(1.4)

(a) n = n0 < n1 < · · · < nr−1 ≤ Kn; (b)
r−1∑
i=0

|Ci(n)| < C

(c)
r−1∑
i=0

Ci(n) = 1; (d)
r−1∑
i=0

Ci(n)n−ρ
i = 0, ρ = 1, 2, · · · , r − 1.

We recall that

(1.5) ωr
ϕλ(f, t) = sup

0<h≤t
sup

x± r
2hϕλ(x)∈[0,1]

∣∣∣∆r
hϕλ(x)f(x)

∣∣∣
is equivalent to the K-functional

(1.6) Kϕλ(f, tr) = inf
g(r−1)∈A.Cloc

(‖f − g‖c[0,1] + tr‖ϕrλg(r)‖C[0,1]).

We write ωr
ϕλ(f, t) ∼ Kϕλ(f, tr), i.e., there exists a constant C such that

(1.7) C−1Kϕλ(f, tr) ≤ ωr
ϕλ(f, t) ≤ CKϕλ(f, tr).

Now we state our main result.

Theorem. For f ∈ C[0, 1], 0 < α < r, 0 ≤ λ ≤ 1, we have

(1.8) Bn,r(f, x) − f(x) = O((n− 1
2 δ1−λ

n (x))α) ⇐⇒ ωr
ϕλ(f, t) = O(tα).

Remark. In the case r = 1 and λ = 0 our result is (1.2) of Berens and
Lorentz [1].

2. Direct theorem

In this section we prove the direct part of (1.8). We need the K-functional
(see [5], p. 24):

(2.1) Kϕλ(f, tr) = inf
g(r−1)∈A.Cloc

{‖f − g‖ + tr‖ϕrλg(r)‖ + tr/(1− λ
2 )‖g(r)‖}.

which is also equivalent to ωr
ϕλ(f, t).

Theorem 1. For f ∈ C[0, 1], 0 ≤ λ ≤ 1,

(2.2) |Bn,r(f, x) − f(x)| ≤ Aωϕλ(f, n− 1
2 δn(x)1−λ).

Proof. By (2.1), we may choose gn ≡ gn.x.λ for a fixed x and λ such that

(2.3) ‖f − gn‖ ≤ A1ω
r
ϕλ(f, n− 1

2 δ1−λ
n (x)),

(2.4) (n− 1
2 δ1−λ

n (x))r‖ϕrλg(r)n ‖ ≤ A2ω
r
ϕλ(f, n− 1

2 δ1−λ
n (x)),

(2.5) (n− 1
2 δ1−λ

n (x))2r/(2−λ)‖g(r)n ‖ ≤ A3ω
r
ϕλ(f, n− 1

2 δ1−λ
n (x)).

We recall that [5, p. 134]

(2.6) Bn,r((· − x)k, x) = 0, k = 1, 2, · · · , r − 1
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and that [5, p. 138]

Bn((· − x)2j , x) =
j−1∑
m=0

ϕ(x)2(j−m)

nj−m
n−2mqm(x),

where qm(x) are fixed bounded polynomials. Therefore

(2.7) Bn((· − x)2j , x) ≤ Mn−jδ2jn (x).

From the definition of the Bn,r we have

|Bn,r(f, x) − f(x)| ≤ |Bn,r(f − gn, x)| + |f(x) − gn(x)| + |Bn,r(gn, x) − gn(x)|

(2.8) ≤ (C + 1)‖f − gn‖ + |Bn,r(gn, x) − gn(x)|.

As in [4, Lemma 5.3], we obtain

(2.9)
∣∣∣∣
∫ t

x
(t− u)r−1g(r)n (u)du

∣∣∣∣ ≤
∣∣∣∣∣(t− x)r−1

δrλ
n (x)

∫ t

x
δrλ
n (u)g(r)n (u)du

∣∣∣∣∣ ,

(2.10)
∣∣∣∣
∫ t

x
(t− u)r−1g(r)n (u)du

∣∣∣∣ ≤
∣∣∣∣∣(t− x)r−1

ϕrλ(x)

∫ t

x
ϕrλ(u)g(r)n (u)du

∣∣∣∣∣ .
Using (2.6), (2.7) and (2.9), we get

(2.11)

|Bn,r(gn, x) − gn(x)|

=
∣∣∣∣Bn,r(

1
(r − 1)!

∫ t

x
(t− u)r−1g(r)n (u)du, x)

∣∣∣∣
≤

r−1∑
i=0

|Ci(n)|‖δrλ
n g(r)n ‖∞

1
(r − 1)!

Bni

( |t− x|r
δrλ
n (x)

, x

)

≤
r−1∑
i=0

|Ci(n)|‖δrλ
n g(r)n ‖∞δ−rλ

n (x)M1n
− r

2 δr
n(x)

≤ CM1n
− r

2 δr(1−λ)
n (x)‖δrλ

n g(r)n ‖∞.

Similarly, by (2.10) we have

(2.12) |Bn,r(gn, x) − gn(x)| ≤ CM1n
− r

2 δr
n(x)ϕ−rλ(x)‖ϕrλg(r)n ‖.

If x ∈ En = [ 1n , 1 − 1
n ], then δn(x) ∼ ϕ(x), and, by (2.4) and (2.12),

(2.13)
|Bn,r(gn, x) − gn(x)| ≤ M2(n− 1

2 δ1−λ
n (x))r‖ϕrλg(r)n ‖

≤ M2A2ω
r
ϕλ(f, n− 1

2 δ1−λ
n (x)).
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If x ∈ Ec
n = [0, 1n)

⋃
(1 − 1

n , 1], then δn(x) ∼ 1√
n
, and by (2.4), (2.5) and

(2.11) we obtain

(2.14)

|Bn,r(gn, x) − gn(x)| ≤ M3(n− 1
2 δ1−λ

n (x))r(‖ϕrλg(r)n ‖ + ‖n− rλ
2 g(r)n ‖)

≤ M4((n− 1
2 δ1−λ

n (x))r‖ϕrλg(r)n ‖
+ (n− 1

2 δ1−λ
n (x))2r/(2−λ)‖g(r)n ‖)

≤ M5ω
r
ϕλ(f, n− 1

2 δ1−λ
n (x)).

From (2.3), (2.8), (2.13) and (2.14) we get (2.2).

3. Inverse Theorem

In this section we prove the inverse part of (1.8).

Theorem 2. For f ∈ C[0, 1], 0 < α < r, 0 ≤ λ ≤ 1, if

|Bn,r(f, x) − f(x)| ≤ B(n− 1
2 δ1−λ

n (x))α

then

(3.1) ωr
ϕλ(f, t) = O(tα).

To prove Theorem 2 we need some new notation and some lemmas. We use
the following notation.

C0 = {f ∈ C[0, 1], f(0) = f(1) = 0},
‖f‖0 = sup

x∈(0,1)
|δα(λ−1)

n (x)f(x)|,

C0λ = {f ∈ C0, ‖f‖0 < ∞},
‖f‖r = sup

x∈(0,1)
|δr+α(λ−1)

n (x)f (r)(x)|,

Cr
λ = {f ∈ C0, ‖f‖r < ∞, f (r−1) ∈ A.Cloc}.

For f ∈ C0 we define the K-functional as follows:

(3.2) Kα
λ (f, tr) = inf

g∈Cr
λ

{‖f − g‖0 + tr‖g‖r}.

We also need the following lemmas which will be proved in the next section.

Lemma 3.1. If n ∈ N, 0 < α < r, then

(3.3) ‖Bnf‖r ≤ B1n
r
2 ‖f‖0 (f ∈ C0λ).

and

(3.4) ‖Bnf‖r ≤ B2‖f‖r (f ∈ Cr
λ).

Lemma 3.2. For 0 < t < 1
8r ,

rt
2 ≤ x ≤ 1 − rt

2 and 0 ≤ β ≤ r, we have

(3.5)
∫ t

2

− t
2

· · ·
∫ t

2

− t
2

δ−β
n (x +

r∑
k=1

uk)du1 · · · dur ≤ C(β)trδ−β
n (x).

Now we prove (3.1).
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Proof of (3.1). Since Bn(f, x) preserves linear functions, we consider only
f ∈ C0 for r > 1. If r = 1, f(x) = ax+ b then ω1

ϕλ(ax+ b, t) = aϕλ(x)t ≤
atα (0 < α < 1).
So, we may assume f ∈ C0. From (3.2) we have

(3.6) Kα
λ (f, tr) ≤ ‖Bn,r(f) − f‖0 + tr‖Bn,rf‖r

and we may choose g ∈ Cr
λ such that

(3.7) ‖f − g‖0 ≤ 2Kα
λ (f, n− 1

2 ) and n− r
2 ‖g‖r ≤ 2Kα

λ (f, n− 1
2 ).

By the assumption of Theorem 2, one has

(3.8) ‖Bn,r(f, x) − f(x)‖0 ≤ Bn− α
2 .

Using Lemma 3.1 and (3.7) we have

(3.9)

‖Bn,r(f)‖r ≤ ‖Bn,r(f − g)‖r + ‖Bn,rg‖r

≤ M(n
r
2 ‖f − g‖0 + ‖g‖r)

≤ 2Mn
r
2Kα

λ (f, n− r
2 ).

From (3.6), (3.8) and (3.9) we obtain

Kα
λ (f, tr) ≤ M1(n− α

2 + trn
r
2Kα

λ (f, n− r
2 ))

and this implies, via the Berens-Lorentz lemma [1], that if α < r then

(3.10) Kα
λ (f, tr) ≤ M2t

α.

On the other hand, notice that δα(1−λ)
n (x) is concave. So, we have, for g ∈ Cr

λ,

(3.11)

∣∣∣∆r
tϕλ(x)g(x)

∣∣∣ ≤ ‖g‖0
r∑

j=0

(
r

j

)
δα(1−λ)
n

(
x + (j − r

2
)tϕλ(x)

)

≤ ‖g‖02rδα(1−λ)
n (x).

Using Lemma 3.2 for g ∈ Cr
λ, 0 < tϕλ(x) < 1

8r and rtϕλ(x)
2 ≤ x ≤ 1− rtϕλ(x)

2 ,
we have

(3.12)

∣∣∣∆r
tϕλ(x)g(x)

∣∣∣
≤
∣∣∣∣∣
∫ t

2ϕλ(x)

− t
2ϕλ(x)

· · ·
∫ t

2ϕλ(x)

− t
2ϕλ(x)

g(r)(x + u1 + · · · + ur)du1 · · · dur

∣∣∣∣∣
≤ ‖g‖r

∫ t
2ϕλ(x)

− t
2ϕλ(x)

· · ·
∫ t

2ϕλ(x)

− t
2ϕλ(x)

δ−r+α(1−λ)
n (x + u1 + · · · + ur)du1 · · · dur

≤ M3t
rϕrλ(x)δ−r+α(1−λ)

n (x)‖g‖r ≤ M3t
rδ(α−r)(1−λ)

n (x)‖g‖r.
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From (3.9)-(3.12), 0 < tϕλ(x) < 1
8r ,

rtϕλ(x)
2 ≤ x ≤ 1 − rtϕλ(x)

2 and by
choosing an appropriate g, we have∣∣∣∆r

tϕλ(x)f(x)
∣∣∣ ≤ ∣∣∣∆r

tϕλ(x)(f − g)(x)
∣∣∣+ ∣∣∣∆r

tϕλ(x)g(x)
∣∣∣

≤ M4δ
α(1−λ)
n (x)

{
‖f − g‖0 + trδr(λ−1)

n (x)‖g‖r

}

≤ 2M4δ
α(1−λ)
n Kα

λ

(
f,

tr

δ
r(1−λ)
n (x)

)

≤ 2M4δ
α(1−λ)
n (x)

tα

δ
α(1−λ)
n (x)

= M5t
α.

The proof of (3.1) is complete.

4. Proofs of the lemmas

Proof of Lemma 3.1. We first prove (3.3). Suppose that En = [ 1n , 1 − 1
n ].

For x ∈ Ec
n = (0, 1n)

⋃
(1 − 1

n , 1), we have [5] by Hölder’s inequality
∣∣∣B(r)n (f, x)

∣∣∣ =

∣∣∣∣∣ n!
(n− r)!

n−r∑
k=0

$∆r
1
n
f

(
k

n

)
pn−r,k(x)

∣∣∣∣∣
≤ Lnr‖f‖0

n−r∑
k=0

r∑
j=0

(
r

j

)
δα(1−λ)
n

(
k + r − j

n

)
pn−r,k(x)

≤ L1n
r‖f‖0


n−r∑

k=0

r∑
j=0

δ2rn

(
k + r − j

n

)
pn−r,k(x)




α(1−λ)/2r

.

For n > 4r we have
n−r∑
k=0

ϕ2r
(
k + 1
n

)
pn−r,k(x)

=


 2r∑

k=0

+
n−3r∑

k=2r+1

+
n−r∑

k=n−3r+1


ϕ2r

(
k + 1
n

)
pn−r,k(x)

:= I1 + I2 + I3.

Obviously I1 + I3 ≤ 2((3r + 1)!)r/nr and, by simple computation, we have

I2 =
n−3r∑

k=2r+1

(
k + 1
n

)r (n− k − 1
n

)r (n− r)!
(n− r − k)!k!

xk(1 − x)n−r−k

= xr(1 − x)r
n−3r∑

k=2r+1

(n− r) · · · (n− 3r + 1)
n2r

· (k + 1)r

k · · · (k − r + 1)

· (n− k − 1)r

(n− r − k) · · · (n− 2r − k + 1)
pn−3r,k−r(x)

≤ 2 × 2r × 3rϕ2r(x).
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By this and δ2rn (k+r−j
n ) ∼ ϕ2r(k+1

n ) + ( 1n)r, one has∣∣∣B(r)n (f, x)
∣∣∣ ≤ L2n

r‖f‖0δα(1−λ)
n (x).

Recalling that x ∈ Ec
n implies δn(x) ∼ 1√

n
, we see that

(4.1) δr+α(λ−1)
n (x)

∣∣∣B(r)n (f, x)
∣∣∣ ≤ L3n

r
2 ‖f‖0.

For x ∈ En we use the expression (cf. [5])

B(r)n (f, x) = (x(1 − x))−r
r∑

i=0

Qi(x, n)ni
n∑

k=0

(
k

n
− x

)i

f

(
k

n

)
pn,k(x)

with Qi(n, x) a polynomials in nx(1−x) of degree [(r−i)/2] with nonconstant
bounded coefficients. Thus,

∣∣∣(x(1 − x))−rQi(x, n)ni
∣∣∣ ≤ L4

(
n

x(1 − x)

)(r+i)/2
for x ∈ En.

If x ∈ En then δn(x) ∼ ϕ(x) and, recalling that δ2n( k
n) ∼ ϕ2( k

n) + 1
n , we have

by using Hölder inequality twice
∣∣∣B(r)n (f, x)

∣∣∣ ≤ L5

r∑
i=0

(
n

ϕ2(x)

)(r+i)/2 n∑
k=0

∣∣∣∣kn − x

∣∣∣∣
i

δα(1−λ)
n

(
k

n

)
pn,k(x)‖f‖0

≤ L5‖f‖0
r∑

i=0

(
n

ϕ2(x)

)(r+i)/2
(

n∑
k=0

(
k

n
− x

)2i
pn,k(x)

) 1
2

(
n∑

k=0

(
ϕ2
(
k

n

)
+

1
n

)r

pn,k(x)

)α(1−λ)
2r

.

Proceeding as in (4.1), we obtain
n∑

k=0

(
ϕ2
(
k

n

)
+

1
n

)r

pn,k(x) ≤ Cδ2rn (x).

It is known that for m ∈ N [5]∣∣∣∣∣
n∑

k=0

(
k

n
− x

)2m
pn,k(x)

∣∣∣∣∣ ≤ L6n
−mϕ2m(x) for x ∈ En.

Consequently, with x ∈ En, δn(x) ∼ ϕ(x) and

(4.2)

∣∣∣B(r)n (f, x)
∣∣∣ ≤ L6‖f‖0

r∑
i=0

(
n

ϕ2(x)

)(r+i)/2
(
ϕ2i(x)
ni

) 1
2

ϕα(1−λ)(x)

≤ L6(r + 1)
(

n

ϕ2(x)

)r/2
ϕα(1−λ)(x)‖f‖0.

Hence, using δn(x) ∼ ϕ(x) we obtain (3.1) for x ∈ En. We complete our
proof by using (4.1) and (4.2).
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Proof of (3.4). We recall that [5]

(4.3)
∣∣∣B(r)n (f, x)

∣∣∣ ≤ nr
n−r∑
k=0

∣∣∣∣$∆r
1
n
f

(
k

n

)∣∣∣∣ pn−r,k(x).

For 0 < k < n− r, by [5, p. 155],

k

n

(
1 − k

n

)
≤ R

(
k

n
+ y

)(
1 − k

n
− y

)
, 0 < y <

r

n
,

therefore δn
(

k
n

)
≤ R1δn

(
k
n + y

)
. Hence we have, as in [5],

(4.4)

∣∣∣∣$∆r
1
n
f(
k

n
)
∣∣∣∣ ≤ R2n

−r+1
∫ r

n

0

∣∣∣∣f (r)
(
k

n
+ u

)∣∣∣∣ du
≤ R2n

−r+1‖f‖r

∫ r
n

0
δ−r+α(1−λ)
n

(
k

n
+ u

)
du

≤ R2n
−r+1‖f‖r

r

n
δ−r+α(1−λ)
n

(
k

n

)
.

For k = 0, note that u ∈ (0, r
n) implies δn(u) ∼ 1√

n
. Thus, we have

(4.5)

∣∣∣∣$∆r
1
n
f(0)

∣∣∣∣ ≤ R3

∫ r
n

0
ur−1|f (r)(u)|du

≤ R3‖f‖r

∫ r
n

0
ur−1δ−r+α(1−λ)

n (u)du

≤ R4n
−(r+α(1−λ))/2‖f‖r.

Similarly for k = n− r we have

(4.6)
∣∣∣∣$∆r

1
n
f(
n− r

n
)
∣∣∣∣ ≤ R5n

−(r+α(1−λ))/2‖f‖r.

From (4.3)-(4.6) we get, with δn( k
n) ∼ δn( k+1

n−r+2),

(4.7)

∣∣∣δr+α(λ−1)
n (x)B(r)n (f, x)

∣∣∣
≤ R6n

r‖f‖rδ
r+α(λ−1)
n (x)

[
n

−r+α(λ−1)
2 (pn−r,0(x) + pn−r,n−r(x))

+
n−r−1∑

k=1

n−rδ−r+α(λ−1)
n

(
k

n

)
pn−r,k(x)

]
.

By a simple computation, it is easy to get (cf. [2])
n−r−1∑

k=1

(
n

k

)r

pn−r,k(x) ≤ C
1
xr
,

and
n−r−1∑

k=1

(
n

n− k

)r

pn−r,k(x) ≤ C
1

(1 − x)r
.
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Hence

(4.8)

n−r−1∑
k=1

ϕ−2r
(
k

n

)
pn−r,k(x)

≤ 2r
n−r−1∑

k=1

((
n

k

)r

+
(

n

n− k

)r)
pn−r,k(x) ≤ C1ϕ

−2r(x).

Note that δn( k
n) ∼ max{ϕ( k

n), 1√
n
}, and that by (4.7) and (4.8) we have∣∣∣δr+α(λ−1)

n (x)B(r)n (f, x)
∣∣∣

≤ R6‖f‖rδ
r+α(λ−1)
n (x)

[
nr(pn−r,0(x) + pn−r,n−r(x))

+
n−r−1∑

k=1

δ−2r
n

(
k

n

)
pn−r,k(x)

] r−α(1−λ)
2r

≤ R7‖f‖rδ
r+α(λ−1)
n (x)

(
min

{
nr,

n−r−1∑
k=1

ϕ−2r
(
k

n

)
pn−r,k(x)

}) r−α(1−λ)
2r

≤ R8‖f‖rδ
r+α(λ−1)
n (x)δ−r+α(1−λ)

n (x) = R8‖f‖r.

Now we have proved the inequality (3.4). This finishes the proof of Lemma
3.1.

Proof of Lemma 3.2. It is known that, for 0 < t < 1
8r , rt

2 ≤ x ≤ 1 − rt
2

(cf. [7]),∫ t
2

− t
2

· · ·
∫ t

2

− t
2

ϕ−r(x + u1 + · · · + ur)du1 · · · dur ≤ Ctrϕ−r(x).

Using this and Hölder’s inequality we obtain∫ t
2

− t
2

· · ·
∫ t

2

− t
2

δ−r+α(1−λ)
n (x + u1 + · · · + ur)du1 · · · dur

≤ C1

(∫ t
2

− t
2

· · ·
∫ t

2

− t
2

min
{
ϕ−r(x + u1 + · · · + ur), n

r
2

}
du1 · · · dur

) r−α(1−λ)
r

tα(1−λ)

≤ C2
(
tr min

{
ϕ−r(x), n

r
2

}) r−α(1−λ)
r tα(1−λ)

≤ C3t
rδ−r+α(1−λ)

n (x),

which is the stated result.
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