1.1. Statement of the Problem and Motivation. Let ) be a bounded
domain of R™, n > 2, with sufficiently smooth boundary I' = I'g U I';, with
both I'; open and nonempty. This paper is a continuation of our study,
initiated in [1], of the following system consisting of a coupling between a
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ABSTRACT. We show here the uniform stabilization of a coupled system of
hyperbolic and parabolic PDE’s which describes a particular fluid/structure
interaction system. This system has the wave equation, which is satisfied
on the interior of a bounded domain €2, coupled to a “parabolic-like” beam
equation holding on 912, and wherein the coupling is accomplished through
velocity terms on the boundary. Our result is an analog of a recent result
by Lasiecka and Triggiani which shows the exponential stability of the wave
equation via Neumann feedback control, and like that work, depends upon
a trace regularity estimate for solutions of hyperbolic equations.

1. INTRODUCTION

wave and plate—like equation:
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2 = Az on (0,00) x £
2(0,x) = 2z, 2¢(0,2) =21 on Q
z(t,x) =0 on (0,00) x I’y

0z(t, x)
v

+az(t,r) =v; on (0,00) x I'1 with a > 0;

ponential stability.
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v = —A% — A% — 2z on (0,00) x Ty
2) v(0,z) = vo, v.(0,2) =v; on I
v(t,x) = Ou(t,z) =0 on (0,00) x 9.

ov

Note how this coupling above of two qualitatively different equations is ac-
complished by the velocity terms z; and v; on the active portion of the bound-
ary I'y.

In [2], issues of well-posedness for (1)—(2) were settled, with initial data
128, 73] = [20, 21, v0, v1] determining the solution [Z°, 7] = [z, z:,v, v to
be in Hf (Q) x L*(2) x HF(I'1) x L*(T1) (where H} (Q) = {z € H'(Q) >
z = 0 on I'p}). Here, we are concerned with the exponential decay of the
solution [Z, @] to (1)-(2). Specifically, we wish to know: Defining the

energy F (7, v, t) of the system as

B(Z,7,t) = /Q (V201 + |z2(t) 2] d

+ [ [1av@P + o] ars,

do there exist positive constants C' and w such that

Ef
El
(where the norm above denotes that of the Hf (Q) x L*(Q) x H§(I'1) x
L?(I'1)-topology). This “structural acoustics” model is a variation of that
derived by H.T. Banks et al (see [4], [5]) to mathematically describe the
interaction between an acoustic field and its vibrating boundary, a physical
phenonemon much studied nowadays within the realm of smart materials
and structures and its accompanying numerical analysis. A simple PDE
argument will reveal that the original system of Banks et al does not exhibit
uniform decay, and hence the necessity for the supplanting with (1)—(2),
focusing here on the case that the parameter o > 0.

A demonstration of exponential stability for the system (1)—(2) has im-
portant physical implications, as one would consequently be free to study
the associated Linear Quadratic Regulator Problem (LQR) on Infinite Hori-
zon. In the LQR for the structural acoustics model, boundary control is
implemented via the placement of linear combinations of derivatives of delta
functions in the beam equation of (2), so as to model the use of piezoelec-
tric ceramic patches in inducing acoustic noise reduction (the LQR for finite
time has been given a thorough treatment in [1]). Note here that the in-
put operator which models the control action is “badly” unbounded, and
the LQR is consequently not amenable to the recently developed treatments
in [9]. The exponential stability of (1)-(2) is requisite in the analysis of
the LQR for infinite time, which in turn could potentially yield a viable
numerical approach (via a formulation of the appropriate Algebraic Riccati

(3)

2

E(Z,V,t) < Ce ™! ?
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Equation) for obtaining approximations of the structural acoustics control
problem. Moreover, the uniform stabilization of (1)—(2) is indispensable in
future considerations of nonlinear versions of the model.

1.2. Preliminaries. In dealing with (1)-(2), we will consider throughout
its equivalence with an abstract evolution equation, for the defining of which
we will need the following background material:

e Let the operator A : L?(Q2) D D(A) — L?() be defined by

0z _ O}.
I

o
Note that A is self-adjoint, positive definite, and hence the fractional
powers of A are well defined.

(4) Az =-Az,D(A) = {z € H*(Q) > zlp, =0,

e By [10], we have the following characterization:

D(A%) = HE (Q) = {z €eHY(Q) > 2=00n ro},

(NI

(5) with ||z|y‘j)(A%) - HA%z]

where the last equality in (5) follows from Poincaré’s inequality.
e We define the map N by

2 _ 2 - 2
vy = 173 42 = 21, ¥ = € D(4l),

Az=0 on

zlp, =0  onTy

(6) z2=Ng <=
9z =g only;
ov|,.
1
elliptic theory will then yield that
(7) N € L(L2(T1), D(AT7) Ve > 0.

o Lety: HY(Q) — H? (T'1) be the restriction to I'y of the familiar Sobolev
trace map; viz.

®) vie H(@)() = { 5w
Then as is shown in [15], we have
(9) N*A =~(z) Vz € D(A2).
e Weset A : L2(T'1) D D(A) — L*(T') to be
(10) A =A% DA) = HYTy) N HZ(T);

A is also self-adjoint, positive definite, and again by [10], we have
the characterization

D(A%) = H(T),
. 12
)  with [Ad, :/Fl |Avf?dQ = [Jo]Za ) Vo € D(A

[N

).
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o We define the energy spaces

(12) Hy, = D(A7) x L2 (Q);
(13) Ho = D(A3) x L3(Ty).
e We define A; : H; D D(Al) — Hy and Ag: Hy O D(AQ) — Hj to be

0 I

(14) A= [ W _aANN*A} with

(15) D(A;) = {[zl,ZQ]T € [D(A%)r 521 +aNN*Az € D(A)};

(16) AOE[AO zﬂ with

1

(17)  D(4y) = {[vl,vg]T e [DAH]" > v+ v e D(A)}.

With the above operator definitions, we set

Al 8 0*
A= v with
0 O A
0 —v 0

D(A) = {[tha,v,vz]T € {D(A%)}2 X {D(A%)}2 such that
—2z1 —aNN*Azs + Nvy € D(A) and vy + vy € D(A)}.

If we take the initial data [z, vg] to be in Hy x Hy and 2z = [z, 2], ¥ =
[v,v¢], we can use the definitions above to rewrite (1)—(2) abstractly as

[3]-43

[2(0),000]] = [, ).

Remark 1. The structure of A given in (19) clearly reflects the coupled
nature of this particular system; The operator A; which models hyperbolic
dynamics is linked via an unbounded coupling with the “elastic” operator Ag
which exhibits parabolic characteristics, this coupling being accomplished by
“trace” operators.

From (19), the differential equations in (1)—(2) then have the following
abstract representation:
(20) 2z = —Az — aANN* Az, + ANv; on (0,00) x €
(21) vy = —Av— Av, — NA*z on (0,00) x T'y.

Regarding the well-posedness and strong stability of (1)—(2) and its equiv-
alent form (19), we have the following recent result:

Theorem A. (see [2]) Witha >0 in (1),
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(i) A given by (18) generates a Cy-semigroup of contractions {eAt}t>0 on
the energy space Hy x Hy. a

(ii) The semigroup {eAt}t>0 is strongly stable; that is to say,

\ [z_g, v_o>] = (20, 21, v0,v1] € Hy X Hy, one has

lim At z
(22) f s oo e { U_O> — 0.

1.3. Literature. The exponential stability for the individual components
Ay and Ag have been well-established these past few years, but that of the
entire structure A has not been addressed. Concerning the beam equation
modelled by the “elastic” operator Ap, we have the result of S. Chen and R.
Triggiani in [8] that Ay generates an analytic semigroup, which automatically
provides for the exponential decay of the solution [v, v;] of the second—order
system

vy = —A% — A?v; on (0,00) x Ty

ov(t, )

(23) v(t,x) = 50

=0 on 8F1

[’U(O),’Ut(())] = {Uo,vl] € Hy X Hy.
For the wave equation with L%(0,T; L?(€2))-Neumann feedback control; viz.

2z = Az on (0,00) x

2(0,2) = 29, 2(0,2) =21 on Q

24
(24) z(t,x) =0 on (0,00) x 'y
8zéty,a:) = —az(t,x) on (0,00) x 'y a>0;

G. Chen in [7] proved the exponential stability of solutions (24) under the
geometrical conditions that © be “star—shaped”. J. Lagnese in [11], and
subsequently, R. Triggiani in [15] through an alternate proof, showed the
uniform stabilization of (24) under the lessened constraint that there exist

a {CQ (ﬁ)}nfvector field h(z) such that

(j) h-v <0 on Iy where v denotes the unit-normal vector to I';
(jj) h is parallel to v on I'y,
(jjij) The Jacobian matrix H(x) of h(z) is uniformly positive definite on €.

Also, C. Bardos, G. Lebeau and J. Rauch in [6] have derived stability results
for wave equations with more general boundary conditions than those in
(24), under the assumptions of geometric optics; however the techniques
used in the proofs therein are not easily adaptable to our particular situation,
based as they are on microlocal analysis and the propagation of singularities.
Instead, we shall use the approach of I. Lasiecka and R. Triggiani in [12], who
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have shown the exponential decay of solutions of (24) without the constraint
(jj)- This result is proved by using the standard multipliers h-Vz and z div h,
and invoking a deep (pseudodifferential) trace estimate which we state here
for future reference:

Lemma A. (see [12]) Lete > 0 be arbitrarily small. Let z solve an arbitrary
second—order hyperbolic equation on (0,T) with smooth space—dependent co-
efficients. Then with Qr = (0,T") x £,

T—e¢ 2 T 2
/ / <6Z> dTydt < Cr. / / (82) w22 barar
€ N 67— 0 1N 8U

2
+M¢W%}

where the € on the left of (25) need not be the same as the € for the Qr—norm
on the right, and where 8% denotes the tangential, and 8% the co—normal
derivative.

(25)

It is this control of the tangential derivative provided above that allows
one to forego the condition (jj) and generate the desired bound on the energy.
In what follows, we will use critically the fact that Lemma A is applicable
to the coupled wave equation given in (1).

1.4. Statement of Main Result.

Theorem 1. With a > 0 in (1), suppose there exists a vector field h =
[hi(x), ho(x),....;hn(x)] € [CQ(Q)} satisfying (j) and (jjj) only. Then, the

semigroup {e“‘”}t>0 generated by the operator A (defined in (18)) is expo-

nentially stable; that is to say, there exists positive constants C' and w such
that the solution [2', 0] of (1)-(2) satisfies

— 12 = 112
(26)  E(F, V1) = eAf[i} < ceet| 2 .

U My« Y0l i1y 5 Hg

Note that the proof of Theorem 1 is independent of the strong stability
result posted in Lemma A, wherein there is no imposition of geometrical
conditions. As will be explained below, to demonstrate the exponential
stability, it will suffice to show that there exists a T, 0 < T < oo and
corresponding constant Cr such that

2
] dt.
L2(T')

To obtain (27), we will rely on the strong damping provided by the beam
equation in (2) combined with a multiplier method for the wave equation
in (1) to extract a preliminary upper bound on the energy E (72, v, T).
This upper bound, besides containing the RHS of (27), also includes the
tangential derivative of z and lower order terms. We then use Lemma A, in

T
@) EETD<Cr [ [l + Ak

0
a very similar way to that done in [12], to estimate 8—2 in terms of the RHS
T
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of (27) and more lower order terms, and finally eliminate these lower order
terms through a compactness/uniqueness argument.

Remark 2. The assumptions (j) and (jjj) on the vector field h will be sat-
isfied if I'g is a sufficiently small portion of T, viz. if meas(I'y) < meas(T).

Remark 3. In estimating the energy contribution of (1), one could also
proceed as in [11] and [15] to eventually arrive at the uniform stabilization
of (1)—(2) under all the geometrical conditions (j)—(jjj). To reiterate, it is
the abstract trace estimate (25) which helps to yield the stronger result by
eliminating outright the condition (jj).

In proving Theorem 1, we will, without loss of generality, take o = 1, as
one will see in the proofs below that the value of « is irrelevant, so long as
it is positive.

2. PROOF OF MAIN RESULT

Throughout, the initial data [z, 73] is taken to be in D(A), which pro-
vides that [z, z¢,v,v] € C([0,T); D(A)), and [z, zu, ve, vie] € C([0,T]; Hy
Hy). Proving the results below and subsequently Theorem 1 for this special
case will be conclusive, as we can then extend the obtained results by density
to hold for all initial data in Hy x Hy.

We first establish a preliminary concerning the a priori regularity of the
velocity terms z; and v; which will be used frequently in the work ahead.

Proposition 1. With [Z', V'] the solution of (1)-(2) (guaranteed by Theo-
rem A.(i)), we have

The map {z_()>,v_0>} — {Zt‘rl ,vt} €

£<H1x[h,L2@Lan?@&)x[KA%D).hMaﬂ,weMweVO<ﬁF<co
T 2
(28) QA |k, ey |

—E(Z,7,00—-E(Z,7,T).
Proof: We have by multiplying (20) by z, (21) by v, and integrating from
0toT:

T T
(%%IW%Mﬁmﬁ=A<MWm%

2
L2(Ty)

b

1 1
D(A2)} xD(AZ)
2

T [ZE R A P

L2(Q

=Dl |

T 1 2 T .
(30)/0 HA2'Ut‘ LQ(Fl) = —/0 (N AZt,Ut)LQ(Fl) dt

It

2

J llollzeqr,) — [|Ao(T)]

L~ T ey

L2(I L2(T
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Considering the definition of E given in (3) and the characterizations (5),
(11) and (9), the desired relation (28) is obtained after the addition of the
quantities in (29)-(30). The asserted continuity of the map {z§, 75} —

zt|p, vt is consequently deduced from (28) and the contraction of the

: At}
semigroup { e ..
sroup { >0

2.1. Proof of Theorem 1. A standard argument has that to prove the
exponential decay rate in (26), it will suffice to show that exists a time
0 < T < o and a corresponding positive constant Cp such that for all
initial data in H; x Hy,

(31) E(Z,7,T)<nE(Z,7,0) withn < 1;

given Proposition 1, it will in turn suffice to show that there exists a time
0 < T < oo and a corresponding positive constant Cr such that

PR L

(32)  E(Z,7.7) gcT/OT [E | .

to which end we proceed to work.
Throughout, we will make use of the denotations Qr = (0,7) x Q, X7 =
(O,T) x I' and EiT = (O,T) X Fi, 1= 0, 1.

Lemma 1. There exists a positive constant C, independent of time, such
thatV 0 < T < o0

T 1012 2 — =
/O HAQU‘ ey T HUtHL'Z(Fl)]dt <ClE(Z,V,T)
33 2.0 ! 2 Aol
(33) +E@ T 0+ [ (e + 2], )
+ HUH%2(21T) ‘| :
Proof. Trivially, we have that
4 S 2o dt < A= [ |AYel?.  d
(34) /0 eellzaqey t—H : /o H QUt’LQ(Fl) -

Moreover, multiplying (21) by v and integrating from 0 to T yields

[ Iak

A

T

2 T 9
oy = [ Tl dt = [0 0)paqr,

2 T T
L2(F1)]0 _/0 (N Azt V),

(35) "
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using (34), Poincare’s inequality, the definition of the energy F in (3), and
Cauchy-Schwarz on the RHS of (35) thus yields

/OT &%

(36) =C

2

dt
L2(T)

T * 2 1
[ (1 azlagy + | At

2
dt)
L2(T)

+E(Z,7,T)+E(Z,7,0) + HvHimT)],

where C' is independent of time. The result follows upon coupling (34) and
(36), and further recalling the characterization (9). =

Lemma 2. There exists a constant C, independent of time, such that

T 2
2 2 1
Jo, #d0r= Cl/o (e ey + A0, )

92\? - =
(37) + () S + E(Z,7,7)
s, \OT

+E(Z,7,0) + 2720y

Proof. With the given vector field h(z) satisfying (j) and (jjj), we have upon
multiplying the wave equation in (1) by h - Vz the standard identity (see
[15], Appendix A):

HVz-VdeT:/ %h-wdzip
Qr Sr OV
1 1
(38) + = th-udZT—f/ IVz*h-vdSr
2 Js, 2 s,
1

5/, {5 = V2l*} divhdQr — [(z1,h- VZ>L2<Q>H

As [z,2] € D(A%) XD(A%), we then note that

0z 0z
on Xor: 2z =0; m = |Vz[; h~Vz—h-V$,
and thus
0 1
afzh-VszOT—l—f/ 2h-vdSer
Yoy OV 2 Jsor
1
(39) - 5 - ‘VZ|2h'l/dEOT
0T
1
=5 IVz|> h-vdSor <0,

Sor
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after using the condition (j). Inserting the inequality (39) into (38) will
therefore yield

1
Hv,z-v,deTg/ 8Zh-v,zdleJr/ 2hovdSiy
Qr Sip OV 2 Jsr
1 ) 1 , o
(40) —= V2| h-vdSir — f/ {zt — | V2| } div hdQr
2 Js1r 2 Jor
T
— |Goh Vo)

hence, using the condition (jjj) , the Neumann B.C. in (1), the definition of
E and Cauchy—Schwarz gives us, after estimating both sides of (40),

p/ V22 dQr < C
Qr

/ [zZJrvE] d21T+/ V22 dS1p
Y17 ST
(41)

1

+E(Z, V., T)+E(Z,7,0)—=
2 Qr

{# - va*} dz’vthTl.

Now, to handle the last term on the RHS of (41), we can multiply the wave
~ ~ J— n

equation (1) by zdiv h, where h € [CQ(Q)] is arbitrary, and integrate by

parts to obtain

T

L2(Q)
- 0z . =
+ 2V (divh)-VzdQr — / Em zdivhdXqr,

Qr Y OV

/Q {zf — ]Vz\Q} divhdQr = [(zt,zdiv iL) .
(42) !

after using Green’s Theorem and the identity V(z div h)-Vz=2V(divh)-
Vz + |Vz|* div h. We thus have upon majorizing the RHS of (42) with the
use of Poincaré’s inequality and the Neumann B.C. in (1),

’/QT {th — ]Vz|2} div hdQr

< / Z2dQT + 22 + v? dXqr
(43) [ . 2+ of]

7

L E(Z,T,T)+E(Z,7,0) +2e/ V2 dQr,
Qr

where € > 0 is arbitrarily small, and where the noncrucial dependence of Cy
upon € has not been noted. Thus for € small enough, adding the inequalities
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(41) and (43) together (with A = h) yields
(p—2¢) [ V2] d@r
Qr
2 2 2
(44) < Cl[/zm (22 + o] d21T+/21T V22 dS 1
+E(Z, 7, T)+E(Z,7,0) + z2dQT].

Qr
Moreover, (43) (where h is such that divh = 1) and (44) together gives

(p—26) /Q 22dQr

(45) <O

/ (23 + o] d21T+/ V2|2 dS 7
EIT ElT

+E(Z,V,T)+E(Z,7,0)+ szQT]
Qr

(where the constants Cp and C; above are not necessarily the same through-
02\? 02\?
out). Using (34) and the fact that on I' |Vz|? = (Z) + (Z> , we obtain

v or
the desired estimate (37), upon the addition of (44) and (45) and the use of

the Neumann B.C. =
Using estimates (33) and (37) in conjunction with the relation
S e 2 ‘
/0 H 2 o™ = /th - (Zt’z)”(f?)’o
T T
_/0 (Zt7z)L2(I‘1) dt+/0 (’Ut,Z)LQ(Fl) dt

(obtained by multiplying (20) by z and integrating from 0 to 7'), we then
deduce the preliminary inequality

T
/ E(Z,7,t)dt
0

T 1
_ cl [ (et ey + &b

(46)

2
) dt
L2(T)

AW - —
+ — | d i+ E(Z,v,T)
s,p \OT

+E (7>¢ 71 0) + ||’U”%2(21T) + ||Z”%2(QT) ];

Repeating the same argument as above, this time on the interval (¢, T — €),
and further using the estimate (25) of Lemma A for the tangential derivative
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as well as the Neumann B.C. in (1), we arrive at

T—e
E(Z,7,t)dt

T
/o (HZt|F1

+ HU”%Q(&T) + ||2|!2;+5(QT)]
+ClE(Z,V,T)+E(Z,7,0)],

where the constant Cr in (48) depends upon 7', but C' does not. Using the
relation (28) and its inherent dissipativity property, viz. E(?, v, T) <
E(Z,7,t) V0> t>T, we have for T > 2C + 2e,

E(Z,7,T)
(Cr +2C) T 2
o S| (l

L2(T1)

2

< Cr LQ(Fl)) at

sy + A%

(48)

il

2
) it
L2(T)

+olZaimgy + 112017 5

H2Y(Qr)

So with (49) in hand, the proof of Theorem 1 will be complete if we can

“absorb” the lower order terms HUH%Q(&T) and ||z?

1. , which we now
H27(Qr)

proceed to do.

Lemma 3. Again, with the initial data [Z3,v¢] in D(A) and with T suffi-
ciently large, inequality (49) implies that there exists a positive constant Cr
such that

2 2
lolle o, 2y + \\Z\’H%+E(QT)

T 2
<C dt ;.
=T {/0 L2(F1)] }

Proof. We make use here of a compactness/uniqueness argument. If the

o0
lemma is false, then there exists a sequence { zé"i , v(()ni} C D(A), and a
n—=

(50)

g

2
HZt,Fl L2(T'y)

o0
corresponding solution sequence {ﬁ , v(‘”g } which satisfies
n=1
2

Hv ! HC([O,T];LQ(IH)) + “Z(n)”HlJre(QT)
T
(52) /0 l (m) + Az ]

2
(52) and (49) then implies that the sequence {E <ZF§ ) v(‘”3 , T> } is bound-

n=1

(51) =1 Vn,

Iy L2(T'1)

dt — 0 as n — oo.
L2(T)
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ed (uniformly in n), and consequently, (28) will have that {E (ﬁ , m , ) }

0
0 W}Oo

is bounded. There thus exists a subsequence, still denoted by { AR

)
n=1
)

n=1

and [%, 5—01 € Hi x Hy such that

(53) ER
(54) &

= .
v(()n — vg in Hy weakly.

- .
— Zp in Hy weakly;

e~ ~ = = . . .
If we denote [z, Z;, 0, 0y = [ zZ,0 } as the solution pair corresponding to the

%
weak limits {%, @\6}, then a fortiori
(55) {2’(7;,1)(‘"3} — {?, ?} in L*°(0,T; Hy, x Hy) weak star.

Thus, 2" — Z weakly in H!(Q7), and consequently by a classic compactness
theorem (see [13], p. 99, Theorem 16.1),

(56) 2 5 Zin H%J“(QT) strongly.

Moreover, we deduce from (55) and a compactness result of Simon’s (see
[14], Corollary 4) that

(57) o™ = % in C([0,T]; L*(T'1)) strongly.
Consequently, taking the limit in (51),

~112 ~12
(58) 1ollieo, ey HZHH%E(QT) =1Vn.

Furthermore, the continuity of the map defined in Proposition 1 and the
convergence in (53)—(54) provide that

(59) z}”)‘rl — Zp, weakly in L2(S17);
(60) Az0™ - R23, weakly in L2(S17);

this convergence above, considered with that in (52) and the uniqueness of
weak limits, allows one to deduce that

(61) ZZvﬂrl = 0
(62) v =

From (62), v = constant, and combining this with the B.C. in (2) we have

(63) T =0.
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In dealing with the term z, we bring forth the representation of the Hilbert
space adjoint A* given in [2] by

0 1 0 0
4| A —ANNTA 0 -AN
10 0 0o -1 |’
(64) 0 N*A A A

with D(A*) = {[21,25,v1,v5] € D(A%) x D(A%) x D(A%) x D(A?)
such that z1 — NN*Azy — Nvy € D(A) and v1 — vg € D(A)} .

From (62)-(63), {?, ﬁ] is a weak solution of (1)-(2) and moreover Z|p, =

0, so we deduce from Ball’s Theorem (see [3]) and the structure of A* the
following equation which holds pointwise for all [Z", ¥'] € D(A*) :

=
w w3,

- (A%,?(t),A%zQ)LQ(Q) + (2(t), Az1) 20 5

choosing in particular [Z, 7] = [NN*Az, z,0,0] € D(A*), where z € D(A),
/
we obtain from (65) and (61) that z; = —AZ € [D(A%)} ; so making the

change of variable p = Z; we then have p\rl = 0, and furthermore, p solves
the following wave equation:

pit = Ap on Qr
(66) plp =0on Xp
0
£ =0 on 21T~
8V r

For T sufficiently large, we will hence have by Holmgren’s Uniqueness The-
orem that p = 0 which implies that z = 0, and this outcome coupled with
(63) contradicts the equality (58), thereby proving the lemma. =

With Lemma 3 in hand, the proof of Theorem 1 is now complete.
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