STABILITY OF COUPLED SYSTEMS

FARID AMMAR KHODJA, ASSTA BENABDALLAH AND DJAMEL TENIOU

ABSTRACT. The exponential and asymptotic stability are studied for certain
coupled systems involving unbounded linear operators and linear infinites-
imal semigroup generators. Examples demonstrating the theory are also
given from the field of partial differential equations.

1. INTRODUCTION

In [1] and [2], the authors have studied a system which consists in a
coupling of the wave equation with the heat equation. They showed that,
under some conditions, one has exponential stability or asymptotic stability.
Another system has been studied in [3]. Stability results are also proved
there. Our goal, in this paper, is to give results for the stability of more
general systems than those cited.

The system we want to study is:

v = Au + B,
(1) v/ = —B*u+ Cv,

u(0) =ug, v(0) = vp.
where A, B and C are unbounded operators on complex Hilbert spaces which
will be precisely defined in what follows.

This work is divided into three parts. In the second section, sufficient
conditions are given which insure the exponential stability of the semigroup
associated to system (1). The third section is devoted to the study of the
asymptotic stability. Applications to some examples end this paper.

2. EXPONENTIAL STABILITY

In this section, we set the following assumption:
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Assumption (E.S)

1) (A, D(A)) is a generator of an exponentially stable semigroup of con-
tractions (S4(t)) on the Hilbert space X: there exist wqg > 0 and
M4 > 0 such that

[Sa(t)lx < Mae ™4 Vi >0;

2) (C,D((0)) is self-adjoint on the Hilbert space Y and generator of an
exponentially stable semigroup (Sc(t));
3) (B,D(B)) is an operator from Y to X such that D(A) C D(B*) and

it is (—C)%- bounded, i.e: D((—C’)%) C D(B) and

B(~0)"7 € L(Y, X);

A B
i=( 5 c)
of domain D(A) x D(C) is closed and there exists A\g > 0 such that
(Mol — L) is onto.

4) The operator

Proposition 1. Under the assumption (E.S), the operator L is an infini-
tesimal generator of a semigroup Sr(t) of contractions.

Proof. L is monotone since for all (u,v) € D(L), one has:

<L [ :}L } , [ Z }>Xxy = (Au, u) y + (Bv,u) y — (B*u, v)y + (Cv,v)y .

So, using assumptions (E.S;)-(E.S2):

Re<L { ZL ] , [ u ]>X7Y = Re ((Au,u) y + (Cv,v)y) <0.

v

The assumption (E.S4) implies that L is maximal. The Lumer-Phillips
theorem gives the result. =

Then, for all (ug,vo) € D(L), the system

{ Y'(t) = LY (t),

Yo == ||,

(2)

has a unique solution Y in C([0, 4+oc[; D(L)) N C([0, +oo], X x Y) [10].

Let us denote by Y (t) = { Zgg } , t >0, a solution of (2). One has:

Theorem 2. The semigroup Sr(t) generated by (L, D(L)) is exponentially
stable: there exist w > 0 and M > 0 such that

1SL(#) || xxy < Me Vi > 0.
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Before proving the theorem, let us recall (see Pritchard and Zabczyk [11])
that a semigroup (S(t)): generated on a Hilbert space (H, (,);) by an oper-
ator (A, D(A)) is exponentially stable if and only if there exists a bounded,
positive and selfadjoint operator P on H such that:

2({PAY,Y),; = —|V||% VY € D(A).

This last equation (in P) is called the Lyapunov equation (FE.L) and
the solution P the Lyapunov operator. As the semigroups associated to
(A,D(A)) and (C, D(C)) are exponentially stable, we denote by P4 and Pc
their associated Lyapunov operators. One has:

(3) 2Re (PyAu,u) = —|jul% Vu € D(A),
2Re (PcCv,v)y = —||v|)3 Vv € D(C).
In fact, as the operator (C,D(C)) is selfadjoint and its semigroup ex-

ponentially stable, the associated Lyapunov operator P¢ is —%C’*l. So we
have:

Lemma 3. There ezists 9 > 0 such that for alle < ey and all Yy € D(L),
the functional

pult) = [V (D Beny + ¢ (Pault),u(®)y +e ( ~Co(t),vfo))
is such that there exists D(g) > 0 for which
pe (t) < pe (0)e~PE? for all t > 0.

Y

Proof. We will prove that, for sufficiently small € > 0, there exists a positive
constant D(e) such that

2 pelt) < ~D(E)pe(t).

Evaluating the derivative of p.(t) , we get from system (2)
d
T IY Oy = 2Re (Cv(t),v(®))y +2 Re (Au(t), u(®))

and from (3)

% (Pau(t), ult)) x = —[lu(t)lX +2Re ( Bu(t), Pau(t))x ,
d

-1 _ 2 * —1
2 (C.0(0), = ~Ilv@IF — Re( Bu(t),C™ (1)),
Now we estimate the products using the assumptions on B and C:

[ Bot), Pau(t) x| = |{ B(=C)"3(=C)%u(t), Pau(t)) |

IN

_1 1
ZIB=C) 2B x| (—C)30(0) I}

S 1PAI () )%

where « is a positive constant. We recall that the assumption (E.S3) implies
that all the quantities of the right member are bounded.
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Next, we estimate the last term:

[ Bru(t), CYu()y | = |(u(t), B(-C)72(=C)"(~C)2v(1))

_1
< §lu®lX + 2 1B(=C)" 2y

1

N0 gy (=030}

Grouping these estimates together (with the use of the dissipativity of A),
we get

d « «
Zpet) < — oI} — (1 = SIPalR ) — D)k

9 _1 _ 1
+ o 1B H Ry, (1-C) By +1) — 2] I-O)u(o) -
If we choose a < g, where
—1
ao=2([|Palfx) +1)

and € < gg, where
4o

Eo = 1
IB(=C) 2 1y (I1-C) 123y +1)

we can then write

& pelt) < —a@) Y (1) ey
with
a(©) == (1= 5Pl + D).

From the definition of p.:

(@) VOB > (4 emax (1Pall o, 107 2o )) o (0
and the two last inequalities give
d
(5) 2iPe(t) < =D(e)p=(t),
where
©) D(e) = e

1+ emax (|[Pall L), 1€ v )
This proves the exponential decay of p.(t). m

Lemma 4. For e > 0, the application
X xY — R"
Se -

Y = (u,0) > (¥) = (IV %y +2 (Pau,u)x +e (~Clv,v)y)

Nl

defines a norm on X XY which is equivalent to ||Y || xxy-
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Proof. One has the inequalities

1
IV llxxy < se(¥) < (1 +emax (I PallLis 1€ ) ) * 1Y ey
The first inequality is obvious. The second is (4). =

Proof of the theorem. Lemmas 3 and 4 prove the theorem since we deduce
from them that, ¥Vt > 0, we have

1Y () %xy < (1+emax (||PA||L(X)7 HC_1||L(Y))) ||Y(0)’|%(XY6_D(8)t7

which proves the exponential decay and gives an estimation of the decay
rate. m

3. THE ASYMPTOTIC STABILITY

Definition 5. A Cy semigroup (S(t)): in a Banach space E is said to be
asymptotically stable if

lim S(t)xr=0 VzekF.

t——4o00

In this section, the assumption (E.S) is replaced by
Assumption (A.S)

1) (A,D(A)) has a compact resolvent and is a generator of contraction
semigroup (S4(t)) on the Hilbert space X;

2) (C,D(C)) has a compact resolvent, is self-adjoint on the Hilbert space
Y and generator of an exponentially stable Cyp—semigroup (Sc(t));

3) i) D(C) C D(B) and there exist two constants a¢c and d¢ with

0 S ac < 1, 50 Z 07
such that
[Bv|x < acl|Cvlly + écllvlly-
ii)
D(A) Cc D(B")
and there exist two constants a4 and 64 with
0<ay <1, 6a >0,

such that
B ully < aallAullx +dallullx.

Remark 6. The assumption (A.S3) is natural because the operator L can
be written as follows
L=D+FE

A 0 0 B
D:(o C>’ E:(—B* 0)'

Clearly D is a generator of contraction semigroup and since E is dissipa-
tive, L is also a generator of contraction semigroup (see for example [10],
Corollary 3.3, p. 82).

with
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For
U
Yo = { 0 } e X XY,
Vo

let us denote by v(Yp) its orbit and by w(Yp) its w — limit set :
7(Yo) = {S(t)Yo,t = 0},
wYo)={Z e X xY,3t, € R t,, — +00, Z = limy, 100 S(tn)Yo}
Proposition 7. If Yy € D(L), then (u',v") is bounded in X x Y.
Proof. Letting Yy € D(L?), we obtain
u” = Au' + BV,
V" = —-B*' + CV,
with
u'(0) = Aug + By,
v'(0) = —B*ug + Cuyp.
So,

[u/[I5% + 1) < [l (0)[I% + [lv'(0)]3
< || Auo + Buo||% + || — B*up + Cuwol%

< 2 (|| Auo |13 + |Buoll% + | B*uol13- + | Cvoll}]
and, using the assumption (A.S3), we get
I/ I3 + 11} < K [ Auol% + leoll} + luoll% + |Cvol} |

where K is a positive constant. This proves the proposition for Yy € D(L?)
and, by a density argument, we obtain the result for all Yy € D(L). =

Corollary 8. For all Yy € D(L), v(Yp) is relatively compact in X x Y.
Proof. One has
[Aullx < [lv'lx + 1Bvllx < [[v'llx + dcllvlly +aclCully
1Colly < [['ly + B ully <[[v'[ly + dallullx + cal Aullx,
S0
(1= aa)llAullx + (1 = a0)[|Colly < [[W/]lx + [V'[ly + dallullx + dcllolly-

Since we assumed that the constants a4 and a¢ are less than one, from the
last proposition we deduce that ||Aul|x and [|Cv[ly are bounded in X and
Y respectively. As A and C have compact resolvent, we have the result. m

We can then state
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Theorem 9. Under the assumption (A.S), if the unique solution of the sys-

tem
u = Au,
B*u=0, t>0,

is u =0, then SL(t) is asymptotically stable.
Proof. Let Yy € D(L?) and Y € w(Yp). Clearly,
SL(t)Y € w(Yp) Vit >0,
and
ISEOY [Xwy = 1Y [%xy  VE20.
Now, let (t,) be such that
Sp(tn)Yo — Y as n — 00.

Since Sy (tn)LYp is relatively compact, there exists a subsequence () such
that
LSL(tn;)Yo = SL(tn,) LYo — Z as j — oo.

Since L is closed, Y € D(L) and LY = Z. If { ZO? } = Sr(t)Y, then we

(t

can write
d
%HSL(t)YH%(XY = Re ((Au(?t), u(t)) x + (Cu(t),v(t)))y = 0.
Thus, v = 0 and wu verifies
u = Au, B*u = 0.
The assumption of the theorem implies that © = 0. This proves that
Spt)Y =0 vt > 0.
Consequently, Y = 0 and w(Yp) = {0}. Since S7(¢) is uniformly bounded
and D(L?) is dense in X x Y, the result follows. =
4. APPLICATIONS

As a first example, consider the problem

' = Au — a(z)u’ + bw, Qx Rt
(1) w' = Aw — b*u/, QO xRt
upn = wan = 0, R,

u(0) = up, ' (0) = ug, w(0) = wy, O,

where () is an open bounded subset of R" with a smooth boundary, a €
L>(Q) and (b, D(b)) is a linear operator on L?(Q) which will be precisely
specified later. The system (7) can be written formally as follows:

Y'=LY
ug
(8) YO —vo | }
Wo
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with

-B* C

(2 %) G2
L — =
(0 —b*) A
defined on H = H{(Q) x L?(2) x L*(Q) (the energy space equipped with
the product norm denoted by ||.||) and
D(L) = D(A) x D(C) = (H*(Q) N Hy () x Hy () x (H*(2) N Hy(2)).

Then, assuming the following geometrical control property (see [4])

Qo C Q is open and there exists T > 0 with the property that every geodesic
(ray) of length T meets Q.

As a direct consequence of the results of the previous sections, one has

Theorem 10. The following statements are true:

(i) If a is nonnegative on  and
(9) a>ay>0 ae on QyCQ,

where Qg is open and satisfies the geometrical control property and b
1

is (—A)2-bounded, then (SL(t))i>0 is exponentially stable: there exist

w >0 and M > 0 such that

IS < Me™"  for all t > 0;
(ii) If b is (—A)%—bounded and a =0 a.e. in ), then, for all Yy € X,
ISL(t)Yo]| — 0 ast — +oo.

Proof. From the results of [4], A generates an exponentially stable semigroup
in case (i). The other assumptions of theorem 2 are easily derived. Property
(ii) is a direct consequence of theorem 9. =

Remark 11. (a) This result is true, in particular, if b is a bounded operator
in L?(Q). In this case, one cannot expect exponential stability if a = 0 and b
is a constant and, in a sense, (it) in theorem 10 is optimal. More precisely,
when a and b are constants, we have (see [1] and [2])

Proposition 12. The eigenvalues (As3i;) of L satisfy the following proper-
ties

(i) for sufficiently large k, one of the eigenvalues (denoted by Asy) is real
and the two others are complex;
(i) sk > —pr, Re(A3p1j) < —5 forallkand j = 1,2

Q

limg oo Re(Asg) = —o00, limy s o Re(Askyj) = — J=12;

O |
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(iii) L satisfies the spectrum determined growth assumption and for every
be R, there exists agp = ap(b) €]0,/2pu1[ such that

G(L) :=inf{we R,AM > 0,|S.(t)]| < Met)

=w(A) if a €]0,ao,

w(L) >w(A) if a > ap,
where the py are the eigenvalues of (—A) and

-2 fag\/2ﬂla
: 0 I - z
A:<A —a>; w(4) =

\a2—4 .
—4 + NI ifa > /2.

2

(b) If one takes b= d -V, where d is a vector of R™, the result still holds.
The interest here is that, in the one-dimensional case (the one- dimensional
thermoelasticity system), the exponential stability remains even if a =0 (see

[8])-

The second example deals with the boundary stabilization of the thermoe-
lasticity system. Let €2 an open bounded set in R" with smooth boundary
L,

v’ = Au+ aVw, Rt x Q,
w' = Aw+ aV.d, Rt x Q,
Gu — b/, R x T,
(10)
u=0, R* x Ty,
w=0, R* xT,
u(0) = ug, v (0) = ug, w(0) = wp, Q.
where u = [(ug,... ,u,)] (resp. w) is the displacement (resp. the temper-

ature) of the system, v(z) is the exterior normal to I' at z, a > 0 is the
coupling parameter and z is a fixed point in R™ (n < 3 for physical cases)
(see [7]),

m(z) =z —x9 x € R",
Iy ={z e€T; m(x).v(x) >0},
I, =T —T,,
b(x) = —m(x) - v(z).

We assume that

(11) Ty £0
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and set
HE () ={ue H'(Q);u=0o0nT}

On this space, we define the scalar product
< U, v >= / Vu.Vovdz.
Q
The energy space will be the Hilbert space

H = (H} Q)" x (LA(Q))" x L(Q)

with the scalar product

u f
< [ v ] , [ g ] >:/Q(Vu.Vf+vg+wh)dm

w h
and we denote by || - || the induced norm on H. |.| will denote the L?-norm.
Let
0 I 0
R
L= A0 av — ( ) ,
-B* C

(0 aV-) A
D(A) x D(C)
{0 ] ent@rx @ ave @2@yve i @ 3

D(L)

—bvon ro} « (H2(Q) N HL ().

One has the following: Assumption (E.S) is satisfied if a geometrical hy-
pothesis on Q0 (see below in the proof) is added which insures the validity of
Grisvard’s integral formula.

Proof. Following Grisvard [5], in the case n = 2 one has the Green formula:

Jo Aum - Vudx = %frlm-y\%]zda_ %from'V’%\2d0

+(%) Y gexs cgm(S) - 75 — (%) Y sexc cem(S) - Ts

for all v in D(A) (with mixed boundary conditions) where u — Y gcx csug
is in H?(Q), ug being the first singularities of the Laplace operator. In this
formula, ¥ is a finite set (the ”vertexes”) and (¢, X°) is a partition of ¥
defined by

(i) S € X€if S is downstream of I'; following the positive orientation of T';
(ii) S € X¢1if S is downstream of I'y following the positive orientation of I'.

In this case, the geometric condition on {2 is

m-7 >0 on X m -7 <0 on X°.
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This last condition implies the inequality
/ Aum - Vudr < - / m- 1/| 2do’—f/ 1/|—\2d0.

The exponential stability of the semigroup whose generator is A is then
proved as in [6]. The operator B is (—A)'/2-bounded and D(A) ¢ D(B*).
Note that the last (crucial) inequality remains true in higher dimension with
similar geometric restriction on  (see [5] for n = 3 and [M] for n > 3) and
thus the semigroup is also exponentially stable. m

Theorem 13. Under the previous assumption, (Sr(t)) is exponentially sta-
ble.

We give, in what follows, a second proof, more constructive, which insures
an estimate of wy,, the constant of the exponential decay of Sr(¢).

Proof. Let Y = :)L } a solution of (10). We define, for all ¢ > 0, the
function ‘
pelt) = LIV () + 2 (lew) n p2<t>> ,
=
where

Q
and
1
pa(t) = L | VATt x) P

A~! is the inverse of A considered as an operator of L?(Q) with domain
D(A) = H?(2) N H (). Differentiating p}, we obtain

%pg - /Qvg[zm Vi + (n— D] + vsl2m - Vos + (n — Dvilda
/Q (Aul + ozgxl) 2m - Vi + (n — )] + wi2m - Vo + (n — D] da
As in ([6], (2.20)-(2.22)), we have, for all i =1, ..., n,
(n — 1)/ wiluide = —(n — 1)/ (m - v)viudl — (n — 1)/ | Vu; |? do,
Q Ty Q

Q/Uim-Vvidx: m.yyui]2df‘—n/\v¢\2d$,
Q Q

To

Q/KZ(AUZ)(m -Vu;)dx < (n— 2)/Q | Vu; |? da

~ [ Gm-v) 20 Vi)t | Vg Par
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From these three last relations, we get

d
dtm —\Vuz|2—|vz|2+/ 5 + (n — 1)u;] dz
(12)
— | m-v[2uim-Vui+ | Vg > = | v | +(n — 1w dl.
o
On the other hand,
Lpy = [o(VATIw) - (VAW )d
= — [o(A 7 w)w'dx
and then, using the second equation in (10), we obtain
d
(13) L= —|w - / AV - ) (A w) da.
dt Q
Noting that
Y(t)|* = (LY, Y
I = (@y.y),
one obtains
2 2 2
(14) S IV ()] = /mymdr 19w da.
Thus, from (12)-(14),

d
—pgg—/ m-v[(1—e)|v[*+e(n—1)u-v
dt To

+2ev - (m | V)u + ¢ | Vu [?]dD
—i—e/ aVw - 2(m | V)u+ (n — 1)u] dz+
Q

—i—e/ AV - ) (A w) dz — e|[Y|?= | Vo |2,
Q

where, in this last inequality, we used the notation

m - Vuq
(m|V)u =

m - Vuy,
Let R = ||m|| (), Co the Poincaré constant in EE(Q) and C; defined by
m-v |uPdl<Cy|Vul?  Vue HL(Q).
To

Let us denote by Iy the integral on I'y in inequality (15). It is estimated as
n [6] by

m-v|v|*dl
o

—I < — [1—5(1+R2+("1)201)]
(16) 2

+ g (IVuf? + o).
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For the next terms of (15), let 5 > 0 any constant. One has

p

o |?

(17) |/Qonw.(m|V)udﬂs]§ | Vw |2+2R2\Vu |2

and

(18) ]/an (n—Dudz |< | | | Vw |? —i—ﬁ(n_zl)QCO\Vu 2
Using first Green’s formula, we obtain for the third integral

1) 1 favoa el DD vepd e

With the inequalities (16)-(19), we conclude that

o f* (2+C’0)—11 | Vw |2

d
—p —||Y||? +
the = 6” H 203

d

1\2
- l1—5(1+R2+(”21)01>] m-v|v[?dl
o

€ 2 1) 2, BHL o
+2(1+ﬂ[3 +(n = 1)*Co|) | Vu * +¢ 5 vl
We choose 8 > 0 such that
—BIR*+ (n—1)2Cy] >0;, 1-3>0
and € > 0 in such a way that
—1)2C
\a\(2+00)_1<0 1—5(1+R2+u)2 0.
28 2
Since m -v > 0 on I'g, one derives the inequality
d
— —eCo||Y||?
gPe = —<CflY]

with
Co(= Co(B)) = min(1 — BIR? + (n — 1)*Co), 1 - B).
But, on the other hand, for all t > 0,
1 1
pelt) < (5 + e max(Co, 2R + (n — G|V (1)
As

pu(0) 2 (5 = SR+ (= )GV (D)

we get the result with

eCa(0)
2w > (% n %5max(00, 2R+ (n—1)Cy))

and e verifying the condition: (1 —¢(2R+ (n—1)Cp) > 0. =

339
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